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Preface

The aim of this book is explained and a brief description of its or-
ganization appears in the introductory chapter. The purpose of
this preface is to express my thanks and appreciation to the people
and the organizations who have been so helpful to me in writing
this work.

My first thanks go to those who have been kind enough to read
all, or nearly all, of the manuscript in various draft stages and who
have contributed extremely valuable comments and criticisms:
Professor Alfred Eichner of Rutgers University, Professor Peter
Groenewegen of Sydney University, Professor Geoffrey Harcourt
of Adelaide University, Professor Murray Kemp of the University
of New South Wales, Dr. Ulrich Kohli of Sydney University, Dr.
Helen Lapsley of the University of New South Wales, and Mr.
Brian Martin of the Australian National University. It is impossible
to exaggerate the importance of their contribution, or my debt to
them singly and collectively.

I am also greatly indebted to many others who have given me
valuable advice on particular areas, including Professor Malcolm
Fisher, Dr. Flora Gill, Professor Jules Ginswick, Dr. Josef Halevy,
Dr. Peter Jonson, and Dr. Robin Pope.

It should not be thought that all, or even most, of them are
in agreement with the views put forward here. These views have
developed and their literary expression has been improved through
continued interaction with kind people willing to give of their
time and expertise in order to aid a man come to the field but re-
cently. This has been equally helpful, and equally appreciated by
me, whether it has come from a person generally in agreement, or
strongly in disagreement, with my own views. Naturally, I take full
responsibility for the contents of this book, including all its short-
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comings. These reflect on me only, not in any way on the many
kind people to whom I owe so much gratitude,

The writing was greatly helped by a study leave of five months
as a guest of the School of Economics at Sydney University. I
thank the University of New South Wales for granting me this
leave, and Sydney University for making my stay there such a
thoroughly enjoyable, exciting, and stimulating experience.

Another area of indebtedness of any author is to the literature
in his field. I am not, alas, an avid reader. As a result, I must now
apologize to those scholars whose books and articles should have
been, but have not been, cited. In all these cases, it may be taken
for granted that the omission is due to my not having read the
work in question, not to any deliberate decision on my part to
omit citation of the work. Other omissions are associated with the
very considerable delays before overseas books get into Australian
university libraries. Partial amends are made, I hope, by citing re-
view articles and books which contain fuller lists of scholarly ref-
erences.

Mrs. Jill Pollock has been enormously helpful, particularly in
connection with the list of references.

Last but not least, I owe profound gratitude to my wife, Ruth,
for her love, good nature, and continued forbearance during an ex-
tended, and no doubt difficult, period with an author in the throes
of writing.

John Blatt
Sydney
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BOOK I

Preliminaries

Chapter 1 is an overall introduction to the book, explaining its
purpose, its limitations, its structure, its organization, and its rela-
tionship to other work in theoretical economics.

Chapter 2 is a preparatory study of pure steady-state input-
output systems, both for the case of bare subsistence and for the
case of a social surplus. To get a steady state in the latter case,
one must assume that the surplus is not invested for growth, but
rather that all of it is consumed. The purpose of this chapter is
twofold: (1) to show, following Sraffa (1960), that the neoclassi-
cal mechanism of supply and demand for determining prices can
be bypassed in favor of a much simpler procedure, and (2) to show
why Sraffa’s procedure must be modified when we turn to dynam-
ic economics, i.e., when steady-state conditions are no longer true
for the system under study.
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CHAPTER 1

Introduction

A. Purpose and limitations
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Such arguments did carry a great deal of conviction two hun-
dred years ago, when the basic ideas of the science of economics
were being formulated for the first time.

However, it is impossible to ignore the passage of two hundred
years. A baby is expected to first crawl, then walk, before running.
But what if a grown-up man is still crawling? At present, the state
of our dynamic economics is more akin to a crawl than to a walk,
to say nothing of a run. Indeed, some may think that capitalism as
a social system may disappear before its dynamics are understood
by economists.

It is possible, of course, that this deplorable lack of progress is
due entirely to the technical difficulty of investigating dynamic
systems and that economists, by following up the present lines of
research, will eventually, in the long long long run, develop a use-
ful dynamic theory of their subject.

However, another possibility must not be ignored. It is by no
means true that all dynamic behavior can be understood best, or
even understood at all, by starting from a study of the system in
its equilibrium state. Consider the waves and tides of the sea. The
equilibrium state is a tideless, waveless, perfectly flat ocean sur-
face. This is no help at all in studying waves and tides. We lose the
essence of the phenomenon we are trying to study when we con-
centrate on the equilibrium state. Exactly the same is true of
meteorology, the study of the weather. Everything that matters and
is of interest to us happens because the system is not in equilibrium.

In the first example, the equilibrium state is at least stable, in
the sense that the system tends to approach equilibrium in the ab-
sence of disturbances. But there is no such stability in meteorol-
ogy. The input of energy from the sun, the rotation of the earth,
and various other effects keep the system from getting at all close
to equilibrium. Nor, for that matter, would we wish it to approach
equilibrium. The true equilibrium state, in the absence of heat in-
put from the sun, is at a temperature where all life comes to a stop!
The heat input from the sun is the basic power source for winds,
clouds, etc., for everything that makes our weather. The heat in-
put is very steady, but the resulting weather is not steady at all.
None of this can be understood by concentrating on a study of
equilibrium.

There exist known systems, therefore, in which the important
and interesting features of the system are “essentially dynamic,”

in the sense that they are not just small perturbations around some
equilibrium state, perturbations which can be understood by start-
ing from a study of the equilibrium state and tacking on the dy-
namics as an afterthought.
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bra reached rather early in high school; solving two linear equa-
tions in two unknowns is the most difficult mathematical opera-
tion used. In the mathematical appendices, the level is second year
mathematics in universities; the meaning of a matrix, of eigen-
values, and of a matrix inverse are the main requirements. When-
ever more advanced mathematics is required—and this is very
rarely indeed—the relevant theorems are stated without proof,
but with references to suitable textbooks. This very sparing use of
mathematics should enable all economics students, and many lay-
men, to read and understand this book fully. Those who cannot
follow the mathematical appendices must take the mathematics
for granted, but if they are prepared to do that, they will lose
nothing of the main message.

This does not mean that mathematics is unimportant or of little
help, when used properly. This unfortunately all too common be-
lief is incorrect. To make real progress in dynamic economics, re-
searchers must know rather more, and somewhat different, mathe-
matics from what is commonly taught to students of economics.
But while mathematics is highly desirable, probably essential, to
making further progress, the progress that has already been made
can be phrased in terms understandable to people without mathe-
matical background. This reliance on nonmathematical diction has
not been easy for someone to whom mathematics is not some
arcane foreign language, but rather his normal mode of thinking;
only time can tell to what extent the effort has been successful.

Another limitation of this work is the restriction to classically
competitive conditions in most cases. There is no discussion of
monopoly, oligopoly, restrictions on entry, or related matters
which are stressed, quite rightly, in the so-called post-Keynesian
literature. This omission is not to be interpreted as disagreement
with, or lack of sympathy for, the contentions of that school.
Rather, the post-Keynesians have been entirely too kind and indul-
gent toward the neoclassical doctrine. The assumption of equilib-
rium has indeed been attacked (Robinson 1974, for example), but
only in rather general terms. The more prominent part of the post-
Keynesian critique has been that conventional economic theory
bases itself on assumptions (e.g., perfect competition, perfect mar-

ket clearing, certainty of the future) which are invalid in our time,
though some of them (not perfect certainty of the future!) may
have been appropriate a century ago. We agree with this criticism,
but that is not the point we wish to make in this book.

Rather, even under its own assumptions, conventional theory is
incorrect. A competitive economic system with market clearing
and certainty of the future does not behave in the way that theory
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B. Structure and contents

The struc i i
; structure of this work is as follows: There are five “hooks.”
“Mhis is an ¢ iate pl: i )
||4~’v;:~p::- ||||I.|p|)lr()!)‘rmt(,' place to call attention to an excellent. and unjustl
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Study (Kichner 1969).

Kach book contains a number of chapters, which are sequentially
numbered from 1 to 16. For example, Book II contains chapters
3, 4, 5, 6, and 7. Each chapter contains sections which are labeled
by letters, from section A onward. In many, though not in all,
chapters, the final section is a “mathematical appendix.”

Book I, called Preliminaries, contains chapters 1 and 2, which
are the introduction and a study of the steady state, respectively.
The purpose of studying the steady state is primarily to call atten-
tion to the advantages of using concepts akin to those of Sraffa
(1960), rather than neoclassical supply and demand analysis, to
begin the study of economic dynamics. We say concepts “akin”
to those of Sraffa, since the Sraffa analysis itself is tied too closely
to the steady state to be directly usable in dynamic economics.
But the foundations laid by Sraffa, unlike those laid by Samuelson
(1947), turn out to be extremely fruitful.

Book II is devoted to theories of balanced growth. There are sev-
eral dimensions to this survey, since growth theories can be distin-
guished in several ways:

1. Different theories assume

the economy.
2. Many theories assume “perfect thrift”’; others allow for con-

different technological bases for

sumption.
3. The balanced state itself can be analyzed or, alternatively, it

can be asked what happens when the system deviates from perfect
balance. The latter case leads to investigations of dynamic stability
or instability.
Book II is organized so as to start with the easiest case first and
progress slowly but steadily toward the stability question. Chapter
3 explains what is meant by “Leontief technology” and studies
palanced growth in an economy with this technology, one which
practices “perfect thrift” (i.e., none but absolutely necessary con-
sumption). The very severe restriction of Leontief technology is
relaxed in chapter 4, devoted to von Neumann technology. Some
economists may be unfamiliar with some of chapter 4’s contents:
in particular, the original results of von Neumann himself are not
acceptable economically, since they are based upon a severe, in-
deed cripplingly so, economic assumption. This assumption has
been removed in later work by Kemeny, Morgenstern, and Thomp-
son. Their results, which differ significantly as regards “optimality”’
implications, are presented also.

Chapter 5 is in the nature of an interlude, since it deals, once
more, with a steady-state system, namely the “open Leontief
model.” This introduces discretionary (as opposed to necessary)
consumption into the system, but without the additional compli-
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cations arising from growth. Apart from the description of the
usual theory, this chapter contains some new results, associated
with the possibility of “discretionary consumption goods,” i.e.,
goods which would not be produced at all by a “perfect thrift”
economy. An economy in which consumers demand such discre-
tionary consumption goods is qualitatively different from a per-
fect thrift economy. In particular, one can prove the existence of
some highly peculiar solutions of the equations. Furthermore, un-
der certain not unreasonable conditions, these peculiar solutions
turn out to be the only solutions of the system.

Chapter 6 returns to balanced growth, but this time with con-
sumption permitted. The effect of consumption is to alter, dras-
tically, the nature of the solutions. In the perfect thrift system,
the rate of growth of the economy equals the rate of return to in-
vestors and is strictly limited: only a few discrete values (or per-
haps only a single value) can exist for this common rate, on purely
technological grounds. With consumption allowed, this is still true
for the rate of return, but it is false for the rate of growth. The lat-
ter is free to take any value between instant collapse of the econ-
omy and the maximum which is achieved in a perfect thrift sys-
tem. The actual value is related to the frugality, or lack of it, of
the investors; it is not determined by the price system, nor does it
alter the price system.

The final chapter of book II, chapter 7 on dynamic stability, is
the heart and center of this work. This chapter contains the proof
of the basic dynamic instability theorem for a perfect thrift Leon-
tief system, it shows that input substitution possibilities do not de-
stroy, or even seriously alter, this result, and the chapter ends with
a discussion of the relevant stability literature.

It may be noted that book II is restricted to “disaggregated”
growth theories and therefore contains no discussion of neoclassi-
cal one-sector or two-sector growth models. This work does not
aim for encyclopedic coverage of the literature. The aim is not to
“cover,” but rather to “uncover,” what is of main importance in
that literature. Specific reasons for omission of neoclassical aggre-
gated growth models are given in section 7D;? there one will also
find the reasons for omitting all of turnpike theory and related
subjects.

Book III is devoted to theories of the trade cycle (what is termed
the business cycle in America). Chapter 8 is general, but very im-
portant for what follows. The chapter starts from dynamic insta-
bility, showing that this condition need not lead to ridiculous con-
clusions about the global behavior of the system. Next there ap-

3This is a short notation for chapter 7, section D.
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pears the idea of a limit cycle,* a concept well known in engineer-
ing but much less well known to economists. It is suggested that
the trade cycle is such a limit cycle. Finally, the chapter concludes
with a digression on “natural price,” relevant to the theory of
value in economics.

Chapters 9 and 10 are devoted to the most important “schemat-
ic,” as opposed to detailed econometric, models of the trade cycle.
The accelerator-multiplier model of Samuelson and the inventory
cycle model of Metzler are discussed in chapter 9. Chapter 10
takes up in turn the Hicks model, the Frisch model, and the Good-
win model.

Econometric models of cyclical behavior are discussed in chap-
ter 11. This is not a critical discussion of econometrics as such
(that comes later), but rather the chapter is devoted to explaining,
and criticizing, the stability results commonly obtained from such
models. In conventional wisdom, the econometric models show
clearly that the underlying basic economy is stable about its equi-
librium. Chapter 11 proves that this conclusion is untenable. The
data, when analyzed properly, show that the conventionally ac-
cepted Frisch model (a stable system) is completely excluded.

Book IV is on the economics of uncertainty. Chapter 12 con-
tains a detailed criticism of the theory of expected utility. Some
rational people may indeed use expected utility concepts for order-
ing their preferences among uncertain prospects. But it is wrong
that all rational people must order their preferences in that fashion.
The chapter contains a number of arguments in favor of this view.

The matter is important in relation to investment evaluation un-
der uncertainty, the subject matter of chapter 13. Everyone, at
least after Keynes, agrees that investment is terribly important.
Yet, the standard theory of investment evaluation is in a very sad
shape. It has no place for the method which most businessmen use
to decide on their investments in plant and machinery, the so-called

“pay-back time” criterion. The theory presented in chapter 13 is
new and, unlike the conventional theory, is compatible both with
a pay-back time criterion and with the presence of true uncertain-
ty of the future in the sense of Frank Knight (1921), rather than
being restricted to the merely risky, but not uncertain, “lotteries”
of the usual approach. Book IV is not in itself dynamic economics,
but develops tools for such a study.

Book V returns to discuss three topics which were touched on
earlier and deferred for later consideration in order to expedite the

flow of the argument.

4Prior references to limit cycles can be found in Samuelson (1939a), Good-
win (1955, 1967, 1972), Schwartz (1961, 1965), and Torre (1977).
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Chapter 14 goes into more detail on the nineteenth-century trade
cycle, in particular relation to Ricardo’s predictions regarding
landlords and industrialists.

Chapter 15 contains the Tableau Economique of Francois Ques-
nay (1760). He was one of the most important of all economists,
and his contribution tends to be neglected unfairly and unduly.
This chapter is not a simple presentation of the Tableau in its orig-
inal form. Rather, it is a completely new study, using input-output
concepts (which are themselves based on the work of Quesnay)
with quantities and prices kept separate, thus showing how both
are determined within that system.

Finally, chapter 16, entitled “The Quicksand Foundations of
Econometrics,” contains a detailed critique of econometric theory
and econometric methods. It is shown that this entire theory is a
misapplication of the theory of mathematical statistics to an area
of research in which the basic assumptions underlying mathema-
tical statistics are not satisfied. Model builders are urged to avoid
econometric methods, since those methods produce very much
harm and very little, if any, good.

C. Relationship to other theories in economics

A detailed discussion of the relationship of this book to other the-
ories in economics is, of course, entirely premature at this point.
Rather, the purpose of this section is to indicate to the reader
some of the relevant issues and to locate where these issues are dis-
cussed in the body of the work.

The approach taken here owes very much to that unfairly ne-
glected genius of economics, Dr. Francois Quesnay. In his Tableau
Economique, Quesnay sets out clearly that the economic system
of his day, just as much as the economic system of the nineteenth
century or of today, is not like a “fair” with independent buyers
and sellers who come together only via the market. Rather, the
economic system has a circular flow, similar to the flow of blood
in the human body. The buyers are at the same time sellers, the
sellers are at the same time buyers; there is thus a causal nexus
between sales and purchases much more explicit and stringent
than envisaged in, let us say, the “auction” of Walras.

The science of economics has paid a heavy price for ignoring the
insight of its great founder. Indeed, the only economists who have
made any significant progress in dynamic economics are those who
have gone back, consciously or otherwise, to the Tableau Econo-
mique. Without the basic ideas of Quesnay, the problems of dy-
namic economics are insurmountable. Quesnay’s Tableau Econo-
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mique is presented explicitly in chapter 15, but his ideas are
fundamental for just about everything in this book.

The relationship to the classical economists, Adam Smith and
David Ricardo in particular, is of a more mixed nature. On the one
hand, “classical” assumptions are used throughout, for example, a
minimum subsistence wage which is converted into a fixed stan-
dard bundle of wage goods. On the other hand, some of the main
tenets of classical economics are denied explicitly. These include:
the classical concept of exchange value (section 8E), the assertion
that the “invisible hand” suffices to guide and determine the way
the system develops (section 6D), and the dynamic stability of the
classical equilibrium state (section 7B). The denial of Say’s law is
hardly novel after Keynes. But this denial has some interesting con-
sequences for an evaluation of what went wrong with Ricardo’s
predictions about the relative position of landlords and industrial-
ists in his long run (chapter 14).

The denial of the classical concept of “value’” implies that the
approach taken here is non-Marxist. Karl Marx maintained, cor-
rectly, that the labor theory of value is the essential basis for his
whole system. Since we deny the validity of the concept of a
stable exchange value, we do not enter into discussions of value
theory® or of the “Cambridge controversy.”’® For the same reason,
the views proposed in this book cannot claim descent from Marx.
Naturally, this fact will not prevent some people from claiming
that this book is nothing but thinly disguised Marxism—just as it
will not prevent some other people from claiming that it is nothing
but reactionary bourgeois propaganda.

Neoclassical economic theory is largely irrelevant for our study.
It bases itself on a definition (Robbins 1935) which we do not
consider useful for dynamic economics, and most of the work is
tied irrevocably to states of economic equilibrium. Neoclassical
theory has had more than a century to show what it can do in
dynamic economics. Quite enough books already exist to cover
what little there is that is realistic and useful. Thus neoclassical
theory has been largely ignored in this volume. A few remarks can
be found in the following places: utility theory—section 15E; op-
timality theory—sections 7D and 15E; production functions—
section 7C;neoclassical growth models—section 7D; expected util-
ity theory—chapter 12. This book is not intended as a critique of

SE.g., Blakley (1967), Burmeister (1968), Debreu (1959), Dobb (1973),
Harris (1978), Hunt (1972), Morishima (1973), Pasinetti (1977), Sraffa
(1960), Walsh (1980), von Weizsacker (1973).

$Robinson (1954); see also Blaug (1975), Bliss (1975), Clark (197‘8), Collard
(1973), Harcourt (1971, 1972, 1973, 1976a), Harris (1973).
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neoclassical theory, for which there already exists a sizable litera-
ture.” What critique emerges is purely incidental to the main task,
which is positive and constructive: to set up a basis for a future
dynamic economic theory.

Turning to Keynesian economics, an exegesis of “what Keynes
meant” is not our concern.® For the reasons explained in section A,
we are also not concerned with monopoly, oligopoly, or the “man-
agerial revolution.”®

In this book, we use ‘“classical” assumptions of a gold standard
currency, and in most of our work we abstract from credit crea-
tion. This is not because we consider monetary questions unim-
portant—rfar from it—but rather because the essential points
concerning dynamic stability or instability become clearer and less
ambiguous if all markets are imagined to be operating only with
spot cash. Credit creation merely adds a further source of instabil-
ity (Hawtrey 1926). For these reasons, discussions of monetary
theory, “monetarism,” and the theory of inflation are not our
concern.'®

Econometrics has managed to rise to the status of an orthodoxy
in its own right. For a discussion of the claims of econometrics,
see section 11C and chapter 16.

* * *

A very determined attempt has been made to make the general
style of this work clear and accessible to economists. But it may
strike some readers as being considerably more terse and con-
densed than writing they are accustomed to. There is very little
repetition. Those used to a more leisurely style may find that they

"E.g., Benassy (1973), Chamberlin (1933), Eichner (1975a, 1976), Galbraith
(1958, 1971, 1973, 1973a), Hunt (1972), Kaldor (1972), Knapp (1973),
Kornai (1971), Kregel (1972, 1973), Phelps Brown (1972), Robinson (1933),
Shubik (1970), Veblen (1934), Worswick (1972).

8E.g., Clower (1965), Davidson (1965), Gramm (1973), Grossman (1972),
Hahn (1976), Harrod (1970), Hotson (1967), Leijonhufvud (1968), Madden
(1977), Mehta (1978), Weintraub (1971, 1973).

® Chamberlin (1933), Marris (1963, 1964, 1968, 1971), Means (1935, 1962),
Robinson (1933); see also Blair (1974), King (1974), Larner (1966), Magdoff
(1970), Mason (1959), Melman (1972), Monsen (1965), Mueller (1971),
Solow (1968a), Tauber (1970), Townsend (1970).

10Monetary theory: Fisher (1930), Galbraith (1975), Keynes (1930); mone-
tarism: Friedman (1956, 1963, 1968, 1970); inflation: Hansen (1951),
Robinson (1938), as well as Barro (1976), Bronfenbrenner (1963), Carlson
(1979), Clower (1967), Edwards (1952), Galbraith (1973a), Laidler (1977,
1977a), Means (1974), Moosa (1977), Nove (1974), Patinkin (1965), Wein-
traub (1974), Wiles (1973, 1974).

must read some sections several times, or perhaps reread earlier
sections, for a full understanding. In extenuation, it may be said:
(1) The style to which the author is accustomed is much more
terse yet, and (2) a condensed style makes the book shorter and
hence more economical.

We close this introduction with a philosophical point. Karl Marx
said: “The philosophers hitherto have only interpreted the world
in various ways; the thing, however, is to change it.” There have
been many changes in the world since this was written, about a
century and a half ago. But only the foolhardy could claim that
these changes have all, or even mostly, been for the better.

It is not the task of this book to change the world. Let us try to
understand just a small part of it, namely the dynamics of compet-
itive capitalism. It is by no means certain that the human race has
a future at all. But if it does, that future can not be harmed, and
may even be aided, by an honest attempt to understand our past.



CHAPTER 2

The steady state

A. Introduction

In this .chapter, we shall investigate some highly oversimplified
economic systems to see what we can learn from them. Our aim
is twofold:

(a) We wish to show that the neoclassical mechanism of supply
Snd defmand can be bypassed in favor of a much simpler proce-

ure, for the purpose of determining prices in the stead
(Sraffa 1960). S

(b) We also point out that this procedure must be modified
when steady-state conditions do not obtain, ie., for dynamic
economics.

Al_l the models‘of this chapter are steady-state models, with pro-
du'ctlon each perlqd exactly the same as in all earlier periods and
prices unchanged in time. In this section, we assume that there is
no _surplus at all.; everything produced must be devoted either to
mamten:':lnce of life for the work force, or to inputs for next year’s
production. The assumptions of this section are, in full:

‘ 1. All. goods consumed within the system are produced within
it, and vice versa (closed system).

2. In each period, the same commodities are produced, by the
same methods. ,

3. There is no surplus; production in each period is exactly
fznough to continue the cycle, with identical production levels
in the next period. ’

-4. Commoditie.s are produced for sale at an annual market (we
think gf our “period” as one year), rather than for immediate con-
sumption by the producer.

Since we wish to make certain logical, theoretical points, we
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shall defer discussion of the historical meaning and validity, if any,
of these assumptions to section D.

To show point (a), we take our example from the important
book by Sraffa (1960). There are three commodities, namely,
(1) corn (i.e., wheat) in quantities measured in quarters, (2) iron,
measured in tons, and (3) pigs. The production system is set out
in tabular form as follows:

Corn Iron Pigs
(quarters) (tons) (number) Output
240 + 12 + 18 ———— 3 450 quarters corn
90 + 6 + 12 — 21 tons iron
120 + 3 + 30 e 60 pigs

Note that the plus signs in this table do not mean mathemati-
cal additions, but rather that the commodities listed to the left of
each arrow are inputs, at the beginning of the year, necessary to
produce, at the end of the year, the outputs listed to the right of
the arrow.

To show that this system is balanced at bare subsistence, let us
see what total input of corn is needed at the beginning of the year,
in all three of our “industries.” Since inputs of corn are listed in
the leftmost column of our table, we add these numbers: 240 +
90 + 120, giving a total necessary input of 450 quarters of corn at
the beginning of the year. This, however, is exactly equal to the
total corn output of this economy (the rightmost number, after
the arrow, in the first line). Thus all the corn produced in one year
is needed to provide necessary inputs for next year’s production;
there is no surplus of corn. Similarly, adding the numbers in the
second column of the table gives as the necessary total input of
iron: 12 + 6 + 3 = 21 tons, which exactly equals the yearly output
of iron; and adding the numbers in the third column yields as nec-
essary input of pigs: 18 + 12 + 30 = 60 pigs, which again equals
the yearly output of this commodity.

We conclude that this system is indeed exactly balanced. If,
and only if, nothing whatever is wasted, and the output at the end
of the year is redistributed between the industries as its equivalent
was at the beginning of the year, then the same levels of produc-
tion of all commodities can continue year after year.

‘
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Now suppose we wish to use neoclassical economic theory to
determine the prices at which these three commodities exchange
for each other in the yearly market. The neoclassical equilibrium
condition states that the prices of the three commodities, which
we shall call p,, p,, and p;, respectively, must adjust themselves
until the supply of each commodity, at these prices, equals the de-
mand for the same commodity, also at these prices. To apply this
theory, we need to know the supply schedules (supply functions)

Sl (p17p27p3) S2 (pl’ pzap3) S3 (pl’pZ’pS)

where S, (p; ,p, ,p3) tells how much of commodity 1 (corn) will be
supplied if the prices of the three commodities are p, ,p,,ps, re-
spectively, and similarly for S, and S;. We also need the demand
schedules (demand functions)

D (p,p,p,) D, (p,p,P,) D, (p,p,D,)

Althogether, we require knowledge of six functions of the three
variables p,, p,, and p;, before we can say anything at all about
equilibrium prices in the neoclassical theory. This is an enormous
information requirement, one which is rarely, if ever, fulfilled in
practice.! Our table not only fails to give any information about
prices; it does not even provide a “production function” relating
quantities of inputs to quantities of outputs. All the table gives us
is output quantities for one set of input quantities. This is one
point, and one point only, on a production function. There is no
information about other points on that function.

B. Price determination from quantities

The information requirement of neoclassical theory is enormous.
But Sraffa points out that, under the stated conditions, none of
this information is needed to determine the prices ruling in the an-
nual market! It turns out, and we shall now show explicitly, that
the table of quantities input at the start of the year, and output at
the end of the year, is enough to determine all the price ratios rul-
ing in the annual market. The entire procedure of equating supply
to demand can be bypassed in favor of a much simpler procedure,
which needs no more input information than what is contained in
our table and which nevertheless arrives at the one unique set of
price ratios which must be the final outcome of equating supply
and demand.

To see how this comes about, let us consider the corn pro-
ducers, as a body. Of the 450 quarters of corn which they have

1See Edwards (1952) for an example of how prices are really set.
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produced, they need 240 quarters as input to their own industry
for next year’s production. Therefore, they come to the annual
market with the difference, 450 — 240 =210 quarters of corn.
This is what they have to sell; with the proceeds from that sale
they must be able to purchase their other inputs, that is, 12 tons
of iron and 18 pigs. The condition that their receipts must be at
least as large as their outgoings is therefore:

210p, > 12p, + 18p;

or equivalently
210p, — 12p, —18p3 =0

(Here the sign > means “greater than or equal to.”’)

The iron producers need 6 tons of their 21 tons as input for
next year. Sale of the remaining 15 tons must give them enough to
purchase 90 quarters of corn and 12 pigs. Hence we get the condi-
tion:

15p, = 90p, + 12p,
or equivalently
—90p, + 16p, —12p; = 0
Finally, the same argument applied to the pig industry yields:
30p, > 120p, + 3p,
or equivalently
—120p, — 3p, + 30p; =0

We therefore have three conditions, each of which is an inequality,
not an equation, connecting the three prices p, , P, , and pP3.
However these inequalities reduce to equations. For example,
let us add together the first two inequalities. Since the sum of two
things, each of which is nonnegative, must also be nonnegative,

we get:
(210p, — 12p, — 18p;) + (—90p; + 15p, — 12p5) =

Thus, this combination must be positive or zero. But condition
three states that the negative of this very same combination must
also be positive or zero, i.e., that same combination must be nega-
tive or zero. The only way anumber can be both “positive or zero”
and “negative or zero” is for the number to be exactly zero.

By applying exactly the same argument to the other inequal-



ities, we see that all three of them must be exact equations:
210p, — 12p, — 18p, =0
—90p, + 15p, — 12p, =0
—120p, — 3p, + 30p; = 0

Furthermore, not all these three equations are independent. Rather,
the first two equations (on being added together) imply the third
equation (or rather, its negative, which amounts to the same thing).
Thus, only the first two of these three equations give significant
information.

This is understandable, since the only thing that matters are
price ratios, not absolute prices. Indeed, we are free to declare any
one of the three to be our “numeraire” or measure of value. Let us
declare one pig to be the unit of currency.? What matters to us are
therefore the price ratios, which we shall denote by capital letters:

Py =pilps P, =p,[p,

If we divide the first two equations by P; throughout, we get:
210P; —12P; —18=0
—90P, + 15P, —12=0

These are two linear equations in the two unknowns P, and P, .
Multiply the first equation by 15, the second by 12, and add:

15(210P, — 12P, — 18) + 12(—90P, + 15P, — 12) =
2070P; + 0—414=0
from which we conclude:
P, = 414/2070=1/5

That is, five quarters of corn are needed to purchase one pig. To
get the other price ratio, P,, we substitute this value of P, into
(say) the first equation, to get:

210P, — 12P, — 18 = 42—12P, —18=24—12P, = 0
Hence
P, =

That is, half a ton of iron is enough to purchase one pig, or, one
ton of iron buys two pigs.

At these price ratios, and only at these price ratios, can this
economy continue to function. Whatever the “supply schedules”

2Exactly this unit was employed widely in New Guinea not so long ago.
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and “demand schedules” may be as functions of the price ratios,
the ultimate result of equating supply and demand must be what
we have just deduced, if the system is to continue in the same
steady state. The neoclassical theory is not “wrong” here; presum-
ably, if all the huge amount of information about all these sched-
ules is available and is used, the outcome will indeed confirm what
we have deduced. The charge against neoclassical theory is not
that it is wrong, but that it is superfluous for what concerns us
here.

Why can we obtain our results with so very much less initial in-
formation than is required within the neoclassical framework?

The answer is simple, but very basic. The “market” under con-
sideration here is not a neoclassical market of the sort envisaged
by Walras. In the neoclassical market there are buyers, one group,
and sellers, another quite distinct group. The sellers come with
goods; the buyers come with purchasing power (we shall call it
“money” for short, even though the numeraire commodity of
Walras is hardly money in the full sense). The total purchasing
power of the buyers is given in advance, independently of the
prices which are eventually established within the market. The
buyers and sellers interact with each other only via the market.

None of this applies to our “annual fair.” In this fair, every
seller is also a buyer; every buyer is also a seller. The total purchas-
ing power available to each buying group depends on the price at
which it is able to sell its product. Also, supply determines de-
mand. For example, the supply of pigs is 60 pigs total, or 30 pigs
net after subtracting what the pig raisers need for next year. In
order to maintain the same level of production of pigs next year,
the pig raisers must demand exactly 120 quarters of corn and ex-
actly 3 tons of iron. There is no room for supply and demand to
operate in this market. Supply is given by what was produced last
year, and demand is determined completely by the requirement
that exactly the same amounts of every commodity be produced
in the year to come. Neither supply nor demand can be affected
by prices, since both supply and demand are already determined
before we even consider prices. The necessary prices, necessary to
maintain the system in its steady state, then emerge as an after-
thought, from a set of balance conditions to make the market
“clear” in terms of purchasing power.

In our table of inputs and outputs, there is no reference to la-
bor or wages. The inputs are commodities (corn, iron, pigs), and so
are the outputs. This does not mean that commodities are being
produced without labor. Rather, the inputs to each production
process already include the commodity equivalents of the wages of
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labor. For example, the corn input to the production of iron (90
quarters of corn) is used not to process iron in the foundry, but
rather it is baked into the bread which the foundry workers re-
quire to survive. In the bare subsistence economy under discus-
sion in this section, the wage is of course also a bare subsistence
wage. There is no question of “distributive shares,” since there is
no surplus product available for distribution.

Note that we do not deny that markets exist in which supply
and demand analysis is useful.® All we assert, with Sraffa, is that
this is not true of the present kind of market, which however is a
very important kind. Markets for intermediate, as opposed to fi-
nal, goods are mostly of this type. Such markets account for the
greater proportion of all business done by firms in a modern econ-
omy, with the exception of retail enterprises.

C. Steady state with surplus

Let us now assume that there exists some surplus, over and above
the inputs needed to resume production at the same levels next
year. As soon as there is a surplus, at least three questions arise
which are entirely meaningless in a pure subsistence economy. The
three questions are:

1. Who gets the surplus?

2. How is the surplus used?

3. If (the usual case) the surplus allows of some choice in what
is to be produced and how, then who makes these choices and on
what basis?

Neoclassical economics has standard answers to these questions:
Everything is decided by the play of a free market, with the con-
sumer as the ultimate king. But this answer is by no means uni-
versally true. There have been economies without such a free mar-
ket; and even with a tolerably free market, we shall find that there
are considerable difficulties.

Here, we restrict ourselves to a brief discussion of the treat-
ment in Sraffa (1960). Sraffa assumes a competitive system, hence
the same rate of return to all productive activities in the system.
But, in line with his main purpose (prelude to a critique of eco-
nomic theory) he takes a particularly simple special case, namely a
pure steady state with no change in time. Each year, the same
quantities are produced of each commodity, and the same prices

3Important supply and demand markets are: (a) commodity markets in
which the sellers are price-takers, (b) markets where inelasticities of supply
are due to natural factors, or to inherent scarcity, e.g., old paintings; these are
the “peculiar cases” of Ricardo (1821).
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prevail. What surplus there is, is consumed, n()tinvostec.l fgr growt'h.
While one might cavil at this assumption as being a realistic descrip-
tion of what happens under capitalism, this was not the purpose of
Sraffa’s work. He wanted a theoretical critique of neoclassical eco-
nomics, including the general equilibrium theory of Walras (1874)
and the partial equilibrium approach of Marshall (1890). A steady-
state assumption is entirely in order for this purpose.

The simplest system of this type is obtained if worker§ get a
basic subsistence wage, no more, and the surplus is distributed
among the entrepreneurs, in proportion to the initial money ou‘F-
lay of each entrepreneur at the beginning of the year (1.e.., a uni-
form rate of return in all industries, called r). Let the physical sur-
plus be entirely in corn production, with an output of 480 quar-
ters, rather than 450 quarters, of corn. The new input-output table

reads:

Corn Iron Pigs
(quarters) (tons) (number) Output
240 + 12 + 18 ——®» 480 quarters corn
90 6 + 12 e 21 tons iron
120 + 3 + 30 = 60 pigs

Sraffa’s conditions on price ratios and the rate of return r can
now be derived as follows: The corn producers have to pay, at the
start of the year, 240p, + 12p, + 18p, for their inputs.. At the
end of the year, they receive 480p, for their output. Their rate of
return r is therefore given by:

(240p, + 12p, + 18p;)(1 + 1) = 480p,
The same argument gives for iron producers:
(90p, + 6p, + 12p;)(1 + r) = 21p,
and for pig producers:
(120p, + 3p, + 30p;)(1 + r) = 60p;

The condition that there be a uniform rate of return in .all jndug-
tries shows up in the fact that the same rate of return r is used in

all three equations. .
Since the equations are linear and homogeneous n the three
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prices p,, p,, and p,, we can divide by an i
! L ps, W y one price (say b
and retain only price ratios P, = p, /p; and P, = p, /p, ju};t :sli)se?
fc:_‘l.'e. VlZe t;l)en ha;e a system of three equations for the three quan-
ities Py, P,, and r. It can be verified by direct ituti
the following is a solution: g FREEEEEE &5

P, =p,/p; = 0.18556 P, =p,/p; =1.99476 r= 0.030025

Thus the rate of return r is slightly better than 3 percent per peri-
od, and the price ratios are close to, but not identical with, the
ones found for the bare subsistence case (i.e., P, = 0.2 and P, = i‘Z 0)

It.lS not our purpose here to go into detail how this solutii)n is .ob:
tained, or to show that it is unique (it actually is).

The_ rate of return r obtained from this calculation, on the as-
sumption of bare subsistence wages, is the maximurn’ rate of re-
tl_lrn for such a system. If the workers manage to obtain wages
higher than bare subsistence, they get a share of the surplus rcg)d-
uct (the excess of corn, i.e., 480 — 450 = 30 quarters) an(ri) the
ratg of re:tum to the entrepreneurs goes down corresp,ondingl
This rglatlonship between wages and the rate of return is one (S)If
the pomts. of main interest to Sraffa, and it is brought out very
well.b'y his extended system of equations, which includes wages
explicitly; we do not reproduce this extended system here

Rather, we call attention to the fact that Sraffa’s systen; in spite
of its updoubted importance (Roncaglia 1978), is not ’suitable
as a bagls for the study of dynamic economics. The steady-state
assumption is built much too firmly into the foundation of that
g.ystem. (I am indebted to Professor Peter Groenewegen for this
prortant point.) In a dynamic system, there is always the possi-
blhty.that prices may vary from one year to the next; thus the
equations describing such a system must, among othe’r require-
ments, suffice to determine the movement of prices. Let p1, p
p,3 be the unit prices at which inputs are purchased and p/ ’ p’2 ’
p3 be the unit prices at which the outputs are sold at the e’n,d (2)%
the year. The return to corn producers is then given by:

(240p, + 12p, + 18p;)(1 + r) = 480p;

with similar equations for iron and pig production. We therefore
have a system with five unknown price ratios and one unknown
rate of return r; but with only three equations connecting these six
upknowns, If a’nd only if there is a steady state, we can setp = p
P2 =P, gnd P3 = p3, which results in a determinate systen’ll. v
Th1§ is in no sense a criticism of Sraffa. For the task he set him-
sglf, his system works perfectly. But it is inadequate for a quite
different task, namely, the study of dynamic economics. For this,
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one needs more information, in particular full production func-
tions for all commodities, not merely one point on each produc-
tion function.

However, the Sraffa example is most important in warning
against asking for superfluous information. The information re-
quirement of neoclassical theory is so enormous that it is hardly
ever fulfilled even for the steady state. There is no real hope of
progress in dynamic economics on such a basis. It is therefore not
at all accidental that so little progress in dynamic economics has in
fact been made on the neoclassical basis. Sraffa’s work shows that
one can do with much less information and still obtain meaning-
ful results about prices and rates of return. In dynamic economics,
we need more information than Sraffa allows himself, but still
very much less information than neoclassical theory insists on.

D. Some qualitative remarks

In this section, we intend to relate the purely mathematical models
of the earlier sections to possible historical or quasi-historical so-
cieties, so as to investigate the reasonableness, or otherwise, of our
initial assumptions. This section is not needed for the logical argu-
ment and may be skipped by readers who dislike conjectural his-
tory.

Let us, then, go back to the four assumptions listed near the
start of section A and discuss them in the light of historical knowl-
edge of societies past and present.

Steady-state, subsistence economies are, unfortunately enough,
very common in human history. While the surplus is seldom exact-
ly zero, it is small and can support only a small ruling class at a
level of consumption higher than the rest. The limiting case of no
surplus at all is not far from the truth, in many cases. Let us think,
for definiteness, of a medieval village in Europe. Then our first
three assumptions are quite reasonable approximations:

1. The economic system of the village is not exactly closed, but
nearly so. There is little trade even within the village, to say noth-
ing of external trade. Indeed, the decline of trade was one of the
most telling signs of the decay of the Roman empire during the
onset of the Middle Ages (Pirenne 192 5).

2. A steady state is a very good approximation for such a vil-
lage. The same crops are planted each year, in the same way; apart

from the vagaries of good and bad harvests, a steady state obtains.
Population, and with it production, may change very slowly, over
generations, but can be considered essentially constant for periods

of a few years.
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3. The actual surplus is exceedingly sma i
doubt whether it should be called a iuyrplus lall,t :lrll.dTilheellrsrésosfotTle
manor can obtain armor and a horse and maintain a fortified cae
tle, out of the surplus over bare subsistence. But all these are nez:
essary for figfense of the village against all-too-frequent predators
be thgy Vikings, Hungarians, or Saracens. Thus, on a wid iew,
there is no true surplus whatever. , il

So far, then, our assumptions look pretty fai i
trouble with the fourth assumption, thaf mosyt gilcl;;isBali'z :)Vri)szré}e(s
as comrpodities for sale in an annual market. There exist market
econom}es, of course; and there exist, and existed, subsistence
economies. But it is difficult to think of an example; of an econ-
omy that was at subsistence level and that also exhibited relativel
complex exchange relationships. Within the typical village mogc
goods are produced for direct consumption by the villagers,them
selves, or by the lord of the manor. A few goods may be e -
changed with neighboring villages on a barter basis Bui, almoxihz
never are goods brought to a commodity market ir{ the modersn
sense, exchanged for money, and this money used to buy other
goods. Markets existed. But, except for local markets inyim le
ments, the traded goods were largely luxuries, and few Histlc)> -
focrEs to sh(ci)w _tha_t subsistence economies do n(;t organizé the prl(?i
nisml.on and distribution of their goods through a market mecha-

.It w_ould be nice if economic theory could give us a clue to wh
it:'nsst n;gg};‘t be so. Of course, neoclassical theory cannot do so, sinc}e,
o eas i iv iz}(:;nu ‘:}:f assumption of a market mechanism and is mean-

But the input-output approach does lead to a i
us look once more at the determination of pricessu?rglessjec::c;in(;nLgt
There was exactly one solution for the price ratios ,a set of inevit:
;1:;23 fully determined exchange values; only then cio all producers
putsl\;f)reg(g;tg}; ggsney from their sales to purchase their neeced in-

Let us now ask by what mechanism these “inevi ” pri
I‘atEIO.S are maintained. So, let us suppose that “wlrrz)er:/gl??gi?cespnrc:
vail in the market one year. What is the result? Well, the mafket
can no longer clear; some goods will be left over. As ;1 result, pro-
du_ctlon next year will be lower. If the “wrong” prices cont,irpl)ue
this happens year after year, until everyone starves to death Thus’
the market does not provide a self-adjusting mechanism; i-ndeed’
people may t')e unaware of why things are going wrong. I‘; may bé
far from obvious to the people in the village that the root cause of
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the trouble right now was a set of wrong prices the year before.

The mechanism for maintenance of the “right” prices is there-
fore more than a bit disconcerting: the economy does not correct
itself; it simply runs down to starvation point. Those economies
which survive have the right prices in their markets. This is remi-
niscent of Darwin’s theory of evolution: A wrong mutation is
never “corrected”; it just dies out.

We suggest that this consideration may explain why subsistence
economies do not operate their main productive effort by means
of a free market in commodities needed for further production.
After all, there is no need for a market mechanism to make pro-
duction decisions. The only right decision is to produce, each year,
exactly what was produced the year before, by exactly the same
methods. That decision can be reached through a highly conserva-
tive ruling body, perhaps a council of village elders, or a heredi-
tary lord who has a natural interest in preserving the status quo, or
a firmly established church which can give divine sanction to its
conservative rulings; or a combination of all three.

But a commodity market is superfluous, and is even dangerous.
In such a society, a certain amount of corn is sown, a certain num-
ber of pigs are raised, etc., not because there is a market demand
for this much corn and that many pigs, but rather because this is
the way it was done by us last year, this is what our fathers did,
and their fathers before them from time immemorial; this is what
the lord demands, and what the church assures us is the will of
God.

Before modern capitalism swung into operation, before the In-
dustrial Revolution proper got underway, there was a long pre-
paratory period of overcoming, and destroying, these traditional
ways of doing things and of establishing production for a wider
market. These changes were by no means popular; not only was
there resistance, but this resistance often took violent form (see,
for example, Heilbroner 1972 or Polanyi 1957).

There is no doubt that the traditionalists who resisted this pro-
cess were “forces of reaction.” But even forces of reaction may
have a valid point. Until the productive system is capable of gen-
erating a sizable social surplus and doing so fairly reliably, it is
highly dangerous for a subsistence economy to depart from its
tried and true traditional ways. The attempt to progress to a mar-
ket economy may succeed, so that the economy ““takes off’” onto
a “growth path.” But the attempt may fail, in which case the
economy sinks into stagnation first, and perhaps into starvation
after. This second possibility is by no means farfetched, as even re-
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cent twentieth-century history attests.

E. Mathematical appendix

We consider a system ofn commodities, labeled i= 1,2, . . . ,n. The
output of commodity i each year is called Y;» measured in whatever
units are appropriate for this commodity. To produce this output,
one needs inputs of this and other commodities. The input of
commodity j at the beginning of the year, needed to produce
amount y; of commodity i at the end of the year, is called X
Note that we do not say anything about outputs obtainable from a
different choice of inputs; that is, Xy is the actual input ofj, needed
to produce the actual output ¥; of'i. (The choice of the order of
subscripts is awkward; sometimes the quantity which we have
called X is denoted by subscripts in reverse order, say q;;; Leon-
tief theory uses one convention, von Neumann theory the oppo-
site. We shall use a uniform convention throughout this book; the
left index refers to the output commodity, the right index to the
input commodity.)
The “bare subsistence” condition reads:

n

E x;=y, for j=12 ... (2.1)
1=1

The balance condition for money amounts received and dis-
bursed by the producers of commodity i reads:

n

j=1
Here we have already assumed equality, rather than inequality; the
original condition has a “less than or equal” sign in place of the
equality sign; but it is easy to show, and we have shown it in sec-
tion B for a special case, that (2.1) together with all these inequal-
ities impiies the equations (2.2).

Thus (2.2), for i= 1,2,...,n, is a linear homogeneous system
of n equations in the n unknown prices p;, p,, ..., p,,. This sys-
tem has a nonzero solution if and only if the determinant of the
following matrix vanishes:

M;=x;- 5, (2.3)
where 81.- is the Kronecker delta (equal to 1 if i = j; equal to zero
otherwise). We now prove that the det(M) does indeed vanish. In
evaluating this determinant, we may add or subtract rows from

THE STEADY STATE 29

i ¥ 3,...,n,in turn, to row 1.
sach other, at will. Let us add rows 2, 3, n, '
(Ads'( ;(;(Esult the first row of the transformed determinant has the
elements:
n n
= -y, = (2.4)
My;= 25 My= 2 %= %=0
i=1 i=1
where the final equality is a result of condition (2:1). Thus the (i?d
tire first row of the transformed determinant consxsts' of zero;, a
hence det(M) = 0. This proves that the linear equations (2.2) are

consistent with a nonzero solution for the prices.



BOOK II

Theories of
Balanced Exponential Growth

Once we go away from entirely static systems, the simplest dy-
namic system is one undergoing balanced growth; that is, all quan-
tities increase uniformly with time, by the same growth factor
each period, and all prices stay constant. Not surprisingly, just
such systems have been studied extensively.

Chapter 3 is introductory, a straightforward extension of the
work of chapter 2 to a balanced growth system. To make such an
extension, we must assume something about the entire production
possibility set, not merely state actual production levels in any one
period. Chapter 3 assumes an input-output production set of
Leontief type, i.e., fixed factor proportions, no joint production.
Regarding consumption, we assume “perfect thrift,” i.e., none but
absolutely necessary consumption. Much of chapter 3 is well-
known material and can be read quickly by advanced students.
The mathematical appendix contains a summary of the relevant
theorems.

Chapter 4 extends this to the von Neumann technology, which
permits joint production, alternative processes for producing the
same output, and (discrete) input substitution. This also is largely
well-known material, though the last two results of the KMT the-
ory (results K5 and K6) have disastrous implications for the “op-
timality” implications of the theory: If there is any real choice at
all, then the solution with maximum growth is not the one with
the lowest rate of return; and the solution with the lowest rate of
return does not give maximum growth. This fact, which is a direct
consequence of the theory, is sometimes glossed over.

We strike really new material in chapter 5, where we first intro-
duce discretionary consumption; i.e., there is now a choice be-
tween consumption and investment for further growth. In chapter
5, we assume that this choice is made so as to lead to an exact
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steady state. The result is a theoretical coun.terpart to t'he w;}lll(;
known open Leontief model familiar to apphedlecgrlomlsts(.luan
ical” i distinguish clearly between -
“theoretical” aspect is that we o
iti i i deduced, not taken from mar
tities and values (i.e., prices are 1 n p
i titive condition that rates
tion) and we assume the compe nd :
(c))lf)sfe{cvljm ar)e the same in all industries. The surpljlsmg result is that
such a system may fail to have any sensible.s;)llutlon wha;ivr?r.Here
introduces growth along with consump .
g ngith Leontief technology, it turns ou(‘;
that the competitive conditions for a ste:i‘e olf ste:;iy; fb;ir::&
icient to pick out a particular ra ;
growth are not sufficien : g Lk e
i articular rate of return. ‘
though they do pick out a p h owt
i the economy to a
an vary from instant collapse of .
izlflemcequal go the rate of return, depending upon the‘deg'ree r?,f
“frugality” of the capitalists. Furthermore, unfier certlziun circu
stances, no sensible state of balanced growth ex1.sts at all. -
Fina’lly in chapter 7, we show that a Leomﬁ’ueffsystei?}nl V:':lo e
fon i table; any deviation from the
consumption is perfectly uns ble; ol
i dity outputs, for any rea
proportions between commo 1 e
i i rtures from balance, w
ever, results in ever increasing depa : g
& iti t have negative amounts
tual disaster (some commodities must nave o .
t input substitution, when .
output). We also show tha bitul b o
i lasticities of substitution,
lv and restrained to reasonable e e
::;C: ;’lter this result. Section 7D relates these new results to the lit

erature on long-term stability.

again there are new results.



CHAPTER 3

Balanced growth with
Leontief technology

A. Leontief technology

We are now ready to embark on the study of dynamic economic
system.s, in which production levels, and possibly prices, chan
with time from one production period (“year”) to the r;ext V§2
hgye seen in section 2C that a simple statement of actual .uan-
tltles‘ produced, and actual inputs necessary to produce tha‘? out-
Z]l;(t;r rlls;l tr}o lor}ger ad}?quate to derive conclusions. We need to know
ives, i.e., what i
sy fer Buiry outputs are obtainable from any (reason-
Obviously, we need some restrictive ass i imi

range of possibilities to something we can }lll;llgfelzor;rsl tt?li:lr:}ita tic}:ai
we sba-II. make a number of assumptions concerning the produci)io
possibility set, more restrictive than is either reasonable or nece;
sary, so as to obtain Simple and easily understood results with a
minimum of mathematics. The more realistic, but also much more
complicated “von Neumann technology,” is left for chapter 4. For
now, we restrict ourselves to “Leontief technology”’—the nar.ne is
23}1:;1;1 froni the input-output system of Leontief (1951, 1953)
- el?i rxl'g.ated but not identical-— a technology which we shall
- The first restrictive assumption is constant return

input qual'ntities are, say, tripled, then the output alsséot:icpall:s- Ili:él
ural'ly, this assumption is not exact; but neither is it at all far'fro
reality. In classical capitalistic economies, with many small ind:1
penden‘F prod.ucers in each industry, expansion of output in an in:
dl{stry is achieved mainly by new producers entering this industry
using 1{he same techniques and building factories of roughl the;
same size as before. Constant returns to scale is then an exce}:llent
approximation. In fully developed capitalism, of the twentieth-
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century variety, many industries are dominated by one, or a few,
large corporations. But each corporation runs a number of similar
factories; if output is to be contracted, some of these factories are
kept idle while the other factories continue to run at optimum
capacity. Thus, again, constant returns to scale is not at all a bad
assumption (Johnston 1960). Constant returns to scale will be as-
sumed not only in this chapter, but through much of this book.

However, even with constant returns to scale there can be quite
a few complications, including:

1. Input substitution: By changing the production process used,
one may produce the same amount of some commodity with dif-
ferent inputs, either altogether different input commodities or the
same input commodities in different proportions and amounts.

9. Joint production: A production process may lead to output
of two or more commodities, in definite proportions; for example,
the production of corn necessarily leads also to the production of
straw, with a fixed ratio of outputs of these two commodities.
Even if straw turns out to be a free good, it must still be produced
if we wish to produce corn.

3. Fixed capital: A machine, say a tractor, used in a production
process is not “ysed up”’ in one time period. At the end of the
year, it is still there, one year older, for use the year after.

In this chapter, we shall assume away all these complications, for
the sake of getting simple results, easy to derive and see. The tech-
nological assumptions for what is called “Leontief technology’’ are:

1. Every commodity is produced in one precise way, with fixed
proportions between all the inputs.

9. Each production process has precisely one output commod-
ity, a different output for each process. There are exactly as many
production processes as there are commodities, one process for
each commodity.

3. All inputs are used up completely in producing the year’s
output; that is, there may be circulating capital (e.g., seed corn
and a “wages fund” for corn production) but no fixed capital
(tractors).

Precisely because of the extreme severity of these assumptions,
there is little point in discussing their applicability to actual econ-

omies. Rather, the assumptions should be considered mathemati-
cal simplifications designed to get at the essence of growth theory
without unnecessary complications. If a realistic theory is wanted,
then the much more elaborate “yon Neumann technology” of
chapter 4 must be used.

As an example of an input-output table under Leontief technol-
ogy, consider the table on the following page:
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Corn Iron

(quarters) (tons) Output
0.9 * 0.05 —» 1 quarter corn
0.6 + 0.2 — 1 ton iron

Although this looks rather similar to the tables in chapter 2, it
contains much more information, because of the assumption of
production to scale for both production processes, corn produc-
tion and iron production. For example, to produce 100 quarters
of corn, we need as inputs 90 quarters of corn and 5 tons of iron,
obtained by multiplying the first row of the table by 100 through-
out. Similarly, to produce 20 tons of iron, we need as inputs 12
quarters of corn and 4 tons of iron, obtained by multiplying the
second row of the table by 20 throughout. Thus, unlike the tables
of chapter 2, the present table gives the entire “production possi-
bility set,”” not merely some particular actual inputs and outputs.

Note: Labor is “hidden” in the input-output table; for example, the
0.6 quarters of com required for production of each ton of iron is not
fed to the iron furnace, but rather it is baked into bread which the iron
workers eat. As a result, a change in the real wages of labor shows itself
by way of a change in the coefficients of the input-output table. For
example, if the workers manage to obtain an increase in their real wage,
then more input corn will be required to produce corn as output, as well
as to produce iron as output.! The corn-corn coefficient in the table,
0.90, may rise to 0.92, say, and the iron-corn coefficient, 0.60, may rise
to 0.62. What is called a “subsistence” wage can be rather flexible,
therefore.

A similar point relates to the labor force and unemployment. In the
classical system, say of Ricardo and Malthus around 1820, it was taken
for granted that laborers have many children, of whom many die before
they reach working age (in that time, that meant an age of ten years!). If
real wages improve, more children stay alive and subsequently depress
wages back down to subsistence level. Contrariwise, if there are any un-
employed, they die of starvation. The “iron law of wages”’ thus enforces
full employment at subsistence level wages. One need not accept this the-
ory as being at all realistic (least of all under present-day conditions) to
observe that it has the effect of greatly simplifying the theoretical devel-

"The changes in the corn-corn and iron-corn coefficients depend upon in-
direct requirements, as well as upon the obvious direct requirements. They
are related to what is called the “Leontief inverse” of the input-output
matrix.
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opment. Since our main interest is in a quite different direction, we em-

iron law as a first, rough and ready, approach. .
ploI}\,Ict)l;: zlllso that the “Leontief technology” introduced here is not iden-
tical with the input-output system of Leontief (1.951', 1953). We shall
discuss the differences later on, in section 5D; suffice it t.o say here that
these differences are so fundamental that they are more important than

the similarities.

B. Balanced exponential growth: quantities

Suppose we wish to produce y, quarte?rs of corn and y, tons (;f
iron next year, that is, at time t + 1, tlmg t bgmg now. To sta
production of y, quarters of corn we require as inputs, now, 0.9y,
quarters of corn and 0.05y, tonsofiron. To start production of y,
tons of iron we require as inputs, now, 0.6y2‘ quarters of corn and
0.2y, tons of iron. Thus our total input requirements are:

Input of corn at time ¢ = 0.9y, (¢t + 1) +
0.6y, (t + 1) quarters corn
Input of iron at time t = 0.05y, (¢ + 1) +
0.2y, (t + 1) tons iron

At this stage we impose the conditions for balanced exponential

rowth: ) .
o 1. All commodity outputs alter by the same “growth factor” a

each year, i.e.,
yi(t+ 1) =ay, (1) y,(t+1)=ay,(t)

and so on if there are more than two commodities.

2. The annual market clears completely. N

We shall look for solutions which satisfy these two conditions,
year after year; such solutions are called “balanced growth solu-
tions.” Other solutions exist, infinitely many of them, and we
shall return to them in later chapters. But the bal'amced growth
solutions are particularly simple and form the basis for wha}t is
called “growth theory” in economics. Balan'ced growth solutlor_ls
are the nearest analog, in dynamic economics, of a purely static
equilibrium in which nothing changes at all.? In bal_ar}ced gt.‘owth,
change does occur, but it is kept to an absolute minimum: pnly
absolute production levels alter from one year to the next; Igut
since all production levels increase by the same factor a, relative

o ) i
2For example, Montgomery (1971) maintains that the system of Walras )
can be interpreted as a growth theory.
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production levels do not change at all. For example, the ratio of
Y, to ¥y, remains the same from one year to the next. For this
same reason, we shall be able to postulate, in the next section, that
all prices stay constant for a growth solution.

A caution is necessary: One speaks of ‘“growth” theories and
“growth” solutions, but this can be misleading. All we really as-
sume about the factor a is that it cannot be negative. If a is larger
than one, then there is real growth, i.e., production levels at time
t+ 1 exceed those at time t. But if a = 1, we have a stationary
state with constant production levels. If a is less than one, produc-
tion levels decline year after year, so we have a contracting econ-
omy, not a growing one. It is clear that “balanced exponential
change” is a better term than “balanced exponential growth” for
what we have defined here; but the word “growth” is so common
in the literature that it is too late to change it now.

The third condition which we shall impose for now is perfect
thrift:

3. All outputs are used as inputs to next year’s production;
nothing at all is used for discretionary (as opposed to absolutely
necessary) consumption.

This condition is not necessary to get growth solutions; later on,
we shall investigate growth in the presence of discretionary con-
sumption. But it is obvious intuitively that maximum growth is ob-
tained by a single-minded concentration of all resources of the econ-
omy on growth and growth alone. Thus, the perfect thrift condition
ensures that we get that growth solution which has maximum
growth, i.e., the largest possible value of the growth factor a (we
note that the “growth rate” g is related to the “growth factor” a
through: a = g + 1).

Conditions 2 and 3 imply that the input of corn at time ¢ equals
the entire corn production from the year before, and similarly for
iron. Thus we obtain:

Y1(t)= 0.9y, (t+ 1)+ 0.6y, (t + 1)
Y2(t)=0.05y, (t+ 1) + 0.2y, (¢ + 1)

We note that this follows from “market clearing” and “perfect
thrift” alone and does not require assumption 1. However, let us
now impose this condition as well. Then ¥1(t + 1) on the right-
hand side can be replaced by ay, (t), and similarly for Yy, . At this
stage all production quantities Y and y, in the equations refer to
the same time period t, and we can therefore omit the time vari-
able altogether:

Yy = a(0.9y, + 0.6y,)
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y, = a(0.05y, + 0.2y,)

If and only if these two equations hold can we get balanced expo-

ential growth with growth factor a. . ' .
! r\;Ve siall now prove that these two equations determine, in a

unique fashion, everything that matters about this economy. Wﬁ
intend to demonstrate that there is one unique value of the' growt1
factor a consistent with these equations, as v&_rell as one unique }ZZ} 1
ue of the ratio of outputs y, /y,. La!;erdon, in s&ictlon C, wes

how that price ratios are also determined unique y.

i (\)):72 nowpproceed to the proof of these assertions. We start by

writing the two equations above in equivalent forms:

(1—0.9a)y, = 0.6ay, andhence y,/y, = 0.6a/(1 — 0.9a)
0.05ay, = (1—0.2a)y, andhence y,/y,=(1 —0.2a)/(0.05a)
Since both expressions for the output ratio y, /y, must lead to the
same answer, we must have:

0.6a/(1 —0.9a) = (1 —0.2a)/(0.05a)
We multiply both sides of this equation by the product 0.05a(1—
0.9a) to get:
0.03a? = (1 —0.2a)(1 —0.9a) =1 —1.1a + 0.18a?
and thus, finally, the following quadratic equation for a:
0.15a*> —1.1la+1=0

The standard formula for solving a quadratic equation leads to
the following two solutions:

ag = (1.1 +\}1.21 —0.6)/0.3 = 6.27008
ap = (1.1 ——\l1.21 —0.6)/0.3 = 1.06325

This appears to contradict our initial assertign.that theye is a
unique solution to the system: we have two distinct solutions to

the quadratic equation. . o
H(z)wever, we assert that the first of these two solutions is im

possible economically. To see this, let us eva}luate the output ratig
y,/y, from the first of the two formt{las given before (we Cgli t
use the second formula equally well, with the same result), and le
us do so for both values of a found above:

For a, = 6.27008: vy, /[y, = 0.6a/(1 —0.9a) = —0.81025
For ap = 1.06325: y,/y, = 0.6a/(1 —0.9a) = 14.81025
It is the negative value y,/y, = —0.81025 for the first solution
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which makes this solution impossible economically: We cannot
produce negative amounts of anything; we can produce positive
amounts or zero, but not less than zero. With Y1 /¥, negative, one
of ¥, and y, must be negative (the other being positive). This is
impossible, and therefore we are left with one, unique solution,
a = 1.06325, which means a growth rateg=a —1 = 0.06325, or
a bit over 6 percent growth per period. To achieve this steady
growth, 14.81025 quarters of corn must be produced for every
ton of iron. These results follow of necessity from the assumed
input-output table.

In the mathematical appendix to this chapter, we state certain
mathematical theorems which give the extension of this result to
the case of an arbitrary number n of commodities in the system,
rather than just two commodities. An input-output table is called
“irreducible” if every commodity is needed, directly or indirect-
ly, as an input to produce every commodity in the system. For ex-
ample, our table is irreducible, because corn is needed to produce
corn and to produce iron, and iron is needed to produce corn and
to produce iron. In both cases the need is direct, but in general it
may be indirect, i.e., one commodity may be needed as an input
to production of a second commodity, and this second commod-
ity is needed as an input for a third commodity. In such a case,
the first commodity is needed, but needed indirectly, to produce
the third commodity.

The extreme opposite of “irreducible” is called “fully reduc-
ible.” Think of two countries which do not trade with each other
at all. Certain commodities are produced in country A and used as
inputs in this country. Entirely different commodities (or at least
with different labels) are produced in country B and used as inputs
in that country. But no commodities from A are used in B, and
vice versa. The input-output table then splits into two quite separ-
ate tables, one for country A, the other for country B. It is then
obvious that there can be two different growth factors, one for
country A, the other for country B; and hence there is no longer a
unique solution. However, this type of nonuniqueness is without
real economic significance, since all the meaningful information
can be obtained by considering each country separately, one at a
time.

However, it is not true that “fully reducible” and “irreducible”
are the only two possibilities for an input-output table. Rather,
there exists an intermediate case which is called “reducible” (but
not “fully reducible”). Economically this occurs when there are
“discretionary consumption goods,” that is, goods which can be
produced if there is a demand for them, but need not be produced
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at all under “perfect thrift.” Consider, in addition to 01},1* “corn”
and ‘“iron,” a third commodity called “white eleph?nts. To pro-
duce white elephants, one requires corn (as food)‘, iron (for fenc-
ing), and some white elephants. However, no Whltle elep?ants are
needed in corn or iron production. This economy is not “fully re-
ducible,” because it cannot be split into two viable sube:c<')nom1es
which are unrelated to each other: A subeconomy contam}ng only
corn and iron is viable; but the other subeconon_ly, cpntamlng only
white elephants, is not viable because it requires 'mputs of corn
and iron. Equally so, however, our three-commodlty economy is
not “irreducible”: Elephants are not needed, directly or indirect-
ly, for the production of either corn or i}'on. .
This possibility is of considerable importance .when we dis-
cuss growth with consumption. However, we can ignore it now
since we have assumed a “perfect thrift” condition. I't is a conse-
quence of our definition of perfect thrift that no white elephaniis
are produced in a perfect thrift economy. Thus, under the condi-
tions assumed in this chapter, we may validly postulate that our
i -output matrix is irreducible.
mlerlltthe Fr)nathematical appendix, we quote theorems .to the efffect
that an irreducible input-output matrix results in.a unique solution
of the balanced growth equations, unique both in the value of the
growth factor a and in the proportions y, PY2 13 .1V, be-
tween the quantities of the various commodities which n.lust be
produced each year to maintain this balanced growth. We point put,
however, that this result depends on the very strong assumptions
(Leontief technology and perfect thrift) in this chapter.

C. Balanced exponential growth: prices

Some words are needed here about our “prices.” They are:

1. “Market-clearing prices”—that is, we assume that thg annual
market is organized so perfectly, say by an ‘auctioneer, that it clears
perfectly. The price ratios required to bring abf)ut this 'result are
our ‘“market-clearing prices.” Our prices are neither -clalmed, nor
intended, to be in any sense stable in tim.e or some kind of center
of gravity about which actual markgt prices move. On the con-
trary, our market-clearing prices are directly applicable to. dynamic
situations in which price ratios which clear the ar}m%al market of
year (¢ fail to clear the market of year ¢ + 1. Deviations bgtween
our prices and actual market prices arise solely from market imper-
ftc\f\;ir:rsl.cntion this because economists have distinguished between
quite a few types of “prices,” none of which corresponds at all
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closely to our concept. Among these types of prices, a few promi-
nent ones are:

2. “Market prices.”

3. The classical notion of ‘“natural price” (Smith 1776, Ricardo
1821, particularly chapter 4 of the latter).

4. The Marxian notion of “prices of production” (Marx 1894),
and the closely related price concept of Sraffa (1960).

5. The early neoclassical notions of “general equilibrium prices”
(Walras 1874, 1877) and ‘“partial equilibrium prices” (Marshall
1890).

6. The late neoclassical notions of ‘“‘general equilibrium prices”
(Debreu 1959, 1962, Arrow 1971).

We repeat that none of these equals our concept of market-
clearing prices, though some are not too far away.

In particular, in this chapter and for some time to come, we de-
liberately assume away price changes from one year to the next;
that is, we impose conditions of “balanced growth’’ which are con-
sistent with the assumption of constant price ratios. Under such
special assumptions, our market-clearing prices become very simi-
lar to the “prices of production” of Marx and Sraffa.

But such special assumptions, i.e., constant price ratios, are in-
consistent with a fully dynamical approach. Prices, or price ratios,
cannot be so constrained in advance. This will become apparent
in chapter 7, and it would take us too far to explain it fully here.
All we need for now is the fact that, in the general dynamical sys-
tem, our market-clearing prices are neither constant, nor closely
related to the conventional ‘““prices of production.”

Next, we intend to prove that the solution we have just found
for the growth factor and for quantities produced also implies a
unique value for the price ratio p, /p, of the price of one quarter
of corn to the price of one ton of iron, as well as a unique value
for the rate of return to the owner in either industry.

In addition to conditions 1, 2, and 3 imposed in section B, we
now impose further conditions:

4. All prices are constant year after year.

5. All industries offer the same rate of return r to their owners.
Condition 4 is not necessary if the unit in which prices are mea-
sured is itself a given (unit) quantity of some specific commodity
(the numeraire). For then, with quantity ratios constant by as-
sumption 1, price ratios are automatically constant, and the
“price” of some other commodity is a price ratio (to the price of
the unit quantity of the numeraire) by definition. But if the cur-
rency is paper, then assumption 4 is required to exclude the possibil-
ity of a uniform inflation or deflation of the value of that currency.
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Condition 5 arises as follows: If the production of iron should
give a higher rate of return r, than the rate of return in the corn
industry r,, then there is an incentive to corn producers to switch
to production of iron so as to partake of the higher returns there.
If there are no barriers to entry into the iron industry, then condi-
tions next year will be different from those of the present year,
not merely in total amounts, but in the proportions produced.
This is inconsistent with balanced growth and must therefore be
excluded. Barriers to entry are outside the scope of this book (sec-
tion 1A). ‘

Let us now figure out the rate of return in the two industries.
Under our assumptions, this rate of return does not depend upon
the scale of production and can therefore be calculated on the ba-
sis of production of a unit quantity of the output commodity. To
produce one quarter of corn, the entrepreneur must purchase, at
the beginning of the year, 0.9 quarters of corn and 0.05 tons of
iron. His expenditure is therefore equal to 0.9p; + 0.05p,. At th.e
end of the year, he has one quarter of output corn to sell, at unit
price p,. By assumption 2, all the output is actually sold; hence
the entrepreneur receives an amount p; for his one quarter of corn.
His rate of return r, is therefore given by:

1+r =p,/(09p, + 0.05p,)

The entrepreneur in the iron industry purchases inputs of 0.6
quarters of corn and 0.2 tons of iron, at a total expenditure of
0.6p, + 0.2p,, and he receives the amount p, at the end of‘the
year for his one ton of iron; his rate of return is therefore given

by:
1+ r, =p,/(0.6p; +0.2p,)
At this stage, we impose condition 5, equality of the two rates of

return, that is, r; = r,. Since the left-hand sides of our two equa-
tions are now equal, the right-hand sides must also be equal:

p1/(0.9p, + 0.05p,) = p, /(0.6p; + 0.2p,)

Since only the price ratio P, = p, [p, is determined bylthis condi-
tion, we divide numerators and denominators on both sides by p,,

to get:

N

P, /(0.9P, + 0.05) = 1/(0.6P; + 0.2)
Hence:
P,(0.6P, + 0.2) = 0.9P; + 0.05

whence:
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0.6P? —0.7P, —0.05=0

This is a quadratic equation for the price ratio P, = p, /p,. The
two solutions of this quadratic equation are:

— (0.7+V049 1 012)/1.2 = 1.23419 (plus §1gn) ‘
¥ = (a8 3000+ Bcl2) 1 { —0.067521 (minus sign)
The solution with negative value P, = —0.067521 can be dis-
carded as impossible economically: If the ratio p, /p, is to be neg-
ative, then one of the two separate prices must be negative, the
other positive; but there cannot be negative prices. Thus we are
left, as claimed, with a uniquely determined price ratio P, = p,/
P, = 1.23419. One quarter of corn exchanges for 1.23419 tons of
iron in the market.

Equally, the common rate of return isnow known, and is unique:
Using either one of the two earlier expressions for 1 + r, we get
(say from the second one)

1+ r=p,/(0.6p, + 0.2p,)= 1/(0.6P, + 0.2) = 1.06325

which means a return of slightly better than 6 percent on money
invested. This particular rate of return, and this particular price
ratio, is determined uniquely by the input-output table and the
conditions 1 to 5 which we have imposed. No other balanced ex-
ponential growth solution is possible.

It is apparent that the “return factor”

B=1+r

(we always use the symbol 8 for the return factor defined this way)
has turned out to be identically equal to the “growth factor” a.
Consequently there is also equality between the rate of growth
g = a—1 and the rate of return r = 3 — 1. This is a fundamental
result of the theory of economic growth, and we see in the next
few chapters both how widely it extends (for example, it is not
necessary to have Leontief technology) and what its limitations
are. In the mathematical appendix, we quote theorems to the ef-
fect that, with the assumptions of this chapter, the rate of growth
and the rate of return are equal and determined uniquely, no
matter how many commodities there are in the system, provided
only that the input-output matrix is irreducible. Under this same
condition, all price ratios are determined uniquely.

D. The effect of a wage rise, and other qualitative points

We mentioned before that the wages of labor are hidden in our
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input-output table; for example, the input of corn for production
of one ton of iron represents bread eaten by the workers in the
iron foundry. '

Now suppose the workers form a union and succeed in getting a
real wage rise, i.e., more corn for themselves for the same total
output. Within the model, this shows up as an increase in the corn
inputs within the input-output table. Let us say, by way of exam-
ple, that the coefficient 0.9 for corn production increases to 0.92,
and the coefficient 0.6 for iron production increases to 0.62 (they
do not increase in the same ratio, because some of the corn needed
for corn prodution is seed corn and food for draft animals, not
wages for agricultural laborers). The new input-output table there-
fore reads:

Corn Iron

(quarters) (tons) Output
0.92 P 0.05 $» 1 quarter corn
0.62 + 0.20 > 1 ton iron

Working through the argument in the same way that we did in sec-
tion B, we find that the new quadratic equation for the growth
factor a reads:

0.62X 0.05a® = (1—0.2a)(1—0.92a)=1—1.12a + 0.184a?
with the unique positive solution (positive in the ratio y; [y, ):
a = (1.12 —+1.2544 — 0.612)/0.306 = 1.04085

This is less than the growth factor found in section B; the growth
rate has declined from 6.3 percent per period to 4.1 percent per
period. .
One way of looking at this result is to say that the “selfish”
workers, by demanding higher real wages, have interfered with the
growth of the economy. But one must recognize that this is h'ardly
the way the situation would appear to a worker. From his point of
view, his wages are depressed in order to produce a fast rate of
economic growth, without his getting any personal benefit what-
ever from the growth. Higher growth means a higher rate of re-
turn for the capitalist entrepreneurs, or perhaps the owners if
these are different people; this follows from the fact that the rate
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of return equals the rate of growth in this theory. But there is no
higher return, or any return, to the working man; as long as the
input-output table remains the same, a higher level of output
means that there are more workers to produce that output, but
each worker gets the same real wage. The rational worker is out to
change the input-output table so as to benefit himself through in-
creased consumption (of corn), not to maximize growth and the
rate of return to capitalists, at zero benefit to himself.

However, there are at least two things which must be added to
this discussion, to make it slightly more realistic:

1. A high rate of growth of production (and, under our assump-
tions, of working population as well) makes a nation more power-
ful militarily, more capable of aggression against others and of de-
fense against aggression by other nations. This aspect of growth
can be, and historically has been quite often, used as an argument
to make the goal of maximum growth acceptable to the working
class. Indeed, if a powerful nation can take control of foreign ter-
ritories and make them colonies, the workers within the home
country may be better off objectively as a result. Conversely, a na-
tion that fails to grow economically as fast as its neighbors may
leave itself open to being attacked and conquered.

2. The complete neglect of technological progress in the discus-
sion so far is an extremely serious flaw in the argument (Eichner
1980, p. 304 ff). If technology does not change (no change in the
input-output table), then a rise in real wages slows down growth.
But the “if” is most unrealistic, since the level of wages itself has
a major influence on the advance of technology (Ford 1974). In
practice, modern economies do not grow by starving their workers,
but rather by high investment in new technology. This type of in-
vestment is inhibited, not furthered, if wages are low, since then
there is little incentive to install labor-saving machinery, or to pay
good money for inventing and developing machinery which will
never be installed. Throughout the nineteenth century, the United
States was a high-wage country; the United Kingdom had much
lower wages. There is strong historical evidence (Saul 1970) that
the much more rapid growth of technology in the United States
than in the United Kingdom can be explained on purely economic
grounds: it pays to install new technology in a high-wage country,
more than in a low-wage country. We are not suggesting that high
wages were the only factor favoring growth of the U.S. economy,
or that other issues can be ignored (for example, how the Ameri-
cans got the initial capital to install all this machinery). But it is
clear historically that high real wages favor, rather than inhibit,
cconomic growth.
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This is one of the unfortunately all too common examples of
how seriously misleading an oversimplified economic model may
be.

Another limitation of growth theory is this: If there is real
growth, i.e., a growth factor larger than unity, then this s’Fate of af-
fairs cannot go on forever. Eventually, we come up against some
limit which makes further growth impossible. In the classical sys-
tem, this limit is natural resources, called “land.’’ Once all avail-
able land is under cultivation, no more growth of output (sgy, of
corn) is possible unless there is technological improvement in the
use of the land—something the simple growth theory cannot
handle.

To those people who maintain that human ingenuity will always
be able to overcome such limitations, there is a simple answer:
shortage of living space on the earth. If the populatipn dogbles
every so many years then it is a simple exercise in arithmetic to
calculate the date at which each human being will have less than
one square centimeter of space on which to stand on this ea..rth.
Going out to colonize space (as if there were any reason to believe
that other planets exist capable of supporting human life!) does
not avoid this dilemma: The volume of space colonized increases
with time like ¢3, the population increases exponentially with time,
and eventually an exponential always overtakes a power of t.

Thus, growth theories can apply, at best, to a limited and re-
stricted set of conditions, to times when land is plentiful and so
are all other needed natural resources. This does not say that
growth theories are useless: but, like all simplified models, they
must be used with considerable caution.

Another word of caution: Technological assumptions, such as
Leontief technology, can be considered, within economics, more
or less as “laws of nature,” givens as far as the economic argument
is concerned. But the same is not true for strictly economic as-
sumptions such as the “competitive” assumption 5, equal rates of
return in all industries. This is associated with absence of monop-
oly and with absence of barriers preventing shifts from one ind.us-
try to another to equalize the rates of return. The fietermmatlon
of prices in section C depended upon such assumptions. If any _of
these assumptions is violated in fact—for example, if there exist
state monopolies (British East India Company) or private monop-

olies (John D. Rockefeller’s Standard Oil Company)—then the
conclusions of the theory must also be modified. A theory appro-
priate to competition must not be used in the presence of. monop-
oly, or of barriers to entry. Unfortunately, this very 0bv1ous'cau-
tion is ignored completely in much published work in economics.
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E. Mathematical appendix

There are n commodities, labeled by an index i which takes values
1, 2,...,n. The output of commodity i at the end of year number
t is denoted by ¥;(t). The unit price of commodity i is called p.

:pd is assumed to stay constant. All p; and all ¥; must be nonnegaf
ive.

The input-output matrix A has matrix elements a.., representing
the input amount of commodity j required at the béginning of the
period, to produce one unit of commodity i at the end of the pe-
riod. All production is to scale, and there is one and only one way
to produce each commodity i.

The exponential growth condition 1 of section B is:

y;(t+1)= ay(t) forall i=1,2,...,n andallt (3:1)

Conditions 2 (market clearing in quantity terms) and 3 (perfect
thrift) lead to

n
z Yi(t+ Da;=y(t) forall j=1,2,...,n andallt (3.2)
i=1

Let us introduce the symbol s for the reciprocal of the growth fac-
tor a:

s=1/a (3.3)

When we combine (3.1) and (3.2), and use the notation (3.3), we
get:

n
z Yy = 8y forall j=1,2,...,n (3.4)
i=1

In mathematical terms, the production quantities y. form the com-
ponents of a left eigenvector of the input-output lmatrix A, with
an eigenvalue s which is the reciprocal of the growth factor.

The producers of commodity i must purchase, per unit amount
of i to be produced, quantities ;i of the various commodities j,
each at unit price p;. At the end of the production period, they
sell one unit of i, at price p;. The rate of return r, assumed to be
common (assumption 5), and the return factor = 1 + r are then
given by:

n n

pi=(+1) X0 ayp;=B3 agp; (89)

J=1 j=1
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Thus the unit prices p; form the components of a right eigenvector
of the input-output matrix, with eigenvalue equalto 1/8= 1/(1 + r).

By a general theorem on eigenvalues, the eigenvalues are solu-
tions of the secular equation:

det(aij — sﬁij) = det(A—sI)=0 (3.6)

where I is the n-by-n unit matrix and 81.- is the Kronecker delta,
which is unity when i = j and is zero otl'Jlerwise. Since this deter-
minant is unchanged by the process of replacing the matrix A by
its transpose, we conclude that the eigenvalues s of problem (3.4)
are pairwise identical with the eigenvalues 1/ = 1/(1 + r) of prob-
lem (3.5). We therefore expect to find, among the possible solu-
tions, ones with a = . However, we can say very much more than
that rather weak statement.

The reason for this is the nonnegativity requirement that all
quantities y, and all prices p; must be positive or zero. Before pro-
ceeding, we must define “fully reducible,” ‘“reducible,”” and “ir-
reducible” input-output matrices, as well as “nonnegative’ and
“strictly positive” matrices.

DEFINITION

A matrix A is called nonnegative if all its elements a;; = 0.

DEFINITION
A matrix A is called strictly positive if all its elements a; > 0.

Note: These concepts have to do with properties of individual matrix ele-
ments and must not be confused with “‘positive definite’” and “‘positive in-

definite”” matrices. For example, the two-by-two matrix (; f) is “‘strictly

positive’ but is not positive definite. The matrix <_1—2> is positive definite

but is neither strictly positive nor nonnegative.

Let I be the set of indices I={ 1,2,3,... ,n} and let this be di-
vided into two mutually exclusive sets J and K, which between
them exhaust I. A subset J of the set I is called a “proper subset”
if J has at least one element and J has fewer elements than I. In
the following definitions, all matrices are square.

DEFINITION

A matrix A is called fully reducible if there exists a division of the
index set I into proper subsets J and K, such that for all indices
Jjedand k ¢ K, it is true that Uy =8, = 0.
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DEFINITION

A matrix A is called reducible if there exists a division of the index
set I into proper subsets J and K, such that for all indices j € J and
k € K, it is true that @, = 0.

DEFINITION
A matrix A is called irreducible if it is not reducible.

207
Examples: The following matrix is fully reducible: A=| 0 5 é) The index
6 09

set I=141,2,3t and the subsets are J ={1,3t K 2{2}. In terms of the input-
output interpretation, commodities 1 and 3 (set JJ are produced and used
as inputs in one country and commodity 2 (set K) is produced and used as
(sole) input in another country, the two countries not trading with each
other.

The following matrix is reducible, but not fully reducible:

207

A =<4 5 1 ). The sets I, J, K are the same as before. Commodities
6 09

1 and 3 are necessary goods, without which the economy dies; good 2 is

a discretionary good, which is not required for the production of 1 and 3,

but which requires 1 and 3 as inputs for its own nroduction.
207

The following matrix is irreducible: A" =(4 5 1>. All three goods

6 90
are now necessary inputs: 1 is an input to 2, 2 is an input to 3, and 3 is an
input to 1. Thus 2 is also an indirect input to 1.

We shall now state several theorems, all of them without proof.
Since the main theorems are quite difficult to prove, well beyond
the level of this book, it makes little sense to prove only the triv-
ial theorems (such as the first four). For all proofs, we refer to the
books by Karlin (1959) or by Kemp and Kimura (Kemp 1978).

THEOREM 3.1.
If A is fully reducible, then so is every power A™ of A.

THEOREM 3.2.
If A is reducible, then so is every power A" of A.

Note: This is not true for irreducibility. The matrix A =<(1) (1)>is irreducible,

but its square is the unit matrix, and hence is fully reducible.
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THEOREM 3.3.

Given an irreducible nonnegative matrix A and two indices i and
j, there always exists a positive power m such that (A™) i 0.
(Note that the value of m may depend on the choice of 7 and j.)

THEOREM 3.4.

An irreducible nonnegative n-by-n matrix A must contain at least
n distinct strictly positive elements off the diagonal, distributed in
such a way that there exists a positive off-diagonal element in
every row of the matrix (this is necessary but not, by itself, suffi-
cient).

Note: The zero matrix and the unit matrix are fully reducible.

DEFINITION
A vector x is called nonnegative, denoted by x > 0, if x, > 0 for
all i

DEFINITION
A vector x is called positive, denoted by x > 0, if x > 0 and there
exists at least one positive vector element x;.

DEFINITION
A vector x is called strictly positive, denoted by x > 0, if all vec-
tor elements x; are positive.

THEOREM 3.5.
Let A be a nonnegative irreducible n-by-n matrix, and let the vec-
tor x satisfy the two conditions: x > 0 and x > xA. Then x> 0.

Note: The proof depends on theorem 3.3. Intuitively, theorem 3.5 asserts
that, if every commodity is needed as an input, directly or indirectly, to
production of every other commodity (irreducibility) and if at least one
commodity is actually produced (x> 0), then all commodities must be
produced (x > 0).

Associated with every nonnegative matrix A > 0 there is a dom-
inant eigenvalue which we shall call s*(A). It is defined as follows:

DEFINITION

Let A > 0. A nonnegative number s > 0 is called “admissible’ if
there exists a vector x > 0 such that XA — sx = 0. Then s*(A)

is the lowest upper bound of all admissible numbers s. ’

Note: If A is a diagonal matrix with diagonal elements aii> 0, then s*(A)
equals the largest of these diagonal elements and is therefore also equal to
the largest eigenvalue of A. The zero matrix has s* = 0; the unit matrix has
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s* = 1. Our main interest, however, is in matrices with nonzero off-diag-
onal elements. Note that the definition of s* says nothing, of itself, about
s* being an eigenvalue of A. However, the following theorem states this as
one of the consequences (nontrivial) of the definition.

THEOREM 3.6.
Let A be an irreducible nonnegative n-by-n matrix. Then:

(a) s*(A) is an eigenvalue of A, with a unique left eigenvector y*
and a unique right eigenvector p*.

(b) y¥*> 0 and p*> 0.

(c) Let s" be any other eigenvalue of A. Then the absolute value
|s" | is less than or equal to s*. Furthermore, if A has at least one
nonzero element on the diagonal (at least one a;; > 0), then Is" | <
s* with strict inequality.

(d) If s’ is a real eigenvalue of A, different from s* and if it has
a real left eigenvector y' (that is, y'A = s’A), then the vector y’
has at least one strictly negative component. The corresponding
statement holds for a real right eigenvector p’ with Ap' = s'p’.

Note: The assumption of irreducibility is essential for this theorem. Without
it, s*(A) is still an eigenvalue of A and assertion (c) still holds. But (b)
must be weakened to y* > 0 and p* > 0; and (d) may be false altogether.

DEFINITION

For two vectors x, y, the statement x > y means x — y > 0; ditto
for x > y and x> y. For two matrices A, B, the statement A > B
means A— B> 0, and A> Bmeans A— B> 0.

THEOREM 3.7.
Let A> B and B > 0. Then s*(A) > s*(B) > 0.

THEOREM 3.8.

Let A > 0 and let g be any real number larger than the dominant
eigenvalue of A: g > s*(A). Let I be the unit matrix. Then the
operator (qI — A)! exists and is nonnegative.

THEOREM 3.9. -
Let A be nonnegative; let g be a real number such that the opera-
tor (gI — A)™! exists and is nonnegative. Then q > s*(A).

DEFINITION

A nonnegative matrix A is called productive if there exists a non-
negative vector of outputs y > 0 such that the necessary inputs
are, all of them, strictly smaller than these outputs, i.e., such that
y > yA.

Note: An economy with a productive input-output matrix A is capable of
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producing a surplus in every commodity i each year, at least for this set of
outputs.

THEOREM 3.10.
Let A be productive. Then s*(A) < 1 and the operator (I — A)*

exists and is nonnegative.

THEOREM 3.11.

(Converse to theorem 3.10) If A > 0 and s*(A) = 1, then A is not
productive; i.e., it is then impossible to find a vector y = 0 such
that y > yA.

THEOREM 3.12.
The transpose matrix Al of A is productive if and only if A is pro-
ductive.

THEOREM 3.13.
(Corollary of 3.11 and 3.12) If A> 0 and s*(A) > 1, then it is
impossible to find a set of prices p = 0 such that p > Ap.

This concludes the statement, without proof, of the mathemati-
cal theorems underlying growth theory with Leontief technology.
We shall have frequent occasion, in later chapters, to make use of
one or more of these theorems. Let us now trace out the conse-
quences of these theorems for the solutions of equations (3.1)
through (3.5). We assume that our ‘“perfect thrift”” economy pro-
duces only strictly necessary goods, so that the input-output ma-
trix A is irreducible as well as being nonnegative.

Theorem 3.6 then implies that there exists only one eigenvalue
s in (3.4) such that all quantities y; are nonnegative—see part (d)
of the theorem. Furthermore, the right eigenvector p* for this
same eigenvalue is also unique, so there is just one system of rela-
tive prices and of relative quantities which solves equations (3.4)
and (3.5). For this system, a = 3, since both equal 1/s*, so the
growth factor equals the return factor, the growth rate equals the
rate of return. By part (b) of theorem 3.6, all price ratios and all
quantity ratios are strictly positive; there are no nonproduced
goods in the system (since all goods are, by assumption, neces-
sary), and there are no free goods.

So far, we have said nothing about whether there is actual
growth, i.e., whether the growth factor a is bigger than uﬁity. But
theorem 3.10 tells us: If the economy is productive, i.e., capable
(with some choice of production levels) of generating a surplus of
every commodity in the system, then s* <1 and hence a = 1/s*
exceeds unity, meaning growth.
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Theorem 3.7 provides the generalization of our example of the
effect of a real wage increase (see section D). Let B be the original
input-output matrix, A the matrix after the wage increase. Then
A > B> 0, and hence s*(A) > s*(B). Hence a(A) < a(B), so that
growth has become less rapid. However, we emphasize that this re-
sult depends on the unrealistic assumption that the wage rate has
no effect at all on technological change (indeed, that there is no
technological change whatever).

CHAPTER 4

Balanced growth with
von Neumann technology

A. von Neumann technology

We shall now discard some, but not all, of the restrictive assump-
tions made in chapter 3. The generalized theory represents a major
step forward. It was first formulated by John von Neumann in
1932 and first published (in German) in the late thirties (von Neu-
mann 1937); it was reprinted in English translation after World
War II (von Neumann 1945). This publication history explains
why the theory took so long to acquire its amply deserved general
recognition. A second reason is the style of von Neumann’s paper;
it is typical of papers in mathematics, extremely condensed, and
the reader needs to have considerable mathematical knowledge be-
fore he can even start to comprehend it. Mathematically simpler
proofs have been found later (Gale 1956, Karlin 1959), but these
also are well beyond the mathematical level of this book. We there-
fore confine ourselves to quoting the important results and explain-
ing their economic meaning, and we omit all proofs. (For a “dia-
grammatic” explanation of the von Neumann theory, see Koop-
mans 1964; for a very interesting “inside” view of the history of
this theory, see Morgenstern 1977).

The original results of von Neumann are subject to serious
doubt, because he imposed an extremely severe restriction (condi-
tion N on p. 61) on top of his otherwise very reasonable techno-
logical assumptions. This restriction has turned out to be not at all
reasonable or economically acceptable. Fortunately, Kemeny,
Morgenstern, and Thompson (Kemeny 1956; see also Morgenstern
1976) have developed an alternative theory with the same basic
technology but without this unreasonable restriction. It is their re-
sults, not the original von Neumann results, which should be ac-
cepted whenever the two differ.
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In this section, we explain the technological assumptions which,
in sum, make up “von Neumann technology” (sometimes called
“general linear technology”) as opposed to Leontief technology:
and we propose to show how the limitations inherent in Leontief
technology (no input substitution, no joint production, no fixed
capital) are overcome by this more general technology. One other
limitation of Leontief technology, production to scale, is retained
in von Neumann technology; but production to scale was dis-
cussed in section 3A and found there to be an eminently reason-
able approximation.

Von Neumann technology starts from a large number M of pro-
duction processes, also called activities, labeled by an index m
which can take the values m = 1, 2, ..., M. Each activity works
on some set of inputs so as to produce, at the end of the period, a
set of outputs. The inputs and outputs of each activity are com-
modities, just as in the Leontief technology. Labor as such is still
“hidden” within the input commodities. But it is no longer true
that there is only one way (one activity) available for producing
each commodity. On the contrary, any one commodity may be
the output, or more precisely, may be one of the many outputs,
of a number of different activities. Thus we now have a choice as
to which of these available activities should actually be employed
to produce the commodity. The other processes, or at least most
of them, will then not be used at all. However, there is no need to
omit these other processes from the list of possible processes.
Rather, we associate with each activity m an activity level z, > 0.
If z, is positive, the process is used, with that intensity. If z, = 0,
then process number m is not used at all.

The “linear” character of the technology shows itself as follows:
For every process m which is actually used (for which z, > 0) the
required inputs and the resulting outputs are directly proportional
to the activity level z . Twice the activity level means twice as
much input quantity of every required input commodity, and twice
as much output quantity of every output commodity from the
process. Thus, each separate process, and hence also the economy
as a whole, is subject to constant returns to scale.

We can therefore specify the essential properties of each process
m by stating what are the precise inputs needed, and the precise
outputs produced, if the activity level z | of this process is exactly
equal to unity, z, = 1. At any other activity level, all inputs and
outputs change in direct proportion.

We define the input coefficients of process m by saying that, at
unit activity level 2 ~= 1, the required inputs to the process are:
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a,, of commodity 1, a_ , of commodity 2, ...,

a,; of commodity i, . . .

These input coefficients are nonnegative: a, ;= 0 (all m, alli). Ifa
particular commodity, let us say commodity number 2, is not ac-
tually required as an input to activity number m, then the corre-
sponding input coefficient is zero:a_ , = 0.

We define the output coefficients of process m by saying that,
at unit activity level z = 1, the commodity outputs resulting
from operation of the process at that level are:

B s of commodity 1, b of commodity 2, ...,

m2

bmi of commodity i, . . .

These output coefficients are nonnegative: b, ;= 0 (all m, all i). If
a particular commodity, say commodity number 2, is not actually
one of the outputs of activity number m, then the corresponding
output coefficient is zero: b, , = 0:

In practice, most processes m in a real economy require only a
few commodities as inputs, and produce only a few, perhaps even
only one, commodities as outputs. Hence all but a few of the in-
put coefficients a,_ ; for any one process m, and all but a few (per-
haps only one) of the output coefficients b,.; of that process, are
just zero. But this does not hurt; zero coefficients are perfectly
permissible.’

It should be obvious now how two of the limitations of Leon-
tief technology (no input substitution, no joint production) have
been overcome: Since any one commodity i may be one of the
outputs of several different processes m, m’, m", ..., (e, b,
b ., and b_». may all be positive), we have a choice which pro-

m i m 1 0 . .
cess to use; in general these processes will differ in the nature and
proportions of the input commodities needed to get the same out-
put of commodity i. Suppose that corn can be produced by differ-
ent processes, one a primitive method using mostly corn input (ag-
ricultural labor, draft animals) and little iron, the other using less
corn input but more iron input (machines). By choosing the sec-
ond process rather than the first, we go to a more “capital-inten-
sive” method. Unlike the standard neoclassical theory, this meth-
od of input substitution is not continuous; i.e., we can use one
process (with a certain capital-to-labor ratio) or the second process,
with its own ratio; but nothing in between. However, this absence

IThere is a great deal of freedom here, and in particular one may wish to
insist that all “activities” be linearly independent; we skip details.
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of continuous transformation between inputs is not at all a serious
objection to the theory, because:

1. If there are not just two processes, but many different pro-
cesses, available for production of a commodity, then the discrete
substitutions in effect come very close to a single continuous pro-
duction possibility curve. The curve is replaced by a series of
straight line segments. This point is explained very well by Dorf-
man, Samuelson, and Solow (Dorfman 1958).

2. The discrete substitution between different processes is a
much better description of what actually happens than the neo-
classical continuous substitution curve. It is the latter which is un-
realistic, not the activity analysis.

Next, let us show how we have overcome the other two limita-
tions of Leontief technology, that is, no joint production and no
fixed capital. Joint production is obviously included in the general
linear technology; all we require is that more than one of the out-
put coefficients b mi Of process m be nonzero. Fixed capital, the
other problem area, is handled by a simple, but ingenious, trick.
Suppose it takes corn and a tractor to produce next year’s corn.
The tractor, a fixed capital item, is used, but not used up, during
the year. It is still available for use the year after. Now suppose
corn is commodity number 1, but let there not be one commodity
called “tractor.” Rather, commodity 2 is a new tractor; commod-
ity 3 is a one-year-old tractor; commodity 4 is a two-year-old
tractor; and so on. Let us also allow for commodity number 99,
which is scrap metal. Let us suppose a tractor falls to bits naturally
after three years’ use.

If we start from corn and a new tractor as inputs, the outputs
(plural!) are output corn and a one-year old tractor. If we start
from cormn and a one-year-old tractor as inputs, the outputs are
corn and a two-year-old tractor; and from corn plus a two-year-old
tractor as inputs, the outputs are corn and scrap metal. We there-
fore have three different activities for producing corn. A moment’s
thought shows that this distinction between tractors of different
vintages, calling them different commodities, is quite realistic.
Used tractors can be placed on the market and sold at a price
which depends on their vintage. No practical businessman would
consider a new machine and a ten-year-old machine, say, as being
one and the same commodity.

Nor do the three activities which we have mentioned exhaust all
possibilities. By assumption, a tractor falls to pieces and becomes
scrap metal after three years’ use. But, it may happen that a two-
year-old tractor, though usable technically, in so inefficient, so ex-
pensive to keep in repair, as to make it economically undesirable
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to use it. It is then better to scrap it, i.e., sell it as scrap metal,
commodity 99. Thus another possible production process uses
corn and a one-year-old tractor as inputs, but produces corn and
scrap metal (not a two-year-old tractor) as outputs. Similarly,
though less likely, we may wish to scrap even one-year-old tractors
for economic reasons. There are therefore five, not three, distinct
production activities available for choice (Table 4.1).

Table 4.1

Activity Input coefficients ami Output coefficients bmi

m i=1 i=2 =3 i=4 ...i=99 =1 =2 =3 =4 ... i=99
1 all ajp 0 0 0 bl 1 0 bl 3 0 0

2 an 0 azj 0 0 b21 0 0 b24 s b 0

8 asg 0 0 dasg 0 b31 0 0 0 b3’99
4 ag dgn 0 0 0 b41 0 0 0 3 b4’99
5 dasy 0 ds3 0 0 b51 0 0 0 . b5199

In this way we have not only accommodated the existence of
fixed capital, but also the possibility of choice between retaining a
machine another year, or scrapping it. Note that the ability of the
general linear technology to handle joint production is essential. A
theory incapable of describing joint production, such as the Leon-
tief technology, by that very fact is unable to accommodate fixed
capital.?

What about production processes which take more than one pe-
riod to complete? Suppose it takes three years to construct a bat-
tleship. We then allow for three different commodities: (a) a one-
third completed battleship, produced as a result of the first year’s
work; (b) a two-thirds completed battleship; and (c) a finishe.d bat-
tleship. We require commodity (a) as an input for production of
commodity (b), and we require commodity (b) as an input fqr
production of commodity (c). Simple, isn’t it? (But, perhaps, a bit
artificial: one-third completed battleships are rarely, if ever, traded
in a commodity market.)

What about technological progress? This can be 1ncluded by as-
suming that the list of activities m = 1, 2, ..., M is not final, but
new activities may be invented and hence become available for use,
as time goes on. This makes the total number of processes a func-

2This point has been stressed forcefully by Sraffa (1960).
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tion of time: M = M(t).? There is no need to remove obsolete pro-
cesses from the list, since such processes may be run at zero ac-
tivity level. Although this way of handling technological progress
exists in principle, we are not aware of any actual theoretical work
making use of this idea. Von Neumann himself developed his the-
ory on the basis of an unchanged technology (all input coefficients,
output coefficients, and the number of processes M are constant in
time), and his successors have done the same. The inclusion of
technological progress appears to us to be a highly interesting
avenue for further exploration.

Of course, one pays a price for so much increased generality.
To describe any actual economy by von Neumann technology, one
needs to allow for a huge number N of distinct commodities (re-
member the tractors of different vintages!) and an even more enor-
mous number M of distinct activities. This is hardly possible in
practice, and thus the theory is very theoretical indeed and is to
that extent open to the charge of being impossible to validate em-
pirically. Nonetheless, some very interesting conclusions emerge,
and von Neumann theory is generally considered an important
step forward in economics.

Finally, let us show just how Leontief technology emerges as a
special case, a very special case, of von Neumann technology. To
get Leontief technology, assume the following: (a) there are ex-
actly as many activities as there are commodities; i.e., M = N,
(b) Each activity has one and only one commodity as an output, a
different commodity for each activity; by a suitable renumbering,
we can ensure that activity number m produces, as its sole output,
commodity number i = m; (c) We are free to define what we mean
by “unit activity level”” for each activity; let us use this freedom to
declare that unit activity level of process number m results in out-
put of one unit of commodity number i = m (and of nothing else).
Under these assumptions the output coefficients b,,; of activity m
are zero except when i = m, and then b; = 1. Since unit activity
level results in output of one unit of commodity i, the total out-
put y; of commodity i is a measure of the activity level z; of that
(one and only) activity m = i by which this commodity can be pro-
duced: z; = y;. The input coefficients a,,; = a;j defining the inputs
of commodities j necessary to produce a unit amount of commod-
ity i (with unit activity level z,, of process m = i) are then exactly
the same input-output coefficients which we used in chapter 3.

Note that one simplification possible in Leontief theory is not
possible with von Neumann technology: The distinction between

3 o N o y .
Not necessarily only of time; economic factors may influence the rate of
invention.
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activity levels z,, and commodity outputs y; cannot be ignored in
the general case. Any commodity i may be produced by several ac-
tivities; an activity may produce several commodities. There is no
longer a one-to-one correspondence between output commodities
and activities, and hence it is impossible to decide, from knowl-
edge of the commodity output levels, what the various activity ley-
els are. Different combinations of activity levels may result in
identical commodity output levels.

B. Conditions for balanced exponential growth

In chapter 3, we defined balanced exponential growth by five con-
ditions, three of them in section 3B, the other two (involving prices
and rates of return) in section 3C. Let us now write down the ap-
propriate conditions for von Neumann technology rather than
Leontief technology. We write these conditions in a sequence con-
venient for later on, rather than following the precise sequence of
chapter 3.

First of all, the growth condition 1 of section 3B now applies
to activity levels z,,, in the first instance. It then follows from lin-
earity that the output levels y; also grow by the same factor a each
year. Our new condition is:

1. All activity levels z, change with time through the same

growth factor a:
Zp(t+ 1)=azn(t) alm=12,....M and all ¢.

Next, there is a quantity condition necessary to make continued
operation of the economy possible:

2. All inputs needed to run activities in period ¢ + 1 must be
available at time t, from outputs of the same commodities during
the preceding period.

In chapter 3, we imposed the condition (2) that the annual mar-
ket clears completely. We assert that this condition must be
dropped for von Neumann technology, since it is impossible to ful-
fill it. Consider the following example: In the country of Lower
Slobbovia, pigs’ feet are considered a delicacy. But the Slobbov-
ians have found out that it is impossible to make silk purses out of
sows’ ears, and as a result the ears of a pig are not at all in giemand.
However, every Slobbovian pig has four feet and two ears. If
enough pigs are raised to satisfy the demand for pigs’ feet, then
there is an excess supply of pigs’ ears on the market, and there is
no way of avoiding this.

However, we can say something else: If some commodity, such
as pigs’ cars, is in consistent oversupply, year after year, then this
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commodity must become a free good, fetching zero price in the
market. This “free good” condition therefore replaces the previous
market clearing condition:

3. If the output of commodity i in year ¢ is in excess of the
needed productive input of this commodity for production in pe-
riod t + 1, then the price p; = 0.

Next, we turn to conditions involving prices and rates of return.
In chapter 3, we demanded that every productive process must
give the same rate of return under competitive conditions. This,
also, must be revised for general linear technology. What we can
still say is that those activities which are actually run with posi-
tive activity level z,, must give equal returns. No activity can exist
which gives a higher rate of return than the standard rate r. But it
is entirely possible that there are other activities which, if run, give
a lower rate of return at prevailing prices, that is, economically in-
efficient activities. Naturally, these activities will not be run at all
(activity level equal to zero) under free competition. But rates of
return depend on price levels; one and the same activity, from a
technological point of view, may be economically inefficient (and
hence not run) at one set of prices, and become economically effi-
cient (earning the standard rate of return r across the economy) at
some other set of prices. Our new conditions are therefore:

4. There is a standard rate of return r, and hence a standard re-
turn factor §= 1+ r, across the whole economy. The return of-
fered by any activity m must be no higher than this standard rate,
but it may be lower.

5. If an activity m offers a rate of return below the standard
rate, then its activity level z,,, = 0.

Our next two conditions are straightforward:

6. All activity levels 2z, are positive or zero (not negative), and
at least one activity level is positive.

7. All prices p; are positive or zero (not negative), and at least
one price is positive. Furthermore, we assume that all prices are
constant in time.

This finishes the list of formal conditions for balanced exponen-
tial growth. However, we emphasize that there is a “hidden”’ con-
dition here, which we now make explicit, namely, the condition of
perfect thrift:

8. All outputs from production in year ¢ are available as produc-
tive inputs for activities in year ¢ + 1. That is, there is no discre-
tionary consumption at all. All surplus production is invested.

Where does this condition come in? It comes into our “balance
condition” 2: If there exists some discretionary (as opposed to
strictly necessary) consumption, then outputs from year t must be

GROWTH WITH VON NEUMANN TECHNOLOGY 61

enough to cover not only all the inputs needed for pr(_)duc‘tive ac-
tivities in year ¢ + 1, but also all ultimate consumption in year
t + 1. Equally, perfect thrift enters into condition 3: I.f commod-
ity i is in excess of the needed productive input of th1§ commod-
ity for period t + 1, but the entire excess is used up in ultimate
consumption, then there is no net excess, and the price need not
drop to zero. .

We remarked, in chapter 3, that the growth condition 1 with ac-
tual growth (growth factor in excess of unity) cannot 'be main-
tained forever, because of various natural limitations to indefinite
growth. But now note also that condition 1 i§ most unl‘ﬂ'(e.Iy to
happen if there is technological progress, i.e., if new actmv1t1es m
become available as time goes on. Condition 1 requires, inter alia,
that a process m not used at time ¢ = 0 is never used thereafter.

C. The growth theory of von Neumann

At this stage, we have a clearly defined mathematical problem:
Given a set of activities m = 1,2, ... ,M with known input coeff}-
cients a,,; and known output coefficients bmi, all nonnegative, is
it possible to find real positive numbers for the growth factora
and the return factor §, nonnegative initial activity levels zm (0) ?t
time ¢t = 0, and prices p;, such that conditions 1 to 7 are all satis-
fied; and if it is possible, what can we say about the solutu.)n?.

When the problem is stated in this form, the answer 1s simple
and straightforward, but disappointing: No! ‘

The reason is that we have not imposed any conditions at all to
ensure that our input and output coefficients are “reasonable.” As
a result, we have allowed the possibility of complete nonsense:

a. All a,,; nonnegative allows all the ap,; to be zero. This means
everything can be produced from nothing.

b. Conversely, all b,,; nonnegative allows all the bmito pe Zero.
In that case, the entire economy is incapable of producing any-
thing at all, and everyone starves to death. .

We conclude that, both from an economic point of view and
from a mathematical point of view, it is essential to impose further
conditions on the ap,; and b, ; coefficients. In his paper, John von
Neumann assumed (von Neumann 1945, equ. 9):

»

N. )

Every production process m involves every commodity i, eltheI: as
a necessary input or as a produced output, or both. (M'atherr.la‘tlcal-
ly, for each m and each i, either a,,; is positive or b, ; is positive,
or both are positive.)
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We intend to discuss this condition at considerable length later on.
For now, let us quote von Neumann’s own justification for impos-
ing this condition: “Since the a,,; and b,,; may be arbitrarily
small this restriction is not very far-reaching.” That is, he asserts
that it cannot make much difference whether we require some
egceedingly tiny quantity of some commodity i as an input to ac-
tivity m, or no input at all of i. If you don’t like to fiddle with the
inputs, then what about outputs? Surely, he says, it cannot matter
rpuch whether an activity produces no output at all of commodity
i, or some 0.0000000000001 quantity of that commodity.

We shall return to this argument subsequently; for now, let us
state the mathematical conclusions which von Neumann reached,

starting from assumptions 1 to 7 together with assumption N.
These conclusions are:

N1.

An exponential growth solution does exist (i.e., at least one; there
may be several distinct solutions).

N2.
All solutions, though perhaps differing in relative activity levels,

must have exactly the same growth factor a and the same return
factor 8. Furthermore, for all of them a = f.

Na.

The unique growth factor a of these solutions is also the maxi-
mum possible growth factor on technological grounds alone: If
we ignore all conditions involving prices and rates of return (con-
ditions 3, 4, 5, and 7) and restrict ourselves to conditions 1, 2, and
6 only, then there are many possible growth factors a satisfying
these conditions; but the largest growth factor of all these precise-
ly equals the (unique) a = 8 when all conditions must be satisfied.
Thus, competition results in maximum growth.

N4.

The unique return factor § (which equals a) is also the minimum
possible return factor in conditions of competition. That is, if we
ignore all conditions involving activity levels (conditions 1, 2, 3, 5
and 6) and restrict ourselves to conditions 4 and 7 only, then ther;:
are many possible return factors f satisfying these conditions; but
the smallest return factor of all these precisely equals the (unique)
B = a when all conditions must be satisfied. Thus, the balanced
growth solution results in a minimum rate of return, which exactly
equals the maximum growth rate.

These conclusions are surprisingly definite and sharp. With all
the choices of activities available in the general linear technology,
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it is astounding that one should arrive at the statement that there
is only one, uniquely determined, growth factor. There is no cavil-
ing at the mathematical truth of von Neumann’s theorems; not
only was he a professional mathematician of the highest caliber,
but other mathematicians have checked through his work and have
provided alternative proofs of the same theorems (Gale 1956, Kar-
lin 1959, Kemeny 1956). We must accept that von Neumann’s as-
sumptions lead logically to his theorems.

But do we have to accept the assumptions, in particular assump-
tion N? We shall now give arguments to show that assumption N
is “very far-reaching” indeed, so much so that assumption N can-
not be accepted by economists.*

1. Assumption N excludes choices of the first importance. For
example, we may produce energy from coal or from oil. The pro-
cesses involved in the coal option (coal mining, construction and
use of coal-fired engines, etc.) need not involve the commodity oil
either as an input or as an output; and vice versa. But assumption
N insists that every commodity, including oil, be involved in every
activity. Thus assumption N is inconsistent with any real choice
between coal and oil.

2. Assumption N destroys von Neumann’s method of allowing
for fixed capital. The process (m = 1 in the table in section A)
which uses corn and new tractors to produce as outputs corn and
one-year-old tractors does not involve the commodity ‘“two-year-
old tractors” either as an input or as an output. Furthermore, the
existence of two alternative processes, m = 2 and m = 5 in the
table, one of which outputs scrap iron rather than two-year-old
tractors, means that two-year-old tractors need never be produced
at all. This is inconsistent with assumption N.

There is a world of difference between “arbitrarily small” posi-
tive amounts of a commodity, and exactly zero. A strict zero al-
lows choices (do not produce any oil at all; scrap tractors after
two years’ use) which are forbidden when there are nonzero coef-
ficients, no matter how small those coefficients might be.

The very definite results of von Neumann are due to his inhibit-
ing and economically unacceptable assumption N. There is no rea-
son to think that the same results hold for more realistic assump-
tions about economic life.

N

D. The growth theory of Kemeny, Morgenstern,
and Thompson (perfect thrift)

The work of Kemeny, Morgenstern, and Thompson (Kemeny

4 Assumption N is rejected generally nowadays; but argument 2, in particular,
15 new., :
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1956) has replaced assumption N by a more reasonable set and
shows'what can, and what cannot, be said with more realistic as-
§umptlons. There are two aspects of the KMT (as we shall refer to
it henceforth) paper:

1. The von Neumann assumption N is replaced by a set of as-
sumptions which are much less restrictive.

2. KMT also attempt to include ultimate, discretionary con-
sgrpptlon into growth theory, i.e., to remove condition 8, the con-
dition of “perfect thrift.”

. In this che_lpter we discuss the KMT theory without consumption,
Le., we retain condition 8; growth theory with consumption, in-
cluding the KMT treatment of that theory, is discussed in chapter 6.

The new conditions, which replace condition N of von Neu-
mann, are:

KMT1: Every productive activity m requires at least one positive

input; i.e., there is at least one commodity i such that a,,; > 0, for
each m. l ,

KMT2: Every ‘corr%modity i in the system can be produced by at
least one activity; i.e., for each i, there exists at least one activity
m such that b,,; > 0.

JI_{MT3z At least one commodity i produced in nonzero amount by
‘u‘he economy. must carry a nonzero price (this condition excludes

noneconomic” solutions in which all goods produced within the
economy are free goods).

It is clear that these three assumptions, unlike assumption N, are
reasonable from an economic point of view. Indeed, they iook
rzlilther like being too mild and “harmless” to obtain any results at
all.

qutunately, this is not the case. KMT show that the following
very interesting, results follow from these conditions together witl;
conditions 1 to 8 of section B:

K1. Exponential growth solutions do exist (i.e., at least one; there
may be several distinct solutions).

K2: Each solution has a growth factor @ and a return factor 6]
whlcl} must be equal to each other: a = §. However, different
solutions may correspond to different growth (and return) factors.
For‘ example, we may get one growth factor when using the coal
option, another when using the oil option.

K3. Denote the possible values of a = B by an index, i.e., a,
X, i.e.,

)
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a,,...,ar. Then k must not exceed the number of commodities
in the system () nor must it exceed the number of processes in
the system (M); i.e., k < N and k < M. (Typically, in a highly con-
nected economic system there will be only a few distinct solutions;
the von Neumann assumption N represents an extreme degree of
interconnection; in that case, k = 1.)

K4. For each permitted solution, there exists a subeconomy (con-
taining certain commodities but not some others, and using certain
activities m but not some others) which can exist by itself and
which, taken on its own, has just this one solution as the only pos-
sible rate of growth.

K5. If we ignore all conditions involving prices and rates of return
(conditions 3, 4, 5, and 7) and restrict ourselves to conditions 1;2;
and 6 only, then there are many possible growth factors a satisfy-
ing these conditions. But the largest growth factor of all these
equals the largest of the permissible values of a = 8 in K2.

K6. If we ignore all conditions involving activity levels (conditions
1, 2, 3, 5, and 6) and restrict ourselves to conditions 4 and 7 only,
then there are many possible return factors f satisfying these con-
ditions. But the smallest return factor among all these equals the
smallest of the permissible values of a = 8 in K2.

Comparing these results with the results N1 to N4 obtained by
von Neumann, we see clearly that N1 and K1 agree; K2, K3, and
K4 together generalize N2; K5 generalizes N3; and K6 generalizes
N4.

Though less definite and compelling, the KMT results are much
more reasonable from an economic point of view. The existence of
different possible rates of growth (and of return) must be expected
once the technology of an economy permits a real choice. Result
K3 is still quite strong, since one might have expected a contin-
uous range of possibilities for the growth factor, whereas actually
there are only a finite number (less than either N or M) of possi-
bilities. On the other hand, K5 and K6 destroy the “optimality”
implications of the von Neumann theory: Solutions which grow
more slowly than the technological maximum growth rate are now
possible; so are solutions with a rate of return higher than the eco-
nomically possible minimum rate of return. Indeed, if k£ in K3 ex-
ceeds unity, then no solution provides both maximum possible
growth and minimum possible rate of return!

One very strong result is retained, however, in the KMT theory,
namely, the equality of the rate of growth and the rate of return.
The rates themselves are not determined uniquely any more, but
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in each solution we have a = . From this point of view, the rate
of return to capitalists may be considered as their “reward’’ for
producing economic growth (though not their reward for “waiting”
or “abstaining”—everyone else abstains, too, under the perfect
thrift assumption). It is important, however, that the result a = B
depends on the ‘“perfect thrift” assumption. It is no longer true
once there is consumption (see chapter 6).

E. Some qualitative points

We conclude our survey of growth theory in the absence of ulti-
mate consumption by listing a number of points about the von
Neumann and KMT theories, following largely the excellent paper
by D. G. Champernowne (1945).

1. The von Neumann model is a “slave economy” in which
workers obtain bare subsistence and capitalists reinvest everything
they get. To quote Sir John Hicks (1965): “It is a war mentality, a
Stalinist mentality, and one may be forgiven for finding it distaste-
ful.”

2. Limitations of natural resources, land, etc., make an indefi-
nitely expanding state impossible. Stationary or contracting states
may exist, but on the theories discussed so far, such states do not
yield a positive rate of return (since rate of return = rate of
growth).

3. The treatment of consumption requires an extension of the
model. This may well change the results significantly. We shall see
that this prediction by Champernowne has turned out to be fully
correct.

4. More realistic economic assumptions, such as non-constant
returns to scale, existence of monopolies and/or oligopolies, ex-
istence of nonproducible goods, etc., all tend to make the math-
ematical problem much more difficult, and possibly insoluble.

5. The assumption of constant prices destroys all “monetary”
considerations in this theory. Does inflation inhibit growth or
stimulate growth? In the von Neumann theory, we have no way of
even asking the question.

6. Suppose a growth equilibrium with a = § exists. How long
does an economic system take to come close to this equilibrium?
Does it tend to approach equilibrium at all? If there are several dif-
ferent solutions, as in the more realistic KMT theory, which of
these, if any, is approached? Which of them, if any, is stable with
respect to small disturbances, for example, the disturbance intro-
duced by a new invention?

7. How does “labor” fit into this whole picture? Can the the-
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ory be extended to allow for wages higher than a bare subsistence
minimum? .

8. The “Stalinist mentality” noted by Sir John Hicks is most
definitely noticeable in the literature on these growth thec,),nes._In
particular, there is much discussion of “turnpike theorems', which
are related to “optimal programs of capital accumulation.” We
defer discussion of this part of the literature to later chapters,
since in any balancing between growth and consumption, one
must first have a theory which allows for consumption. But we
note for now that “optimal programs” of anything demand that
there be an agreed-upon idea of what is best, and an agency, such
as a five-year planning authority, with the power tg make econ-
omy-wide plans and enforce them. This is more typical of totali-
tarian than of democratic states.

9. Many of the preceding points have had a critical flavor. It
would be highly unfair to conclude on such a note. The von Nf:u—
mann work is a great achievement of mathematical model build-
ing in dynamic economics. It is the best available theory of cap-
ital and of the rate of return. The intimate relationship betweep
the rate of growth and the rate of return, which emerges from this
theory, is a highly interesting and important result.

F. Mathematical appendix

We start from activities m =1, 2, ..., M, activity levels z,, > 0, com-
modities i = 1, 2, ..., N, and prices p; > 0. For each process m,
we have input coefficients a,,; = 0 and output coefficients b mi > 0.
We now write down the mathematical forms of all the conditions
in section B, in sequence:

1. zpt+1)=azp(t) form=1,2,...,M (4.1)

From now on, Z,,(t) will be called simply 2, ; if the activit'y‘level
at any time other than time ¢ is wanted, we shall use condition 1
to write it in terms of z,,. All z,, > 0 and at least one 2, > O'for
acceptable solutions. Condition 2, together with “perfec.t thr}f >
(condition 8) can be written as follows (we give the equation first,
and the explanation below it):
M M 5

2. ) Zmbmi>a > zmami alli=1,2,...,N (42

m=1 m=1

Explanation: The sum on the left-hand side is Yp the total output of com-
modity number i at the end of year number (. Without the factor a,. t.he
sum on the right-hand side is X the total required input at these activity
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levels, of commodity number i. The factor a makes the activity levels cor-
rect for time ¢ + 1. If all commodity outputs from year ¢ are available to
be used as productive inputs for year ¢ + 1 (this is the “perfect thrift” con-
dition, condition 8), then the above condition must be satisfied, thereby
ensuring that enough of commodity i is available in the market at time ¢,
to start productive activities in period ¢ + 1.

For the reasons explained in the chapter, we must permit the
possibility of excess production of some commodities; however,
such commodities become free goods, condition 3:

3. If, for some i, there is strict inequality in (4.2),
then p; = 0. (4.3)

Next, we turn to the condition that no activity m can earn more
than the standard rate of return r; we write this condition in terms
of the return factor § = 1 + r;and we figure the return factor for
unit activity level z,, = 1, which is permissible because of our
basic assumption of constant returns to scale in all production pro-
cesses. The money output from an activity is obtained by multi-
plying each output level b,,; (for z,, = 1) by the unit price p; of
commodity i, and summing over i. The money input cost of this
same activity, at unit activity level, is obtained by multiplying
each input level ap,; by the unit price p; of commodity i, and sum-
ming over all i. Condition 4 therefore becomes:

N N
4. P bmipi<BY, amipi allm=1,2,..., M (4.4)
i=1 i=1

Condition 5 states that activities earning less than the standard
rate of return are not run, i.e., are run at zero activity level:

5. If, for some m, there is strict inequality in (4.4),
then z,, = 0. (4.5)

Finally, conditions 6 and 7 ensure that not everything is zero:
6. Forall m, zp, > 0; and for at least one m, z,,, > 0.  (4.6)
7. For all i, p; > 0; and for at least one i, p; > 0. (4.7)

These are the mathematical forms of the conditions for bal-
anced growth with general linear technology and perfect thrift. We
now turn to the additional conditionsimposed in the von Neumann
and the KMT theories.

The von Neumann condition N takes the following mathemati-
cal form:
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N. ami+tbpi>0 alm=1,2,..., M
andalli=1,2,...,N (4.8)

This condition leads to the results stated in section C, but is unac-
ceptable economically, as discussed in section C.

The economically acceptable assumptions of the KMT theory
are, in mathematical form:

KMT1: For each m, there exists a value of i
such that a,,; > 0 (4.9)
KMT2: For each i, there exists a value of m
such that b,,; > 0 (4.10)
N M
KMT3: Value of entire output = E E Zmbmipi > 0 (4.11)
i=1 m=1

The intuitive meaning of KMT1 and KMT2 was given in section D;
the mathematical form of KMT3, given here, means that the entire
economic value of the gross output of the economy must not be
zero. This can happen if and only if at least one commodity i
which is output in nonzero quantity also has a nonzero price; and
that is the form of KMT3 stated in section D, which is therefore
equivalent to (4.11).

The mathematical proof of the KMT results listed in section D
is well beyond the mathematical level of this book. We refer to
Gale (1956) for a rather neat proof which uses mainly algebraic
methods. We must warn, however, that Gale’s proof makes use of
the theory of convex spaces, in particular the Hahn-Banach sepa-
ration theorem, which may be unfamiliar to economists.

The von Neumann condition N leads to one unique solution for
a = f; the KMT conditions permit several solutions, in general.
The question arises just what is necessary and sufficient to ensure
exactly one solution for a = . This question has been answer.ed
fully, by Jaksch (1977). The Jaksch condition is less restrictive
than the von Neumann condition N; but it is harder to state (we
shall not state it here) and is very unlikely to be obeyed in any
realistic economic system.

Von Neumann theory has led to many papers of a purely math-
ematical nature, in which the theory is generalized from a mathe-
matical (but usually not from an economic) point of view. The
reader interested in such developments may be referred to the col-
lection of Log (1976), the paper by Van Moeseke (1980), and ref-
erences contained therein.



CHAPTER 5

The open Leontief model

In this chapter, we take the first step in removing the unreasonable
restriction to “perfect thrift” which we have imposed heretofore.
We now wish to allow for discretionary consumption levels c; of
commodity i within the theoretical model.

In principle, this could be done in a single step, starting from
growth theory with von Neumann technology (i.e., from the most
general case). We prefer, however, to proceed at a somewhat slower
pace, so as to take one difficulty at a time. The resulting theory is
a theoretical version of a very well-known and useful method in
applied economics, called Leontief input-output analysis. (The re-
lationship between our theoretical version and the practical tech-
nique is discussed in section D.) The basic simplifications adopted
in this chapter are two:

1. We use Leontief technology (section 3A) rather than von
Neumann technology.

2. We assume a steady state (i.e., no growth); all production
and consumption levels are constant in time; all of the surplus, and
no more than that, is used for consumption rather than for net in-
vestment. Formally, in terms of the growth factor a of chapters 3
and 4, we insist that a be equal to unity.

These are strong assumptions, and they greatly limit this theory’s
range of applicability. But the resulting, much simpler, theory can
serve as an easy introduction to the more complicated growth
theory in the presence of consumption. Furthermore, already in
this simple case of a steady state, some new and surprising results
emerge.

Section A presents standard material and can therefore be read
quickly by advanced students. However, such students should not
skip the discussion of our differences with the neoclassical ap-
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proach, at the beginning of section A. By contrast, sections B and
C are new and not to be found in the literature. We define a ““dis-
cretionary consumption good” as a commodity which need not be
produced at all under perfect thrift conditions. We then show that
the presence of such goods alters the mathematical nature of the
input-output matrix, making it “reducible.” This in turn gives rise
to a new type of solution, the “peculiar solutions,” in which all
necessary goods are free goods. Furthermore, there are cases in
which the only solutions to the system are of this “peculiar” type.

A. Consumption under steady-state conditions

As our first example we take an economy with just two commod-
ities, corn and iron, and with the same production technology as
in chapter 3 (see the table on p. 34).

The new thing is that now we allow for a consumption demand
for ¢, quarters of corn and ¢, tons of iron, demands over and
above the requirements for productive inputs for the next produc-
tion period.

This is the point at which we part ways with the neoclassical ap-
proach. In neoclassical theory, consumption demands ¢; [or ¢;(t)
in growth theory] are not taken as given quantities. Rather, the
c; terms are derived quantities, determined by maximization of a
social utility function U(c, , ¢, , . . . , ¢N), subject to the constraints
arising from what can be produced with given input resources. The
resulting mathematical problem is then quite complicated. How-
ever, one can think of this problem as divided into two separate
portions or steps:

1. For a given set of consumption demands, we need to deter-
mine the required input quantities, required total production lev-
els, and the market-clearing prices. This is the problem discussed in
the present chapter.

2. After step 1 has been completed, for all possible sets of con-
sumption levels, one can then proceed to assign a social utility
U(e,, ¢;,...,cnN) to each of the possible consumption patterns,
and one may then search for that pattern which maximizes utility.
We do not discuss step 2 in this chapter, for the following reasons:

a. If utility “determines” consumption demands, what deter-
mines utility? The difficulty is not removed merely by pushing it
one step further back, especially not if this step involves replacing
a simple assumption (given consumption demands) by a very much
more complicated assumption (given utility function).

b. The concept of a “social utility function” has severe difficul-
ties, some of which are discussed later on, in section 15E. At a
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minimum, no one has ever succeeded in giving an operationally
meaningful definition of U.

c. In growth theory (chapter 6) additional difficulties arise,
from consumption in the future. If future consumption is ignored,
one gets silly results (consume everything right now, with no
thought for the future). Thus, future consumption must be in-
cluded in U. Yet, the future is uncertain and unknown. Neoclassi-
cal growth theory usually assumes perfect certainty of the future!
This has little relationship to reality.

d. Usually, neoclassical growth theories introduce “capital” as
an explicit input. This procedure runs up against the Cambridge
controversy (Robinson 1954, Harcourt 1972), of which the out-
come has been that it is impossible to give a consistent definition
of a “quantity of capital” independent of prices and the rate of re-
turn.

For all these reasons, and some additional ones to which we
come later, the neoclassical procedure rests on an entirely inade-
quate foundation. For descriptions of these theories, see for exam-
ple Morishima (1964, 1969) and Wan (1971). We do not present
such theories here, but restrict ourselves to step 1 above. Note that
if step 1 fails to yield a sensible solution, then so does the neoclas-
sical approach, of necessity, since then step 2 cannot even be
started.

To return to our example, to produce y, quarters of corn next
period, we require as inputs 0.9y, quarters of corn and 0.05y,
tons of iron. Note that (by assumption) all inputs and all outputs
are constant in time. In a steady state, we need not append a time
variable t to ¥, , or to any other quantity.

Similarly, to produce y, tons of iron next period, we need as in-
puts 0.6y, quarters of corn and 0.2y, tons of iron.

The previous period’s output of corn, itself equal to y, in the
steady state, must be enough to meet the sum of these productive
input needs, 0.9y, + 0.6y,, as well as the consumption demand
for corn c¢;. A similar statement holds for the previous period’s
output of iron, again equal to y, in a steady state. The balance
conditions therefore read:

y; = 0.9y, + 0.6y, + ¢,
y, = 0.05y, + 0.2y, + ¢,

We have allowed for possible overproduction of one or both of
these commodities; i.e., we have not assumed strict equality of
supply (left-hand side) and demand (right-hand side) from the
start, merely the condition that the supply must be large enough
to cover all demands. However, under steady-state conditions any
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commodity which is in persistent oversupply, year after year, be-
comes a free good; i.e., its price drops to zero. Thus the full
“quantity” conditions are:

¥y, = 09y, + 0.6y, + ¢, If strictly greater, thenp, = 0
y, = 0.05y, + 0.2y, + ¢, If strictly greater, thenp, = 0

The second set of conditions involves prices and rates of return.
There exists, under free competition, a standard rate of return r,
and hence also a standard value of the return factor § = 1 + r, for
all productive activities which are actually pursued by entrepre-
neurs.! No productive activity can give promise of a higher return
factor. Any activity which yields less than this return factor is ig-
nored by entrepreneurs; i.e., the corresponding activity level drops
to zero. For the postulated input-output table, these conditions
become:

P, <p(0.9p, + 0.05p,) If strictly less, theny, = 0
p, < fi’(0.6p1 + O.2p2) If strictly less, then g = 0

It is important to note that these conditions, unlike the quanti-
ty conditions given earlier, are unaffected by the existence of de-
mands for ultimate consumption; i.e., the consumption demands
¢, and ¢, do not appear at all in the price conditions. The point is
that a producer, when figuring his rate of return on sales, does not
care at all to whom he makes the sale, to another producer or to
an ultimate consumer. A ton of iron sold is just that, no matter to
whom it is sold. The same price is charged, under free competition,
to all buyers, no matter what they want to use the iron for.

In the absence of ultimate consumption, i.e., whenc¢, = ¢, = 0,
there is considerable symmetry between the quantity conditions
and the price conditions. But this symmetry disappears in the pres-
ence of ultimate consumption.

We have now written down the entire set of conditions for the
open Leontief model, for our simple example. The discretionary
consumption demands c¢; and c, are taken to be given amounts,
determined from outside the system by factors, such as consumer
preferences, whose description does not form part of the mathe-
matical system. Such variables determined from ‘outside’” are

'We assume that entrepreneurs purchase all inputs in advance of production
and receive a return, at rate of return r, for providing this working capital. As
a result, the “value added” by industry i equals this common rate of return r,
multiplied by the total of all input costs. For this reason, our theoretical
input-output table has no “value added” row. For the reasons outlined on
page 34 the theoretical table also has no ““labor input” column. In both

these respects, it differs from the “practical” input-output tables discussed in
section D,
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called exogenous variables. We claim that, once ¢; and ¢, are given,
everything else significant about the system is determined com-
pletely and uniquely. This includes: the production levels y, and
¥, , the return factor 3, and the price ratio P, = p, /p,.

We now proceed to give a proof of this assertion. By assumption,
at least one consumption demand must be nonzero. Let us assume
this to be true of ¢, (a similar argument goes through if ¢; = 0
but ¢, > 0). With ¢; > 0, the quantity inequality for y; implies
y; = ¢; > 0; hence y, > 0. The quantity inequality for y, then
implies: y, = 0.05y,; > 0;hence y, > 0. Thus both corn and iron
must be produced in nonzero amounts in order to meet a nonzero
consumption demand for corn. Considering that iron is needed to
produce corn, this is not surprising.

Next, let us look at the price inequalities. If there is strict in-
equality for p,, then y, = 0. But we know, from the preceding ar-
gument, that y, is not zero. Hence there cannot be strict inequal-
ity for p, ; the only remaining possibility is equality. The same ar-
gument goes through for p,, and we are left with the equations:

p, = B(0.9p, + 0.05p,)
p, = B(0.6p, + 0.2p,)

If we divide the first of these by the second, the return factor 8
drops out, and we obtain:

p;/p, = (0.9p, + 0.05p,)/(0.6p, + 0.2p,)
In terms of the price ratio P; = p, /p,, this assumes the form:
P, = (0.9P, + 0.05)/(0.6P; + 0.2)
Hence
0.6P? + 0.2P, = 0.9P; + 0.05
whence
0.6P? — 0.7P, — 0.05=0

This equation is identical with the one we obtained in section
3C for the Leontief model with growth but no consumption. We
conclude that prices and rates of return are unaffected by the pres-
ence of consumption demands, in this simple case at least. The re-
sults, which we copy from section 3C, are:

P, =p,/p, = 1.23419  B=1+r=1.06325

No other price ratio, and no other return factor, can satisfy the
conditions of the model.
Furthermore, at this stage, we can say more about the produc-
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tion quantities y; and y, than merely that they are nonzero. With
a price ratio which is positive, both prices p; and p, must be
separately positive; i.e., neither price can be zero. Now look at the
quantity condition for y,. If there should be strict inequality in
that condition, then p; = 0. But we know now that p, is not zero.
Hence there must be strict equality for y,, and, by a similar argu-
ment, also for y,. We therefore get a set of two equations for the
two unknowns y,, y,, in terms of the (assumed known) consump-
tion demands ¢; and ¢, :

Y1 = 09y1 + 0.6y2 + Cy Y, = 0.05y1 + 0.2y2 = Cy
Putting all unknowns on the left-hand side yields:
0.1y1 - 0.6y2 =C _0.05y1 + 0.8y2 = C2

Multiply the second of these equations by 2, and add that to the
first equation. The result is: 0 + y, = ¢; + 2c¢,, thus determining
¥,. Substitute this result into either of the two original equations,
and solve for y,. The outcome is:

y, = 16¢, + 12¢, Yy =€y + 2¢,

At this stage we have proved our original assertion that every-
thing of significance about this system, i.e., all of y,, y,, 8, and
P, = p,/p,, can be determined completely and uniquely, once the
consumption levels ¢, and c, have been specified. In spite of the
apparent freedom provided by the presence of inequalities, rather
than equations, in the basic conditions for quantities and prices in
this model, it is nevertheless true that there exists only one, unique
solution, and in that solution all the inequalities become equa-
tions.

It is of supreme importance to note something else as well: The
very fact that we have been able to obtain a solution with growth
factor a = 1 and return factor = 1.06325 proves that the equal-
ity a = 8 of von Neumann and KMT growth theory is no longer
correct in the presence of consumption. We shall investigate, in
chapter 6, what can be said about the relationship between a and 3
once there is consumption. But the special case a = 1 which we
have just investigated is enough to act as a counterexample to any
assertion that a and 8 must always be equal to each other. (The
fact that we are using Leontief technology does not alter the logic
of the argument, since Leontief technology has been shown, in
section 4A, to be a special case of von Neuman technology.)

The main results of this section are:

1. With Leontiel technology and given consumption demands,
all price ratios are the same as for the “perfect thrift” system of
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chapter 3. Thus, consumption levels have no effect on relative
prices.

2. Quantities produced, and input quantities needed for this
production, are affected by the need to meet consumption de-
mands.

B. Discretionary consumption goods and peculiar solutions

There is an important respect in which our simple example of sec-
tion A is too simple and thereby hides certain complexities of the
real situation.

In that example, the commodities (corn and iron) for which we
assumed the existence of an ultimate consumption demand are
both themselves necessary commodities, if the economy is to sur-
vive at all. It is of course quite true that an ultimate consumption
demand, over and above minimum subsistence, can exist for such
commodities. But it is quite false to say that all discretionary con-
sumption demands are of this type.

On the contrary, discretionary consumption demands may exist
for some commodity, such as the “velvets” of Ricardo (1821, p.
196) or the “multitude of dogs and horses” of Smith (1776, p.
329), which need not be produced at all merely to keep the econ-
omy going and would not in fact be produced in an economy aim-
ing for maximum growth to the exclusion of every other consid-
eration.

We shall define a discretionary consumption good, abbreviated
as DCG hereafter, as a commodity which is not needed, on tech-
nical grounds, to keep the economy operating. All DCG’s are
“nonbasics” in the sense of Sraffa (1960), but some nonbasics are
not DCG’s. The simple example of section A lacked a DCG.

Let us now introduce into our system a third commodity,
which will be a DCG. This third commodity is not an input to pro-
duction of either corn or iron, but corn and/or iron is needed to
produce the DCG. Let us assume, for the sake of definiteness, that
in order to produce one unit (whatever this may be) of the DCG
we need the following inputs: 0.1 quarters of corn, 0.02 tons of
iron, and an amount a3, of the DCG itself. If the DCG is “velvets,”
then a;; = 0; that is, one does not require an input of velvets in
order to produce velvets. But a;; becomes nonzero when the DCG
is a “multitude of dogs and horses.” We shall write our conditions
in terms of the general a,; and substitute particular values of @33
at a later stage; this saves tedious repetition of what are nearly the
same equations, when a,; is given a different value.

THE OPEN LEONTIEF MODEL 77

The input-output table of coefficients now takes the form:

Corn Iron DCG Output
0.9 + 0.05 + 0 » 1 quarter corn
0.6 + 0.2 + 0 » 1 ton iron

0.1 i 0.02 + asz » 1 unit of DCG

Let us recall the discussion in section 3B of “irreducible,”
“fully reducible,” and “reducible” input-output tables. The table
given here is not “fully reducible,” since the commodities cannot
be divided into two sets which are independent of each other. But
the table is also not ‘‘irreducible’”: This would mean that every
commodity in the table is a necessary input, directly or indirectly,
for the production of every other commodity as well as for its
own production. This statement is true for corn and for iron, but
false for the DCG. The DCG may be needed for production of it-
self (if a;; is nonzero) but is not needed either directly or indi-
rectly for the production of corn or of iron. Thus, discretionary
consumption goods show themselves mathematically through pro-
ducing a reducible input-output table, reducible but not fully re-
ducible.?

Like all input-output coefficients, a;; must not be negative. But
there is another restriction on the possible values of a,5 : This co-
efficient cannot be larger than unity, or even equal to unity.?
Otherwise, the economy cannot be maintained in a steady state,
since it takes more than one unit (or exactly one unit) of the DCG
to produce one unit of the DCG. With “more than,” production
quantities y; of the DCG have to go down year after year. With
“exactly one,” we shall see that we also get into difficulties. Thus,
the permissible values of a3; are restricted by: 0 < a33 < 1.

At this stage, we can write down the quantity conditions and
the price conditions of the open Leontief model for this input-

?

2 b ;

It is most unfortunate that some economists have allowed themselves to be
influenced, and misled, by considerations of mathematical convenience. Irre-
ducibility is convenient but is economically unacceptable.

3 Y :
The same restriction also applies to a; and a,4 .
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output table. The arguments are exactly as in section A and need
not be repeated. The results are:

Quantity conditions

y, = 0.9y, + 0.6y, + 0.1y; + ¢y
If strictly greater, then p, = 0

y, = 0.05y, + 0.2y, + 0.02y; + ¢,
If strictly greater, thenp, = 0

Y3 =0+ 0+ az;3y; +¢;
If strictly greater, then p; = 0

Price conditions

p1 < B(0.9p; + 0.05p, + 0) If strictly less, then y; = 0
p, < B(0.6p, + 0.2p, + 0) If strictly less, then y, = 0
ps < B(0.1p, + 0.02p, + as3p,;) If strictly less, theny; = 0

We assume that there is a demand for the DCG (i.e., that ¢c; > 0)
and that the coefficient aj; is within the permissible range,
0 < a33 < 1;and we wish to find the possible solutions (if any) to
this system. We shall go as far as we can while keeping the coeffi-
cient a;; general and insert numbers for a;; only at the end.

With ¢; > 0, the quantity condition on y,; implies y; = ¢3 > 0;
hence y; > 0. Then the quantity condition for y, implies y, =
0.1y; > 0; hence y, > 0. The quantity condition for y, implies
y, = 0.02y; > 0; hence y, > 0. Thus, finally, all three production
levels y; must be positive, not zero.

But then, by the same argument as before, all three price condi-
tions must be satisfied with strict equality, i.e., as equations. For
later convenience, we introduce the reciprocal of the return factor
B =1+ rthrough:

s=1/=1/(1+7r)
The price equations then assume the form:

0.9p, + 0.05p, + 0 = sp,
0.6p, + 0.2p, +0 = sp,
0.1p1 of 0.02p2 + a33p3 = Sp3

In mathematical terminology, s is an eigenvalue of the input-out-
put matrix, and the three prices (p,, p,, p3) form a right eigen-
vector of the matrix.

We can obtain a solution to this system by a very simple pro-
cess: Ignore the third equation altogether! The first two equations,
taken by themselves, are exactly what we wrote down for prices in
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section A, except for the use of s = 1/ instead of 8. Thus the
same solution applies, namely p, /p, = 1.23419, f = 1.06325, and
hence s = 1/ = 0.94051. Having these numbers at our disposal,
we can now also solve the third of the price equations. We write
this third equation in the form (dividing by p, throughout):

0.1p, /[p, + 0.02 = (s — a33)P3/P2

At this stage, we shall specialize to a particular value of the co-
efficient @33 in the input-output matrix, namely to the one appro-
priate for “velvets,” a;; = 0. With the given values of s and p, /p,,
we then obtain:

pPs/p, = (0.1p, /[p, + 0.02)/(s — a33) = 0.15249 foraz; =0

Since both price ratios p, /p, and p;/p, are positive numbers,
all three prices must be separately positive. The quantity condi-
tions must then be satisfied with strict equality, for all three quan-
tities ;. This means that there are three equations in the three un-
known quantities, and these three equations lead to one, unique
solution for all quantities. We shall not write down the answers ex-
plicitly here.

The solution which we have now obtained is perfectly sensible
from an economic point of view. The necessary goods, corn and
iron, sell at exactly the same prices as before, and the return factor
f is exactly the same as before. All these are determined by the
conditions for the necessary commodities only. The price of the
DCG (of velvets) is then determined by the input cost together
with the standard rate of return. For all three goods, the quantity
conditions must be satisfied with equality; i.e., no good is pro-
duced in excess of total demand, and the resulting production lev-
els y; are determined uniquely by that condition. So far, we seem
to have discovered nothing whatever that is new.

However, we have obtained one solution to the price equations.
Is it the only solution, or are there other solutions? We assert that
one other solution does exist and has some awfully peculiar prop-
erties from the point of view of an economist. This other solution
is as follows:

p, =0 p, =0 p; =1 §= Q33

Simple inspection shows that the three price equations are indeed
satisfied by this choice of prices. The quantity conditions also
check: Since p, is positive (not zero), the quantity condition for
v, must be satisfied with equality; hence:

A ¢, /(1 a3y)
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Since p, = p, = 0, the quantity conditions for y, and y, remain
(possibly) inequalities; they lead to:

y, = 16¢; + 12¢, + 1.84y,
Yy, =¢; + 2¢, + 0.14y,

As long as a;3 < 1, then y; comes out positive and so do y; and
¥, . All conditions are satisfied. Mathematically speaking, we there-
fore have a solution of the system.

However, from an economic point of view, this solution is
highly peculiar, so much so that many (but not all) economists
reject this kind of solution altogether. The two necessary com-
modities, corn and iron, are free goods. The rate of return to their
producers is not well defined, since the producers buy all their
inputs at zero cost and sell their outputs at zero price! Even worse,
if the third good (the DCG) is “velvets,” i.e., if a;; = 0, thens= 0
and the return factor = 1/s becomes infinite! The inputs to
velvet production come at zero cost, whereas the output is sold
for a nonzero unit price. The resulting rate of return must be
infinite.

We shall refer to these solutions as ‘“‘peculiar solutions.” This
name is to indicate that they are solutions, mathematically speak-
ing, but are peculiar from an economic point of view. Such solu-
tions occur when there is a demand for DCGs. The input-output
matrix is then reducible (without being fully reducible), and this
mathematical property has as a consequence the existence of pecu-
liar solutions.

C. Peculiar solutions, or none

In common sense, peculiar solutions should be rejected. The pro-
ducers of necessary goods, corn and iron, buy their inputs at zero
price and sell their output at zero price. Why should they wish to
continue playing such a silly game? Yet, should they tire of the
game and stop playing it, then the entire economy comes to a
standstill.

Economists who are impressed by “existence proofs” for the
existence of equilibrium solutions, however, are often prepared to
accept peculiar solutions. Morishima (1964, 1969) falls into this
category. He proves the existence of solutions, without requiring
that the solutions which have been proved to exist are economical-
ly acceptable: some, or even all, of his solutions may turn out to
be peculiar solutions. We shall exhibit a specific example shortly.
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Are there standard economic conditions which exclude such pecu-
liar solutions?*

The von Neumann condition N of section 4C does exclude them,
but that condition is itself economically unacceptable.

The KMT conditions of section 4D are all right economically,
but do not exclude these peculiar solutions: it is easy to show that
the peculiar solution of section B satisfies all three KMT condi-
tions.

It is possible, of course, to think up a new condition which does
exclude all peculiar solutions. But such a condition runs up against
two difficulties:

1. Neoclassical economists are far from unanimous in rejecting
peculiar solutions and hence in accepting any such new condition.
Their argument is that, in neoclassical theory, all entrepreneurs
make zero net profit (the return goes to the owner, not to the
entrepreneur); hence all entrepreneurs, not merely the ones en-
gaged in production of particular types of goods, continue playing
a fruitless (to them) game. Having accepted neoclassical theory,
these economists see no grounds for rejecting peculiar (to us) solu-
tions.

2. If we exclude all peculiar solutions from consideration, by
some new condition, we may be left with no solution at all! Be-
lievers in the efficacy of the free market to solve all problems tend
to be very disconcerted by such an outcome.

Let us now document our assertion that all solutions may turn
out to be “peculiar’” ones. The general case is discussed in the
mathematical appendix. Here, we construct one particular exam-
ple (which is, logically, all we need to make our point).

We consider a DCG which needs some of itself as an input to its
own production; i.e., we assume a3; > 0. Let us think of the DCG
as an animal with a long time between successive generations, and
hence a slow biological growth rate. We shall refer to these animals
as “white elephants.” In the input-output table, this means that
the coefficient a;; is only slightly lower than its maximum upper

*Our present system is very close to that of Sraffa (1960), who distinguishes
between “basic” and “nonbasic” commodities. Our discretionary consump-
tion goods are ‘“‘nonbasic,” though his category is wider than ours. Sraffa
addresses himself to the possibility of peculiar solutions in his Appendix B
(pp. 90-91) and rejects such solutions outright; we agree they should be re-
jected. But they deserve a more detailed discussion, since the difficulties for
neoclassical economics arising from the existence of peculiar solutions are of
the same sort as those arising from Sraffa’s reswitching result. Neoclassical
theory gets into dilemmas in attempting to accommodate either of these
mathematical results.
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limit, unity. For example, if we take a;; = 0.98, then the growth
factor cannot exceed 1/0.98 = 1.0204, i.e., about 2% growth per
annum. This upper limit to the growth rate of the population of
white elephants is biological in origin, nothing to do with econom-
ics. Yet, we shall now show that it has important economic con-
sequences.

In the formulas of section B, the coefficient a;; has been left
free. Let us now substitute the value a;; = 0.98 appropriate for
white elephants, in place of the earlier value a;; = O appropriate
for “velvets.”

For the “sensible” solution we obtained: p, /p, = 1.23419 and
s = 0.94051. We substitute these numbers into the expression
found for the price ratio p; /p, :

p3/py = (0.1p, [P, + 0.02)/(s — a33) =
(0.1 X 1.23419 + 0.02)/(0.94051 — 0.98) = —3.63

This ratio is negative; hence either the price of iron p, or the price
of white elephants p; must be negative. This is impossible.®

Hence the “sensible” solution is no longer a solution at all!

The “peculiar” solution, however, remains valid mathematically.
This solution has s = a,, = 0.98, hencearate of return (to elephant
raisers) r= 1/0.98 — 1 = 0.02041, slightly better than 2%. The
rates of return to corn and iron producers come out as 0/0, hence
undefined. The quantity conditions lead to perfectly acceptable
results. Thus, there are no mathematical grounds for rejecting this
peculiar solution.

From an economic point of view, however, standard economic
theory is up against a dilemma: Either this theory accepts peculiar
solutions, or it rejects them; but it gets into trouble either way:

1. If peculiar solutions are rejected on commonsense grounds,
then it is no longer true that an input-output system always has ac-
ceptable solutions.

2. If peculiar solutions are accepted to avoid conclusion 1, then
there is no reason to reject them in other cases where ‘“‘sensible”
solutions exist; indeed there is then no reason to prefer the sensi-
ble solutions to the peculiar ones.

We emphasize that this dilemma has nothing to do with the size

% As can be seen from the calculation, the trouble arises whenever a35 exceeds
s, i.e., exceeds the reciprocal of the growth factor a = [ for the same system
under conditions of perfect thrift. That is, the ‘“sensible” solution fails when
the demand for the DCG, because of the slow growth rate of this DCG, forces
the economy to grow more slowly than it could in the absence of this de-
mand.
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of the demand c; for the discretionary consumption good. Our
arguments retain their force no matter how small ¢; may be, as
long as c3 is not precisely equal to zero. An economy with Leon-
tief technology under steady-state conditions, when asked to pro-
duce “white elephants,” can do so only by means of a price sys-
tem in which all necessary goods are free, while only white ele-
phants carry a price tag.

We consider that this paradox is real and provides one reason
(we shall give other reasons later on) for questioning the emphasis,
in conventional economic theory, on equilibrium (steady-state)
analysis. What we have just exhibited, in full detail, is a simple
model system in which no sensible equilibrium solution exists.

This finding does not contradict various ‘“‘existence proofs’ in
the literature: An equilibrium solution does exist, namely the
“peculiar” solution. But this solution is not sensible economically
in real life.

Let us emphasize the purely theoretical nature of this result.
One often hears claims to the effect that a balanced growth solu-
tion always exists, and is unique. What we have established is that
such claims cannot be sustained. The balanced growth solutions
may fail to be unique (i.e., there may be several different ones),
and all the available balanced growth solutions may have to be re-
jected on commonsense economic grounds.

The importance of such a theoretical result has nothing to do
with whether a demand for ‘“white elephants” is actually a prac-
tical problem in present-day economies. It may or may not be:
For instance, it is possible that similar things happen in some “de-
veloping” countries. But, whether such situations can be found of-
ten, or seldom, or not at all, in real life, the theoretical result re-
mains a valid counterexample to an invalid theoretical claim.

Let us now, in conclusion, reiterate what can, and cannot, be
said about steady-state solutions to (Leontief) input-output sys-
tems with consumption:

1. One should distinguish between discretionary demands for
necessary goods (i.e., demands over and above the minimum neces-
sary to keep the economy alive) on the one hand, and demands for
discretionary consumption goods (goods which need not be, and
would not be, produced at all in a perfect thrift economy) on the
other hand. ¥

2. If all goods in demand are necessary goods, such a system re-
sults in an irreducible input-output matrix, with a unique steady-
state solution which is sensible from an economic point of view.
All prices are unaffected by the level of demand.

3. If some of the goods in demand are discretionary consump-
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tion goods, the input-output matrix turns out to be reducible, but
not fully reducible. This shows itself through the appearance of
peculiar solutions, in which all necessary goods become free goods.

4. Cases exist in which all mathematical solutions are of this
peculiar type. This presents a dilemma for conventional economic
theory.

5. If one takes the commonsense view that peculiar solutions
should be rejected, then it is not true that every input-output sys-
tem possesses an acceptable steady-state (or, for that matter, as we
shall see, an acceptable balanced growth) solution.

D. The Leontief input-output model

In this section, we discuss the relationship of the theory developed
so far in this chapter with the input-output model of Wassily
Leontief (1951, 1953) and with the practical input-output tables
which are based on the Leontief model. The relationship is not at
all as close as might appear at first sight.

The importance of the Leontief contribution is that it has a di-
rect empirical counterpart in the input-output tables which have
been derived for actual economies. This makes Leontief’s model
unlike most other models in theoretical economics. The practical
orientation of Leontief’s model is very much appreciated by ap-
plied economists who use this model as a way to systematize the
collection of economic data, and who then use the resulting input-
output tables to understand, and perhaps control, actual econ-
omies. This practical orientation, however, has consequences for
the way Leontief’s theory is formulated, consequences which
make Leontief’s own model quite different from the very theo-
retical (hence not directly applicable) formulation of this book. A
number of things which can, and should, be done in pure theory
are entirely unsuitable in applied work. Both approaches are im-
portant, and neither should be neglected; in pointing out the dif-
ferences here, we have no intention of considering either approach
as being “superior’’; they serve different functions.

1. In applied economics, it is absolutely essential to aggregate.
The purely theoretical input-output matrix of section 3A is impos-
sibly large for practical work, since there each distinguishable com-
modity (for example, each model of passenger car produced by
each manufacturer) gives rise to a separate row of the matrix. By
contrast, Leontief’s industries produce not single commodities,
but rather aggregates of related commodities; for example, there
may be a “motor vehicle industry” which produces all types of
passenger cars, trucks, and motorcycles, perhaps even tanks for
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the army. This aggregation is, we repeat, essential in applied work.

2. As a logical consequence, industry inputs and outputs must
themselves be aggregated. This cannot be done in physical terms.
We must not add a Rolls Royce car, a delivery van, and a motor-
cycle, so as to get ‘““three motor vehicles.”” Rather, we must add
their values, using either current market prices, or else prices cor-
rected back to some base date by means of a price index. In either
case, though, the prices are taken from market observation; they
do not emerge as a result of the theory. The theory can be made
to produce predictions about price changes as aresult of, say, shifts
in demand, but these changes are from a base which is not itself
determined within the theory. In particular, rates of return to pro-
ducers are not consequences of the theory, but are taken from
market observation. The fact that the price and quantity dimen-
sions are not separately factored out in Leontief’s model is unfor-
tunate, but unavoidable in a model aiming for practical applica-
tion.

3. Leontief allows for nonproduced inputs, e.g., land and labor,
whereas we have taken all explicit inputs to be producible com-
modities such as corn and iron. Our procedure is permissible under
“classical’’ conditions of the “iron law of wages” but fails when
there are, for example, powerful unions able to extract real wages
in excess of minimum subsistence levels. For the reasons explained
in chapter 1, this is not important for what we want to do; but it
is exceedingly important in applied economics.

4. In our “Leontief technology,” there is no fixed capital, no
“stocks” of either machines or even of finished salable products
(“inventories”). When fixed capital must be included, we use von
Neumann technology as the way to include it. In the practical in-
put-output model of Leontief, the complications arising from the
joint production aspects of von Neumann technology cannot be
tolerated. Therefore, the Leontief system makes explicit allowances
for “stocks” (which may be of machines, of input raw materials
for production, and of finished or semifinished products). These
“stocks” are subject to ‘“depreciation,” at some conventional de-
preciation rate. The practical model therefore has two matrices, A
and S, compared to our theoretical matrix of input-output coeffi- -
cients. The matrix A, with elements a;;, states how much (in value
terms!) industry i must purchase from industry j so as to be able
to produce one dollar’s worth of output of their own products i.
This refers to purchase of raw materials, intermediate products,
ete., nol to the purchase of fixed capital. The second matrix S,
with matrix elements s;;, states how much (again in value terms!)
stock of the type produced by industry j must be kept on hand to
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produce one dollar’s worth of output of commodities from indus-
try i. This stock is not purchased in the current period, or at least
not all of it—a bit may have to be purchased to keep pace with
physical depreciation; that is all. This is a rough and ready method
for handling fixed capital within the confines of a practical model
and is entirely acceptable for that purpose. It is not at all accept-
able for pure economic theory, for the reasons given in chapter 4.°

5. The open Leontief model is static; i.e., it is assumed from the
start that production and consumption next year will be at the
same levels as this year. It is a common, but incorrect, belief of
many that the introduction of “stocks,” point 4 above, is neces-
sary to make Leontief theory “dynamic.” This belief arises from a
mistake in the formulation of the theory. Inputs of various com-
modities j (not stocks) to production of commodity i are taken to
occur at the same time ¢ as the output of i makes its appearance;
this is incorrect, since production takes a nonzero time interval. In
chapter 3, we assumed that inputs at the beginning of period t pro-
duce outputs at the end of that period;i.e., we took production to
require one unit of time. Whether one uses this assumption, or
some more complicated (and more realistic) assumption about
time intervals between inputs and outputs in the various industries,
whether one uses a formulation in which time is divided into dis-
crete “periods” or uses a “continuous time” formulation—in all
cases, a correct formulation of input-output theory, allowing for
time delays in production, makes the theory properly ‘“dynamic”
even in the absence of “stock” variables. The usual ‘“dynamic
Leontief model,” in which the dynamics is associated purely with
stocks, has not been accepted as widely as the static model—we
believe, for excellent reasons.

6. The theoretical model assumes the same rate of return to all
producers. Thus, the “value added” by an industry can be deduced
directly from the industry’s input costs (including labor); just mul-
tiply the total input cost by the rate of return r to get value added.
For this reason, the theoretical model does not require, and does
not possess, a separate row of the matrix for ‘“‘value added.”” The
practical model needs such a value added row (as well as a labor
demand column, which is also not needed in the theoretical mod-
el), and it needs it very badly indeed. For the plain truth is that
rates of return in different industries are not at all equal to each
other! Our theoretical model is intended to elucidate economic
theory under competitive conditions; but assuming equal rates of

®We are aware that this is a contentious issue; what we state here is our con-
sidered opinion, which agrees with that of Sraffa (1960) but is not accepted
universally.
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return is simply not permissible in a practical model for applied
cconomists.

This completes our list of differences between the practical
input-output model of Leontief and the purely theoretical model
of this book. As emphasized already, these differences arise from
differences in basic purpose and must not be taken as criticisms of
cither model. When one wants to do different things, different
types of models are required.

We do not go beyond this brief set of comments regarding the
practical model. For more information, readers may consult Leon-
tief (1951, 19538), Carter (1972), Chenery (1959), Dorfman (1958),
and Eichner (1980), the last of which is post-Keynesian in outlook;
as well as Ara (1959), Batten (1979), and Day (1972). For the his-
tory of the model, see Clark (1974); for the handling of technol-
ogy, Gigantes (1972); for depreciation, Atkinson (1978); for neo-
classical theory, Morishima (1958, 1959); and for further studies,
references contained in all these.

5. Mathematical appendix

As in chapter 3, we have n commodities, with production level y;
and price p; for commodity i. It requires a;; units of j as input for
production of one unit of commodity i. The new concept is a con-
sumption demand c¢; > 0, with at least one ¢; strictly positive. Let
r be the rate of return and 8= 1 + r the return factor. We define:

s=1/(1+r) =1/ (5.1)

The conditions for the open Leontief model are:
n
D yi> Y, vieyte  forj=1,2,...,n (5.2)
i=1
If there is strict inequality for some j in (5.2), then pj = 0 (5.3)
n
sp; < Z a;jpj forj=1,2,...,n (5.4)
j=1

If there is strict inequality for some i in (5.4), then y; = 0 (5.5)

THEOREM 5.1

If the input-output matrix A is productive and irreducible, then
there exists one unique solution to the Leontief conditions, with
all prices and all production levels strictly positive.

et
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Proof: We use the notation of section 3E for nonnegative, positive, and strictly
positive vectors: v = 0, v > 0, v >> 0. By assumption, ¢ > 0. By (5.2),
y 2 YA + ¢ > ¢ > 0; hence y > 0. By theorem 3.5, then, y >> 0. By (5.5)
and y >> 0, we conclude that there must be equality in (5.4); hence s is an
eigenvalue, and p a nonnegative right eigenvector, of A. By theorem 3.6,
there is only one eigenvalue which can do this, namely s = s*(A), and the
right eigenvector p >> 0. By (5.3) and p >> 0, there must be equality in
(5.2); hence y = ¢(I — A)"!. By theorem 3.10, the inverse operator in
question exists and is nonnegative; we have already proved that y is strictly
positive. Q.E.D.

Now introduce DCGs. We shall assume that there are % essential
goods, labeled i = 1, 2,...,k, and m = n — k DCGs, labeled i =
k+1,k+ 2,...,k + m = n. The input-output matrix takes the
form:

E'0
A=[- 1 - (5.6)
F!G
where A is n-by-n, E is k-by-k, F is m-by-k, and G is m-by-m. The
k-by-m zero matrix on the top right makes A reducible. We avoid
full reducibility by the requirement.:

No row of F consists entirely of zeros (5.7)

which means, economically, that every DCG needs at least one
necessary good as an input. The “necessary” nature of goods 1 to
k means the mathematical condition:

E is irreducible and productive (5.8)

In section B, we pointed out that a;; cannot exceed unity if we
want to have a steady-state solution. The generalization of this
condition is:

The dominant eigenvalue of G, called g*
henceforth, is below unity (5.9)

Finally, we impose the condition that all DCGs are actually in de-
mand:

Fori=k+ 1,k+2,...,k+ m=n, cj >0 (5.10)

THEOREM 5.2

Let z = (21,2,,...,2ny) be apositive right eigenvector of G
belonging to the eigenvalue g of G. Then the open Leontief system
has a class of solutions with s = g and with zero prices for all es-
sential goods; the prices of the DCGs are given by: pj, +; = 2; for
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i=1,2, ..., m. There are infinitely many solutions of this class.

Note: These are the “peculiar” solutions. Since G need not be irreducible, but
on the contrary may consist of all zeros, we cannot assert that the eigen-
value g in question is unique; there may be several such, in which case each
such eigenvalue leads to an infinite number of peculiar solutions.

Proof: For all i = k + 1, (5.10) and (5.2) imply: y; = ¢; > 0. Next, write

down (5.2) for j = 1, 2,..., k in turn and retain only the last m terms of
the sum on the right:
n
yj > 2 yigj  forj=1,2,...,k (5.11)
i=k+1

The matrix elements on the right-hand side are the ones of submatrix F in
(5.6). Now sum (5.11) over these j-values and make use of property (5.7)
to obtain the result that the sum y, + y, + ...+ yp > 0. Hence this k-
component subvector has at least one nonzero component. By exactly the
same argument as for the proof of theorem 5.1, but using the assumed ir-
reducibility of the submatrix E, we conclude that all these K components
are strictly positive. Hence, finally, all n components of y are positive; that
is, y >> 0. From y >> 0 and (5.5), we conclude equality in (5.4). The
secular equation for the eigenvalue s reads:

det(A — sI,,) = det(E — sIj,) det(G — sI;) = 0 (5.12)

where I,, is the n-by-n unit matrix, etc. The decomposition of the determi-
nant into two factors is a consequence of condition (5.6). We conclude
that every eigenvalue g of G with a nonnegative right eigenvector is also an
eigenvalue of the full matrix A. The m components of the right eigenvec-
tor of G are related to the prices of the DCGs as claimed in the theorem. It
is easy to see that the other prices are all zero. The quantity conditions
(5.2) then lead to:

y=c(I, — A)™! (5.13)

with strict equality for those indices i = & + 1 for which p; = 2;_,, >0.
There may be inequality for all the other DCGs and for all the essential
goods. By our assumptions (5.6) to (5.9) and theorem 3.10, the inverse op-
erator exists and is nonnegative. The presence of inequalities means that
there are infinitely many solutions (differing in one or more output levels)
for each permissible g. Q.E.D.

THEOREM 5.3 .

Let e* be the dominant eigenvalue of E, g* of G. Let the vector

p* = (p¥, p¥, ..., pi) with k components be the right eigenvector
of K for eigenvalue e*. Then: (a) If e* < g*, the peculiar solutions
of theorem 5.2 are the only solutions, and (b) if e* > g*, then
there exists exactly one further, unique “sensible” solution with
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s=e¥* p;= pifori=1,2,...,kal other prices determined in
terms of these, and quantities determined by (5.13) with strict
equality for all components.

Proof: The argument leading to y >> 0 and equation (5.12) still holds. The
choice s = eigenvalue of G was explored in theorem 5.2; all that remains is
that s = eigenvalue of E. By (5.8) and theorem 3.6, only the dominant
eigenvalue e* of E gives positive prices for the first k goods; hence s = e* if
at all. For ease of notation, define the m-component vector t by

ti=Pr+i fori=1,2,...,m (5.14)
Using equality in (5.4), the breakup (5.6), and s = e*, we get:
e*t = Fp* + Gt (5.15)
We define the matrix (m-by-m)
H = (1/e*)G (5.16)
and we note that (5.7) and p* >> 0 imply Fp* >> 0. Hence:
t = Ht + (1/e*)Fp" >>Ht (5.17)

By theorem 3.13, there is no solution t to this if the dominant eigenvalue
of H, call it #*, is equal to or larger than unity. But h* = g*/e* by (5.16).
This proves statement (a) of the theorem. Conversely, if e* > g*, then
h* < 1, and by theorem 3.10 the inverse operator (I —H) ™! exists and
is nonnegative. Thus equations (5.17) can be solved for t and lead to t >>0,
all prices strictly positive. Then (5.2) and (5.3) imply equality in (5.13).
This proves part (b) of the theorem. Q.E.D.

CHAPTER 6

Growth theory with consumption

In chapter 6, we remove the simplifying assumptions of chapter 5
(no growth, Leontief technology). We intend to investigate states
of balanced growth in the presence of discretionary consumption
and (at least as far as possible) with general von Neumann tech-
nology. It will turn out that the presence of consumption makes
quite a difference, so that the results are not at all the same as
those of chapter 4.

As in chapter 5, we shall investigate a system with given con-
sumption demands c;(t) for commodity number i in period num-
ber t; the “balanced growth” feature shows itself through the fact
that all these consumption demands grow by the same factor a
each year, this being also the growth factor for production levels
vi(t) of the economy:

ci(t + 1) = aci(t) and y;(t+ 1)= ay;(t)

Thus, the given quantities are: (1) the consumption demands ¢;(0)
in the initial period t = 0; and (2) the growth factor a.

We do not relate consumption levels to “social utility’” in the
way that neoclassical theory does (for example, see Morishima
1964, 1969). The reasons for this have been stated already (sec-
tion 5A) and we need not repeat them here.

Section A is introductory and can be read quickly by the ad-
vanced student. Section B deals with the rather intricate question
of alternative specifications of the conditions for a balanced growth
solution. This section can be skipped in a first reading; it contains,
however, material of interest to people working in this area, that is,
some new material. Section C deals with the attempt by KMT (see
section 4D) to include consumption; we show that the assumptions
of KMT in this arca are not valid for what one normally calls
“consumption” but rather refer to a peculiar and special case only.

\)
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‘Section D provides a discussion of the results of growth theory
with consumption. This discussion is nonmathematical (for the
mathematics, see section E) and is not given elsewhere within the
literature.

A. The simplest case

To introduce the subject, let us start with the corn-iron economy
and the input-output table of section 3A, i.e., the same economy
we §tudied in section 5A. The new material consists in our now al-
lowing consumption demands c;(t), as well as production levels
yi(t), to depend upon time ¢, growing from one period to the next
‘py the common growth factor a, so that everything grows together,
in balance, and all ratios ¢;/cj and y;/y; are independent of time.

If we want to produce, in period ¢ + 1, an amount of corn equal
tq ¥, (t + 1) and an amount of iron equal to y, (¢ + 1), and we
wish to consume, in period ¢ + 1, ¢, (t + 1) quarters of corn, then
the amount of corn which must be available at the beginning of
this period, i.e., at time ¢, equals:

0.9y, (t+ 1)+ 0.6y,(t+1)+c (t+ 1)
=a[0.9y, (¢) + 0.6y, (t) + ¢, (¢)]

This input quantity of corn must be available from the output of
the preceding period, i.e., from y, (¢). Thus y, (¢), or just y, for
short, must be greater than or equal to this required input; further-
more, if y, exceeds requirements in every period, then corn be-
comes a free good with price equal to zero. We therefore obtain
the following quantity conditions:

¥; = a(0.9y, + 0.6y, + ¢;) If strictly greater, then p;, = 0
y, = a(0.05y, + 0.2y, + ¢c,) If strictly greater, then p, = 0

The second condition, for iron, was obtained by an exactly similar
argument. We can omit the time variable ¢, since it is the same on
both sides of each condition. In the special case of no growth,a = 1,
these more general conditions reduce exactly to the quantity con-
ditions of section 5A.

The conditions for prices and the rate of return are unchanged
from chapter 5, since we assume all prices to be time-independent
so that producers compute their rates of return exactly as before.
We repeat these price conditions:

p; <p(0.9p; + 0.05p,) If strictly less, then y, = 0
P, < f(0.6p, + 0.2p,) If strictly less, theny, = 0

We recall that 3 is related to the rate of return r through f =1 + r.

GROWTH THEORY WITH CONSUMPTION 93

These are the conditions which must be satisfied by a balanced
growth solution in this simple case. However, it is still necessary to
decide which quantities are exogenous here, and which endoge-
nous. We shall discuss this in considerable detail in subsequent sec-
tions. For now, we make a choice which has two advantages: (1) it
is convenient, and (2) it is the natural generalization of the choice
made for the open Leontief model of chapter 5. Our choice is:

Exogenous: Growth factor a, initial consumption levels ¢;(0)
Endogenous: Return factor £, production levels y;(0), prices p;

For the special case of no growth, a = 1, this is precisely the speci-
fication of the open Leontief model; that is, consumption levels
are specified, and everything else is then deduced from the condi-
tions. For any other value of the growth factor a, this is the near-
est we can come. Note that values of consumption levels and pro-
duction levels at time ¢ = 0, together with the value of the growth
factor, are enough to determine consumption levels and produc-
tion levels at all times £.

We now assert that the specification listed above is indeed com-
plete; i.e., everything significant about the endogenous variables is
determined completely once the exogenous variables are known.
Furthermore, we shall find that a can be chosen quite freely within
a wide range of values, although not all values of a are allowed.

The proof of these statements, which we now commence, is
very similar to the corresponding proof in section 5A. At least one
consumption demand is nonzero. Let us suppose it is ¢, ; further-
more, we assume a > 0, a natural enough condition. The quantity
inequality for y, then implies: y, > ac; > 0; hence y, > 0;and
for y, we get: y, > a(0.05y,)> 0;hence y, > 0. Both commod-
ities must be produced in positive amounts. Looking at the price
conditions, we now see that both of them must be satisfied with
strict equality. This, however, is exactly what we found in section
5A, and it leads to exactly the same unique result for the return
factor and the price ratio p, /p, , namely:

p, [P, = 1.23419 B= 1.06325

The price system and the rate of return are exactly the same for q/
growing economy as for a steady-state, open Leontief model,
economy. The presence of growth has no influence at all on the
price system, or on the rate of return.

Next, let us look at quantities. With a positive price ratio p, /p,,
both p, and p, must be separately positive, i.e., not zero. The
quantity conditions then imply that both inequalities become
equations. We rewrite these equations so as to put all production
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Table 6.1
Growth
factor @
(exogenous) Equations Solutions
1.00 0.1}/1 _0.6}/2 =c y1 = 1601 + 1262
—0.05y; +0.8y, =c, y2= ¢y +2¢,
1.03 0.073}/1 *0618}’2 = 1.0301 Vi = 3129201 + 2435602
—0.0515y; +0.794y, =1.03c, y2 = 2.030c; + 2.877c,
1.06 0.046y; —0.636y, = 1.06¢; y1 =328.850c; +265.417c,
—0.053y; +0.788y, = 1.06¢, y2 = 22.118¢c; + 19.197¢,
1.10 0.010y; —0.660y, = 1.10¢c; y1 =730.105¢; —25.474c,
—0.055y; +0.780y, =1.10c, y2 == 2.123c; — 0.386¢,

levels on one side of each equation, all consumption levels on the
other side. This gives:

(1 _O.9a)y1 = 0.6(1}/2 = acy
—0.05ay; + (1 —0.2a)y, = ac,

With the specification discussed before, y, and y, are the two un-
knowns, and we have two linear equations in these two unknowns.
In Table 6.1, we list, for certain particular values of the exogenous
variable a, the form taken by these equations, as well as the solu-
tions for y, and y, in terms of ¢, and Cs s

Discussion

The first case,a = 1, is the open Leontief theory with steady state,
r510A growth. The equations, and the results, are exactly as in section

The next case, a = 1.03, postulates a 3% growth per period. The
equations look very similar; the solutions are clearly feasible. Note,
though, that the ratio of total production to final consumption
has become much larger. For example, assume that corn, commod-
ity 1, is the only desired consumption good, and look at the ratio
¢, /y, for that case. With a = 1, we had ¢, /y; = 1/16, whereas
with a = 1.03 the same ratio is ¢, /¥, = 1/31.292. With no growth,
we could divert 1 quarter of corn in every 16 to ultimate consump-
tion; if we aim for 3% per annum growth, the diversion amount
firgpsdto 1 quarter in every 31 quarters, a very significant sacrifice
indeed.

The third case, a = 1.06, a growth rate of 6% per period, shows
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the same tendency in much stronger fashion. For ¢, = 0, the ratio
¢, /y; = 1/328.85 means that less than 1 part in 300 of the entire
output of corn is available for ultimate consumption. The sacri-
fice has become extreme.

In the fourth case, a = 1.10, the solution which we get from the
mathematical equations is unacceptable economically, since the
production quantities y, and y, have turned out to be negative,
i.e., impossible. The economic system described by the input-out-
put table used here, and listed in section 3A, is simply incapable of
such rapid growth. This is hardly surprising: In section 3B, we
studied this same system under the assumption of perfect thrift,
no consumption at all; there we found a growth factora = 1.06325.
Obviously, consumption demands can only slow down growth, not
speed it up. Thus, when we specify a growth factor in excess of
1.06325—for instance, a = 1.10—we must not be surprised if we
fail to get a viable solution to the equations.

It is shown in the mathematical appendix that this situation is
quite general. We state the results, only, at this point:

1. The return factor § is in the nature of an eigenvalue; i.e.,
there are only a limited number (quite often only one) of possible
values for . For each such value, there is an associated system of
price ratios. At most one of these sets is “sensible.”

2. Both the system of prices and the return factor do not change
at all when different growth factors a are specified, as long as a
lies within the permissible range; see point 3. Prices and the return
factor also do not depend on the precise consumption demands
specified, as long as these are positive, not zero.

3. The permissible range of a is as follows: a must be positive—
i.e., a > 0—and a must be less than the smallest permissible value
of 8 among the eigenvalues mentioned under point 1.

4. For given consumption demands c; at time ¢ = 0, the neces-
sary production levels y; are increasing functions of a, which
transcend all bounds as a approaches its upper limit as given in
point 3.

In the very simple example of this section, there is only one per-
missible value of the return factor, namely § = 1.06325, and asso-
ciated price system. This return factor and these prices rule for all
feasible cases in our table (a = 1.00, 1.03, and 1.06), indeed for all
values of the growth factor a within the permissible range 0 < a <
1.06325. The fourth point is illustrated very clearly within our
table.

These and some other results are discussed much more fully in a
later section of this chapter.
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B. Formulation of growth theory with consumption

This and the next section are devoted to more detailed questions
and can be skipped in a first reading. In this section, we show how
the problem of growth theory with consumption can be formulated
in a number of different ways, or “specifications.”” The choice of
which variables are taken as given (exogenous) and which are de-
duced (endogenous) is rather open. But two of the specifications
discussed below (called B and C) are invalid, even though they ap-
pear in the literature. Specifications A and D are equivalent eco-
nomically, but mathematically A is much easier to handle than D.

All specifications have certain things in common. We start with
these. The conditions which must be satisfied for a von Neumann
economy under perfect thrift are stated in section 4B. Let us now
indicate how these must be modified when there is consumption.

1'. Condition 1 of section 4B, the condition for balanced
growth, is unaltered; but we must add that all consumption levels
cl.( t) grow at the same rate:

e(t+1)=ac() alli=1,2,...,N andallt

9'. Condition 2 of section 4B, the quantity balance condition, is
altered only to the extent that commodity outputs from period ¢
must suffice to cover not only all productive inputs needed in peri-
od t + 1, but also all consumption levels ¢;(t + 1) in that period.

3'. A similar change is required in the *“free goods” condition 3
of section 4B. Good number i is in excess supply and hence must
be a free good only if its output is larger than the sum total of
needed productive inputs of that good and the consumption de-
mand for that good, in the next period.

8. Condition 8 of section 4B, the “perfect thrift” condition, is
now discarded.

All other conditions of section 4B (conditions 4, 5, 6, and 7)
are unchanged. These are the conditions involving prices and rates
of return. These are unchanged by the presence of demands for ul-
timate consumption. A producer figuring his rate of return does
not care in the least to whom he sells his output, to another pro-
ducer or to an ultimate consumer—the same price is charged to
both types of buyers.

The mathematical form of all these conditions is given in the
mathematical appendix.

We now turn to questions of specification; in particular, which
variables are to be taken as exogenous (given from outside the sys-
tem) and which as endogenous (determined within the system).
There are several possible specifications, which we discuss in turn.
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Specification A

Exogenous: Growth factor a, initial
consumption levels ci(O)

Endogenous: Return factor (8, prices p;,
initial activity levels z (0)

This is our preferred specification, which we have already used
in section A for the special case of Leontief technology.

Specification B
Exogenous: Ratios ¢;/y; (consumption/total
output) fori=1,2,...,N
Endogenous:  Growth factor a, return factor

B, prices p;, activity levels z, (0) .

This specification is often used in the literature; it results in a
mathematical problem (a double eigenvalue problem) which is
very difficult to solve, and it is even difficult to decide whether so-
lutions exist for the given ratios. Worse than that, however, this
specification is unacceptable whenever there are demands for dis-
cretionary consumption goods (see section 5B). Suppose good i is
“yelvets.” Then the entire output of this commodity is used for
consumption; none of the output is needed as productive input for
later years. Thus ¢; = y; and the ratio ¢;/y; = 1, no matter what
the actual demand c; is. As a result, this specification does not pro-
vide us with sufficient information to determine a solution. The
specification may be used if the only goods in demand are neces-
sary goods; but this is a severe restriction.

Specification C

Define “total activity” Z by

ZE;zm

Exogenous: Ratios ci/Z fori=1,2,...,N

Endogenous:  Growth factor a, return factor (3,
prices p;, activity levels z (0)

This specification is used by KMT (Kemeny 1956). The total ac-
tivity Z cannot be zero; hence, we may divide by it. Since Z grows
with the same growth factor as all the ¢;, the ratios ci/Z are time-
independent. Furthermore, this specification provides sufficient
information to obtain a solution, even when there are discretion-
ary consumption goods in demand.
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Nonetheless, this specification is unacceptable: The “total activ-
ity” Z is a sum of activity levels 2z, each of which is not well de-
fined, for the following reason: Suppose, for some activity m, we
dpuble all the input coefficients a, . and all the output coeffi-
cients b, ., and we halve the activity fevel 2z, . The net result is no
change at all! All quantities input to the system, and all quantities
output, are unaltered, and so are all prices. Yet, this modification
does change the value of Z, since one of the z_ in the sum has
been halved. The difficulty is particularly clear when we consider
the special case of Leontief technology, where (by agreement) unit
activity level z, =1 is taken to mean production of a unit
amount of the one and only commodity produced by activity m.
In this case, the activity levels are just quantities of commodities.
To find Z, we are then obliged to add quarters of corn to tons of

iron, hardly a sensible procedure. Thus Z does not make sense eco-
nomically.

Specification D

Suppose that there exists an essential ingredient—for example,
calories of food value—present in some of the commodities,
which must be produced to maintain a viable economy; without
food value, everyone starves to death. Let unit amount of com-
modity i contain q; calories, with at least one q. strictly positive.
Total food value is: ’

N M
Q= D, D 2,()b,,,q;,>0
i=1 m=1

By g§sumption, this quantity @ cannot be zero but must be strictly
positive. Ip a balanced growth situation, @ grows at the same rate
as everything else. We are now ready to state the specification:

Exogenous: Ratios ci/Qi; call these ratios d ;
Endogenous: a, 3, prices p ;» activity levels z,

This is a possible, acceptable specification; the items added in the
definition of @ are commensurable, all being numbers of calories
of food value; @ must be positive, so we are allowed to divide by
it; and the ratios d; are independent of the time variable t.
Nonetheless, specification D, or an equivalent specification in
the literature (Los 1976), is much less natural than our preferred
§pecification A. With specification D, both a and 8 are eigenvalues,
i.e., restricted to discrete sets of values. Not only is such a double
eigenvalue problem considerably more difficult to solve than the
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gingle eigenvalue problem for specification A, but simple facts in
gpecification A are completely obscured in specification D. In par-
ticular, we have seen in section A, and shall confirm in section D,
that @ and B behave very differently from each other: The growth
factor a can be specified freely within wide limits and can take on
values within a continuous range, whereas the return factor f is
an eigenvalue, restricted to a few, perhaps only one, discrete values,
and these come out as results once the input and output coeffi-
cients are known. That is, not only is it impossible to “specify”
values of B, but the values which one actually gets are largely inde-
pendent of consumption demands.

C. Consumption within the KMT theory

This section can be skipped at a first reading. The theory of
Kemeny, Morgenstern, and Thompson (Kemeny 1956; see also
Morgenstern 1976) has two aspects: (1) conditions on the techno-
logical input and output coefficients, to replace the unacceptable
von Neumann condition N; this was discussed in section 4D; (2) an
attempt to include consumption, leading to results which differ
significantly from what we find here. It is necessary to understand
where this difference comes from. This is the task of the present
section.

KMT start their section on consumption with the “requirement
that at each time period the economy should supply to an outside
consumer . . . goods already being produced by the economy.”

Now, first of all, this phrasing excludes the possibility of the
“outside consumer” wanting discretionary consumption goods,
such as white elephants, which are not “already being produced”
by the perfect thrift economy in the absence of the outside con-
sumer. This is an extremely serious restriction, as we have seen.

But also, when one studies their equations (see the mathemati-
cal appendix), it becomes apparent that the “outside” consumer is
“outside” the economy in a most remarkable sense: He does not
pay for what he receives! Rather, our government imposes a tax,
proportional to the activity level z | of each activity. The coeffi-
cient of proportionality is adjusted so that the total yield of the
tax is sufficient to enable the government to purchase all these
commodities wanted by the “outside consumer” and reniit them
to the “outside consumer” free of charge. Such a situation can
happen: The “outside consumer” may be a foreign country which
has vanquished our nation in a war and now has the power to
impose war reparations payments, in kind, from our nation.’

| o Ea . > "
Another possibility is transfer payments Lo old-age pensioners, ete.
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Although such consumption is a possibility, this is not what is
meant by the word ‘“consumption” in common parlance. The
usual meaning of this term is discretionary consumption by agents
within the economy, out of income gained within that economy.
Within the context of “production of commodities by means of
commodities,” this means discretionary consumption is paid for
out of dividends. Labor as such is not considered a separate ‘“in-
put”; rather, labor is paid a conventional subsistence wage, which
is then spent on a predetermined and unchanging market basket of
commodities. These commodities, not labor as such, form part of
the input to every activity in the economy. Within such a theory,
consumption by workers is not a meaningful economic variable,
and neither is employment. The number of employed adjusts itself
automatically to the current level of economic activity; all em-
ployed workers consume their wage in the same way; there is nev-
er any shortage of labor; and the unemployed, if there are any, live
on air. Thus discretionary consumption has nothing to do with
wages. Rather, it is out of income from investments. But, whether
wages or investment income, the income is gained within the eco-
nomic system, and the consumption demands are paid for by the
consumer himself.

The KMT theory takes a different point of view and therefore
arrives at quite different results. In particular, that theory leads to
a = f3, even in the presence of their peculiar type of “consumption.”

In our view, the KMT paper is a most valuable contribution to
growth theory under perfect thrift; but their treatment of con-
sumption applies only to a very peculiar special case and is serious-
ly misleading for the ordinary meaning of “consumption.”’

D. Results and discussion

With full von Neumann technology, the mathematical problems as-
sociated with growth theory in the presence of discretionary con-
sumption become truly formidable. This is still a wide open field
for further research. Even with our preferred specification of the
problem, which is significantly easier to handle than the alterna-
tive specifications in the literature, and with KMT conditions on
the input and output coefficients, it is not known whether sensible
solutions always exist; nor is it known under what additional
conditions, if any, we can be sure of sensible solutions.?

2The existence theorem of Los'(1976) requires a condition which is a general-
ization of the von Neumann condition N of section 4C and hence is unaccep-
table. The KMT paper gives an existence theorem, but that theorem depends
upon the authors’ special method of introducing an “outside consumer,”
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If all commodities i in the economy can be consumed, then one
can say something of considerable interest, even in the most gen-
eral case. Now, in fact, our “if”” is an implausible assumption: Who
wants to consume lathes, blast furnaces, and similar commodities?
We quote Morishima (1969, p. 101):

It seems absurd and very unrealistic at first sight. But no one can re-
fute that in Paradise the Capitalist will use a blast furnace to heat his
dog’s house, while the Worker’s children will do their homework with the

aid of electronic computers (!).

Whatever the merits of this argument, it at least establishes that
the assumption that all commodities can serve as consumption
goods is considered acceptable in the literature of the field. Let us
therefore investigate a consequence of this assumption, returning
to a discussion of it afterward.

In the mathematical appendix, we provide a proof of the fol-
lowing theorem:

THEOREM

Assume that a growth solution exists for initial consumption levels
c (0) (at time ¢t = 0) and a particular growth factor a, . Let the re-
Lum factor of this solution be 8, let the prices be p,, and let the ac-
tivity levels at time ¢ = 0 be z (0) Then for any growth factor in
the range 0 < a < a, , there ex1sts an “associated” solution of the
growth problem, with the same return factor 3, the same prices p;,
and the same initial activity levels z, (0); the associated solution
has different consumption levels ¢ (0), in general but no con-
sumption level is lowered; i.e., for all i=1,2,...,Nitis true that

ci(0) = ¢;(0).

This theorem, note, does not assert that a solution always ex-
ists. Rather, if one solution exists, then there also exists a whole
infinity of “associated solutions,” with exactly identical prices and
rate of return, but with lower growth rates. That is, it is always
possible to go to a lower balanced growth rate. We are not con-
cerned with the problem of ‘“traverse” here; that is, we are com-
paring balanced growth solutions with each other—if you wish,
“comparative balanced growth” rather than true dynamics. But
the “traverse” is made much easier by the fact that, to go, from the

whlch we have discussed in section C. The existence proof of Morishima
(1964, 1969) pays no attention to whether the solution which has been
proved to exist is sensible (conom1Cd]ly i.e., Morishima accepts the “pecu-
liar” solutions of sections 5B and 5C in which all necessary commodities are
free goods. We are not prepared to do so.
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high growth factor (a,) solution to the low growth factor (a)
solution, we need not change activity levels at all, nor prices, nor
rates of return, but merely consumption levels; and changes in
consumption levels, if any, are always in an upward direction, so
(at least in the initial period) no one suffers.

This theorem is a mathematical generalization of assertion 2 at
the end of section A, that prices and the rate of return do not
change at all when we specify an altered growth factor. There, in
section A, we were using Leontief technology (hence, no true “in-
vestment goods” at all, only circulating capital), and we then did
not even need to alter consumption levels ¢ (O) to get the result.
With von Neumann technology, we must be prepared to alter ini-
tial consumption levels. But if we are willing to do that (upward
only, never downward), then the growth factor can be specified
freely, without any necessary change in the price system or the
rate of return.

In a way, this theorem is a mathematical version of one of the
most famous maxims in economics: “Every prodigal appears to be
a public enemy, and every frugal man a public benefactor” (Smith
1776).

Let us now return to this question of consumption of lathes and
blast furnaces: If commodity i = 5, say, is a blast furnace, then it
is likely that c. {(0) = ¢5(0) = 0 in the original solution; i.e., no
blast furnaces are consumed. In the “associated solution” for a
lower growth factor a, the readjusted consumption level cs (0)
then has a nonzero, positive value. Some of our capitalists must
thus be prepared to pay money to consume this blast furnace, per-
haps to heat their doghouses.

From an economic point of view, it is not too surprising that
the presence of true investment goods makes difficulties.> The
growth rate cannot be varied without varying the rate of invest-
ment (assuming investment requires capital inputs), and changing
the rate of investment means changing the composition of final de-
mand. Thus the set of relative prices can hardly be expected to re-
main unaltered.

It is unfortunate that we cannot give a theorem for full von Neu-
mann technology, stating just how relative prices change, etc. Still,
on intuitive grounds, there seems to be little doubt that in many
cases (though perhaps not always) it is possible to go from a solu-
tion for one growth rate to a solution for a lower growth rate, in

3These difficulties, arising from investment goods which no one wishes to
consume, should not be confused with the difficulties arising from discretion-
ary consumption goods (sections 5B, 5C). These latter difficulties are, of
course, also present.
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some reasonable fashion, and to do so for a continuous range of
growth rates.

In order to obtain more specific results, at the present state of
research in this area, it is necessary to restrict ourselves further, to
Leontief rather than von Neumann technology. The main results
for that special case have been stated already, results 1 to 4 at the
end of section A. Let us now discuss these results a bit further:

1. The return factor § is the inverse of an eigenvalue of the in-
put-output matrix. It is therefore determined from technology. In
input-output theory, such neoclassical notions as individual or so-
cial “time-preference’ and/or ‘“utility”’ have no influence on the
rate of return.

2. Although there can be several eigenvalues of the input-output
matrix which are acceptable from a mathematical point of view,
i.e., satisfy all stated conditions including that of nonnegative
prices, only one of these, at most, is ‘“sensible” under Leontief
technology. The others are “peculiar” in the sense discussed in
chapter 5; i.e., the prices of all the necessary commodities are zero.
The difficulties arising from the existence of such peculiar solu-
tions, and the possible nonexistence of sensible solutions, have
been discussed already in section 5C.

3. For Leontief technology, the permissible range of growth fac-
tors a in our preferred specification, A, is known;i.e.,0<a< 6min
where . is the smallest permissible return factor, i.e., the in-
verse of the largest eigenvalue of the input-output matrix. The
choice of any value of a within that range has no influence at all
on prices and/or the rate of return. Opting for decreased growth,

e., lower a, does result in a more favorable ratio of present con-
sumption to present output levels, so we are free, within very wide
limits, to trade off growth versus present consumption. But the
trade-off does not affect prices or the rate of return.

In the discussion of growth theory under perfect thrift, section
4E, we mentioned the existence of a large “optimality”’ literature
in the field of growth theory. We are now in a better position to
discuss this, since we have allowed for final consumption of some
of the output. However, we choose to defer this discussion to the
next chapter, where we go into time-paths different from simple
balanced proportional growth.

We have already remarked that the permissible trade-off be-
tween present consumption and future growth reminds us of
Adam Smith’s views on prodigality and thrift.

To believers in Adam Smith’s “invisible hand,” however, it may
be disturbing to find that there is no automatic market mechanism
to penalize men for their prodigality. A society which opts for
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higher present consumption, at the expense of future growth, runs
with the same prices p. and the same rate of return r = f—1lasa
more frugal society. With Leontief technology, there is no “mar-
ket signal” at all in terms of prices and the rate of return; these are
exactly the same. (With von Neumann technology, the situation
is less clear-cut, but, on intuitive grounds, one would expect that
slackening of growth is associated at most with a smaller demand
for investment goods, hence possibly lower prices for these types
of goods.) There is some warning, of course, but this is mainly in
terms of quantities, not prices. The warning signal is nonspecific,
just a general slowing down, or perhaps even reversal, of growth.
The warning does not appear in market terms as something to urge
producers or consumers, or both, to mend their ways.

Indeed, every producer of Adam Smith’s “jewels, baubles, and
ingenious trinkets of all kinds” wishes to increase, not decrease,
the demand for his products. This frivolous demand may be push-
ing the economy into a decline, but try telling that to him! If he
can advertise to persuade consumers that his products are neces-
sary for self-esteem, success in love, or entry to heaven, he will
most certainly advertise. It is hard to argue that he is wrong in so
doing. The overall growth of the economy is not supposed to be
his private concern.

As Adam Smith said quite rightly: “It is not from the benevo-
lence of the butcher, the brewer, or the baker, that we expect our
dinner, but from their regard to their own interest.” But we must
add the proviso that we cannot expect, from the same source, any
particular result for the growth rate!

A competitive capitalistic system is not tied to any particular
rate of growth, positive, negative, or zero. To the extent encom-
passed in the best available theories of economic growth, the mar-
ket mechanism is able to accommodate itself to a wide range of
choices of the growth rate; in the case of Leontief technology, the
market can do so with no change at all in prices and the rate of re-
turn. Note that this assumes a perfectly competitive market, i.e.,
“ideal” conditions for economic theory.

To be fair to Adam Smith, though, we must point out that the
“best available theory” of growth is still woefully deficient, since
we have assumed that the available production technology does
not change. The list of activities m with their input coefficients a,, ;
and output coefficients b s is taken to stay the same, no matter
what happens in the choice f)etween consumption now and growth
in the future. To the extent that this is true, the theoretical results
are valid. But if the invention and development of an improved
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production process leads to higher returns, even if only for a lim-
ited time, then one should expect Adam Smith’s motive of “regard
to their own interest” to act in the direction of higher growth,
overall. However, invention and development are long, risky pro-
cesses; it would be nice to have a more immediate, direct market
incentive to frugality rather than prodigality; what the theory
shows is that no such direct incentive exists.

E. Mathematical appendix

We start with the conditions, under von Neumann technology, for
balanced proportional growth. We refer to equations in section 4F
and state alterations necessary.

Equations (4.1) are augmented by the new condition:

1. it +1)=acyt) fori=12,...,Nandallt (6.1)

Condition 2, equation (4.2), is altered to read:

M M
2. D 2ubpizal D) 2,0, ) fori=12,...N  (6.2)
m=1 m=1

3. If, for some i, there is strict inequality in (6.2), then p; = 0 (6.3)

Thereafter, conditions 4 to 7 embodied in equations (4.4) to
(4.7) inclusive, are unchanged. So are the (unacceptable) von Neu-
mann condition N (4.8) and the more reasonable KMT conditions
(4.9) to (4.11); we accept the latter. Note that sometimes we use
the notation

s=1/=1/(1+7r)

for the inverse of the return factor; this helps with “peculiar’’ solu-
tions, where s may be zero. The change to equation (4.4) is obvious.

As our specification, we take specification A of section B; that
is, the growth factor a and the consumption levels c; at time t = 0
are taken as exogenous; everything else is endogenous.

Next, we present the mathematics of the KMT treatment of
consumption by an “outside consumer.” Suppose our government
imposes a tax on each activity, proportional to the activity level.

The tax on activity m is: ,

i, = hz, (6.4)
The constant h is chosen so that the total yield from this tax is
enough to cover the cost, at market prices p,, of the entire ““con-

sumption” demand. Hence:
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M N
Y bz, = X Cp; (6.5)
m=1 i=1
We define coefficients d; by
. M
d;=c/( Y 2,) (6.6)
m=1

These coefficients are independent of time, since consumption an_d
activity levels all grow at the same rate; but definitign (6.6) is
very much subject to the objection mentioned in section B, that
the sum in the denominator involves adding incommensurak.)le
things. That objection, in only slightly different form, also applies
to the tax specification (6.4): the activity levels z  are not really
well specified. .

In equation (6.5), the factor h on the left-hand side can be taken
outside the sum, as a common factor. Using the definition (6.6),
we then get:

N
h= E dp, (6.7)

i=1
Since the tax T, is, by assumption, proportional to_ the activity
level, each producer figures this tax as a cost, which is equgllto h
per unit activity level. This extra cost then appears as an additional
element on the right-hand side of condition (4.4). The KMT form

of this condition therefore becomes, after insertion of (6.7):

N N
4" b, <B 21 (a,;+d)p; foralm=12,....M (6.8)
i=1 i=

This is the price condition used by KMT in their theory: With
this condition, they obtain the result a = B; no such result is pos-
sible with consumption in the more normal sense. ‘

Next, we give the mathematics of specification D of section B
If commodity i contains gq; “calories of food value” per unit
amount of that commodity, then the total number of calories pro-
duced by running activity m at unit activity level 2, = 1is:

N
T = E bmiqi (6.9)
i=1
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and the total number of calories produced by the whole economy is:

M
Q= Y zm(t)rm (6.10)

m=1

We now specify “consumption coefficients” d; by:

ci(t) = d;Q(t) (6.11)

The d; are given, nonnegative coefficients, with at least one of
them strictly positive. With this specification of consumption, con-
dition (6.2) can be rewritten as:

M M
E Zmbmi=a Z Zmemi Wheree,;= am;i+ rmd; (6.12)
m=1 m=1

This is now a homogeneous condition in the activity levels, and as
a result the growth factor a is now restricted to discrete values,
perhaps only one discrete value. The system just specified is a spe-
cial case of the one studied by Los (1976). His matrix A; equals
our E, his A, our A; his B; and B, are equal to each other, and
equal our B. His conditions 7 and 8 reduce to the standard KMT
conditions KMT1 and KMT2; his condition 9 becomes equivalent
to (z, Ap) > 0 in place of KMT3, (z, Bp) > 0. Specification D is
logically permissible but leads to a theory very much more compli-
cated than specification A.

THEOREM 6.1

Suppose there exists a solution for specified growth factor a and spe-
cified initial consumption levels c¢;. Let the return factor in this solu-
tion have the value 3, the prices have values p;, and the initial activity
levels have values z,,, Leta’beanynumberintherange0 < a' < a.
Then a solution exists with identical return factor, identical prices,
and identical activity levels, with a’ as the new growth factor, and
consumption levels, at time ¢ = 0, given by ¢; > c;.

Proof: Rewrite the quantity condition (6.2) in the equivalent form: »
M
vi(@ > ¢; where vj(a)= E Z2ml (1@ mi — amil (6.13)

m=1
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The functions v;(@) defined in (6.13) are clearly nonincreasing functions of
a.

The adjustment in consumption levels for the altered growth factor a
is then done as follows:

If vi@=c; put ci=via@)
If vj(@)>c; put o) =iy

With these adjustments to consumption levels, it is verified easily that all
conditions are satisfied with unchanged values for £, all p;, and all zpm.
Q.E.D.

Note: The particular adjustment given in this proof is not unique. Free goods,
namely those which give inequality in (6.13), need not be kept at identical
consumption levels; rather, their consumption levels could be increased
also if desired.

Next, we turn to theorems, generalizations of those of chapter 5,
valid with Leontief technology. When we introduce this technol-
ogy, i.e., when we set M = N and by = 1 form=1i, by; = 0 for
m # i, the conditions simplify to:

N
yj > a Z yiaj +¢j| forj=12,....N (6.14)
i=1

If there is strict inequality for some j in (6.14), then pj = 0 (6.15)

N
spi< D, aypj fori=1,2,....N (6.16)
Jj=1

If there is strict inequality for some i in (6.16), then y; = 0 (6.17)

THEOREM 6.2.

Let the matrix A be irreducible and nonnegative, and let a* be its
dominant eigenvalue. Let a be anumber in the range 0<a<1/a*,
and let the vector ¢ > 0 be given. Then there is a unique solution
to these conditions, with strictly positive prices p > 0 and strictly
positive production levels y > 0. The return factor is § = 1/a*.

Proof: Since a>0 and ¢>0, (6.14) implies y >ac>0. By (6.14), y = y(aA).
Then A irreducible and positive implies aA irreducible and positive. Hence
theorem 3.5 yields y > 0. Equation (6.17) and y> 0 imply equality in
(6.16), so that s is an eigenvalue of A, and p is a right eigenvector. By the-
orem 3.6, the dominant eigenvalue a* is the only one giving nonnegative p,
and then p> 0. This, along with (6.15), implies equality in (6.14). The
solution for the output levels is then:
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y=c[(1/))l— AT’ (6.18)

Theorems 3.8 and 3.9 ensure that the inverse operator in (6.18) exists and
is nonnegative if and only if 1/a> a*;i.e., 0 <a< 1/a*. The return factor
Bis related to the eigenvalue s by 3= 1/s; hence = 1/a*.

Q.E.D.

Next, we introduce discretionary consumption goods in the
same way as in section 5E; that is, we accept (5.6), (5.7), and
(5.10). In (5.8), we omit the requirement that E be productive,
since the “growth” theory of this chapter permits the “growth” to
be negative, i.e., a decay; that is, a growth factor a < 1 is mathe-
matically acceptable within this theory, so there is no need to in-
sist that the input-output system be productive, at least no formal
need. For exactly the same reason, condition (5.9) can be dropped
altogether. Our assumptions are therefore: (5.6), (5.7), (5.10), and
irreducibility of E.

THEOREM 6.3

Letz = (2,,2,,...,2m) be a positive right eigenvector of G be-
longing to the eigenvalue g of G. Let a be within the range 0 < a <
1/a*. Then there exists a class of growth solutions with s = g and
with zero prices for all essential goods: p; = 0 fori= 1,2, ... ,k;
the prices of the DCGs are given by: pg.; = 2; fori= 1,2, ... ,m.
There are infinitely many solutions in this class.

Note: This is the direct generalization of theorem 5.2; the solutions in ques-
tion are the “peculiar” solutions which cause so much discomfort.

Proof: The proof starts almost exactly as does the proof of theorem 5.2, with
only trivial changes associated with having to insert factors a at various
points. This leads to equation (5.12) and the conclusions regarding s = g
and the price system, as before. Thereafter, (5.13) is replaced by:

y=c[(1/a)L, —A]! (6.19)

where I, is the n-by-n unit matrix, n =k + m, and strict equality must
hold for those indices i for which p; > 0. All those indices must exceed &
for the solution discussed here. For free goods, p; = 0, inequality is pos-
sible in (6.19). Since this includes at least all the necessary goods i =
1,2,...,k, we have infinitely many solutions for the quantities. The condi-
tion on a follows from theorems 3.8 and 3.9.

* Q.E.D.

Note: The values of 1/8 must be eigenvalues of G, and any eigenvalue of G
leading to a nonnegative right eigenvector is acceptable. But the condition
on permissible growth factors a refers to the dominant eigenvalue a* of A,
which corresponds Lo the smallest permissible return factor (3; call this
Bimin = 1/a*. The restriction on allowable growth factors is then
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0 < @< Bmin (6.20)

This is true for all solutions, not only for solutions with this smallest re-
turn factor. Thus, while @ < 3 for all permissible solutions, the true restric-
tion on a is often rather stronger than this.

THEOREM 6.4
Let e* be the dominant eigenvalue of E, g* of G. Let the k-com-

ponent vector p* > 0 be the right eigenvector of E belonging to e*.
Then: (a) If e* < g*, then the peculiar solutions of theorem 6.3
are the only solutions, and (b) if e* > g* and a is chosen within
the range 0 < a < 1/e* = 1/a*, then there exists exactly one fur-
ther unique, “sensible” solution with s = e* p;=p;*fori=

1,2, ...k, and quantities determined uniquely and positively by
(6.18). The prices of the DCGs are determined in terms of the
prices of essential goods; all prices are strictly positive.

Proof: This proof is identical with the proof of theorem 5.3, along with the

obvious fact that e* > g* implies a* = max(e*, g¥) = e*. Gl

CHAPTER 7

Dynamic stability

A. Introduction

In chapters 3 through 6 we have investigated balanced growth
paths, where all commodity outputs are in exactly the correct pro-
portions to make the system continue along the same path. If
there are consumption demands over and above bare subsistence
(i.e., we do not have perfect thrift) then consumption demands
also grow at the same rate. Such balanced growth solutions always
exist in a perfect thrift system (chapters 3 and 4) but may turn
out to be “peculiar” when there are consumption demands for dis-
cretionary consumption goods (chapter 5). In the present chapter,
we address ourselves to another type of difficulty with growth so-
lutions, a type which, it turns out, happens even in a ‘“perfect
thrift” system.

These new difficulties arise if the proportions between quanti-
ties are not quite right at the initial time, or if the system is
thrown slightly off the balanced growth path by some unforeseen
event, such as an unusually good harvest of corn one year. If such
small deviations have a tendency to smooth out in subsequent
years, so that the system returns to a state of balanced growth,
then we say that the growth path is locally stable. On the other
hand, if small initial deviations tend to amplify in subsequent
years, so that we get ever bigger deviations, then the growth path
is said to be unstable. This stability or instability, as the case may
be, is dynamic rather than static, since our comparison, normal be-
havior, is not a state of static equilibrium, but rather a dynamic,
growing state. The “local” in ‘“locally stable”” means that we are
concerned, for the moment, only with states fairly close to the
state of balanced growth, that is, with rather small deviations.

In discussing stabilily questions, it is absolutely necessary to
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consider situations away from perfect balance, situations with a
time-dependence more complicated than simple proportional
growth. The effect of this is to make the theory inherently more
difficult. We quote Frank Hahn (1970): “No unifying principle,
such as maximization, seems available; no elegant separation the-
orems reduce the mass of ugly differential or difference equations
to the splendid order of a chapter in Debreu. To discuss and analyze
how the economy works it may be necessary to go and look.”

Happily, we are able to suggest a way out for the theorist which
avoids the terrible prospect opened up by Hahn’s final sentence. A
unifying principle is available and can be used to make quite defi-
nite statements about the system. Like most such theoretical prin-
ciples, it is not a precise, but only an approximate, description of
the real world. But it is no worse in this respect than, for example,
the very prevalent assumption of general equilibrium.

The suggested principle consists of two separate assumptions:

1. Perfect clearing of all markets.

92. Perfect thrift.

We have encountered these two assumptions many times al-
ready, in connection with the theory of balanced growth. But it is
now important to emphasize that these two assumptions suffice to
determine the future path of an input-output system, even if this
path is not one of balanced growth at all. Intuitively, it should be
clear how this comes about: First, if there is perfect thrift, the en-
tire output from last year is used as production inputs (including,
of course, necessary consumption, but excluding discretionary
consumption) for the year after. Second, if all markets clear, and

if the technological relationships between inputs and outputs have.

been specified, then there is really only one way to proceed. We
see this, in much more detail, in later sections. With (fixed coeffi-
cient) Leontief technology, one gets a determinate system in
terms of quantities only; if the technology permits input substitu-
tion, one still gets a determinate system, provided only that each
producer attempts to minimize his input costs for given outputs,
but the system involves price ratios as well as quantities. We de-
scribe both types in this chapter, but we shall start with the simp-
ler, Leontief technology.

There is a considerable literature on the subject of local stability
of the balanced growth path. Generally, stability is considered to
be a highly desirable property of an economic model, and great
efforts are made to ensure that economic models are stable. A
number of possible sources of instability have been postulated in
the literature. But it is believed, fairly generally, that all of these
are in the nature of “imperfections” of some sort and would not
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occur in a state of perfect competition, perfect clearing of mar-
kets, etc. Let us now list a few possible sources of instability:

(a) Consumer-caused instabilities, for example, sudden changes
in taste or in the propensity to consume.

(b) Uncertainty of the future, including sudden changes of ex-
pectations about what the future may bring.

(c) Market imperfections, such as elements of monopoly or oli-
gopoly, “sticky wages,” imperfect information about choices lead-
ing to incomplete market clearing.

(d) The need for accumulation of fixed capital, and the associ-
ated large investment in machinery needed to accommodate rapid
changes in demand for output, even if the absolute amount of the
change is fairly small (the key word is “acceleration principle’’; we
discuss this effect in chapter 9).

(e) “Credit is inherently unstable. . . . Activity causes credit ex-
pansion, credit expansion increases demand, demand evokes greater
activity” (Hawtrey 1926, p. 344).

In this chapter, we shall not investigate such matters at all. Ra-
ther, we set out now to construct a model which is so simplified
that none of the above causes of instability is present. The model
has a well-defined growth path and is of the type studied in chap-
ter 3. In relation to the possible causes of instability listed above,
we have the following:

(a) Our assumption of “perfect thrift” excludes discretionary
consumption altogether. Workers get a subsistence wage which
they spend on an unvarying basket of goods; capitalists reinvest all
their returns so as to attain maximum growth. Changes in taste do
not come in, because tastes do not come in. Composition of final
demand is unchanged, because this demand is zero.

(b) We assume perfect certainty of the future. Given the inputs
at the start of a year, the outputs are completely predictable.

(c) We assume perfect markets throughout. No monopolies ex-
ist; all markets clear perfectly at completely flexible prices. The
wage of labor is fixed completely in terms of the “wage bundle”
of necessary consumption goods, for all of which prices are ad-
justed by an auctioneer so that the market clears exactly.

(d) We assume away fixed capital, by using a Leontief technol-
ogy rather than a von Neumann technology.

(e) No credit is given, or received, in our annual market. All
trading is for spot cash, and no trading at all is done until after the
auctioneer has determined a set of prices which will just clear the
market. Market clearing is true both for quantities and for values.

Naturally, we do not suggest that there ever was, or ever will be
such a perfect market. But we shall find it worthwhile to investi-
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gate such a perfect model, to see what its dynamic properties are.
Most economists suppose that such an extreme model results in a
dynamically stable palanced growth path. We know, from chapters
3 and 4, that the palanced growth path is unique (recall that per-
fect thrift implies, among other things, no production of discre-
tionary consumption goods and, in a Leontief technology, irreduc-
ibility of the input-output matrix). The question before us now is:
Is this unique balanced growth path stable?

B. Dynamic instability—Leontief technology

We start from the input-output table of the two-commodity sys-
tem of section 3A. To produce one quarter of corn, one needs as
inputs 0.9 quarters of corn and 0.05 tons of iron. To produce one
ton of iron, one needs as inputs 0.6 quarters of corn and 0.2 tons
of iron.

Suppose we plan to produce, in period t + 1, y, (¢ + 1) quarters
of corn and vy, (t + 1) tons of iron. To do this we need the follow-
ing inputs at the start of the period:

Input of corn = 0.90y, (t+ 1)+ 0.6y, (t+ 1) quarters
Input of iron = 0.05y, (t+ 1)+ 0.2y, (¢t + 1) tons

At this stage, we invoke our pasic assumptions of perfect thrift
and perfect market clearing: With perfect thrift, the entire output
of the preceding year is available for productive inputs this year,
and, with perfect market clearing, all of it will actually be used in
that fashion, none of it being wasted or left over.! Thus, the re-
quired inputs which we have just worked out must equal the ac-
tual outputs of these commodities from the preceding year. What-
ever prices are finally fixed by the auctioneer, they must work out
in such a way that we reach the following condition for quantities:

y, (t) = 0.90y, (t + 1) + 0.6y, (t + 1)
y,(t) = 0.05y, (t + 1)+ 0.2y, (¢ + 1)

These equations, in quantities alone, can be looked atintwo ways:
(1) if the production plans for year t + 1 are known, then the
equations determine the (minimum) amounts of the two commod-
ities which must be available to meet these plans; or (2) if the
quantities available now, ¥, (t) and y,(t), are given, then these
equations determine the one, unique set of production plans for

! One might think this is impossible because of the fixed coefficients; how-
ever, it is possible as long as the two productive activities require different ra-
lios of corn input to iron input (0.9/0.6 7 0.05/0.2).
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year t + 1 which will work out so as to clear the market at time ¢.

It is this second way of looking at these equations which inter-
ests us now. To show that the production plans are indeed com-
pletely determined, let us solve these equations explicitly for the
unkngwn production plans in period ¢t + 1. We multiply the first
equation by 0.2 and the second by 0.6 and then subtract the re-
sulting equations, to get:

0.2y, (t) — 0.6y, (t) = (0.2 X 0.9 — 0.6 X 0.05)y, (t+ 1)+ 0
= 0.15y, (t + 1)

This yields the valufa of ¥, (t+ 1) in terms of quantities available
now. We t‘hen substitute this value into either one of the two orig-
inal equations and solve for y, (¢t + 1). The final result is:

yi(t+ 1) = (4/3)y,(t) — 4y, (1)
Y2 (E+ 1) = —(1/3)y, (t) + 6y, (1)

These production plans, and only these production plans, for period
t + 1 clear the market at time ¢. The outcome is completely deter-
?}iu?f?td by our basic assumptions of market clearing and perfect

rift.

szt us check, first of all, that the balanced growth solution of
section 3B satisfies these equations. In balanced growth, we found
thaif 14.81025 quarters of corn must be produced for every ton
of iron; and then output grows with a growth factor 1.06325
equally in both commodities. Suppose we start, then witl;
148,102.5 quarters of corn and 10,000 tons of iron as initiaf quan-

:ities;: at time t = 0. We substitute these into our equations above
o get: ,

y,(1) = (4/3)(148,102.5) — 4 X 10,000 =
157,470.0 quarters of corn

y,(1) = —(1/3)(148,102.5) + 6 X 10,000 =
10,632.5 tons of iron

This is correct: (a) The ratio y, /y, is unchanged;i.e., 157,470.0/
10,632.5 = 14.81025, the same ratio as before; and (b) both out-
puts have grown by the same growth factor: 157,470.0/1 48,102.5=
10,632.5/10,000 = 1.06325. If we now continue to compute mar-
ketjclearing production plans for period 2, given the quéntities
available at the end of year 1 (by assumption, exactly equal to the
planned values), then the same balanced growth continues; and so
on, period after period. ’

Let us now suppose that our initial quantities are slightly out of
balance; we had unusually good weather the year before, and as a
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Table 7.
Table of Production Levels with Perfect Markets

Yetar ff(rtr; ;;cz?) }ia/t);(; Comments
0 148,250.6 10,000.0 14.82506 0.1 percent imbalance
1 157,667.5 10,583.1 14.8980 0.6 percent imbalance
2 167,890.8 10,943.0 15.3423 3.6 percent imbalance
3 180,082.5 9,694.0 18.5762 Iron output decreasing
4 201,333.0 —1,862.0 Negative Disaster!

result ‘the value of y, (0) is slightly larger than 148,102.5 quarters,
let u; say larger by 0.1 percent: y,(0) = 1.00‘1 X 148,102.5 =
148.950.6 quarters; nothing has changed for iron, so ¥,(0)=
10 (;(]O tons. Furthermore, we assume that, ever after, the weathgr
beﬁav@s precisely as predicted, so all production plar}s, from this
moment on, work out precisely, actual ou.tputs bgmg equal to
plannzd outputs for times t = 1, 2, 3, . until eternity.
The same calculation as before now gives:

y; (1) = (4/3)(148,250.6) — 4 X 10,000 =
157,667.5 quarters of corn

v, (1) = —(1/3)(148,250.6) + 6 X 10,000 =
10,583.1 tons of iron

As expected, these planned, and by assumption eventually achieved,
production levels for year 1 do not differ k?y much fro‘m the per-
fectly balanced levels for year 1. But the ratio of y, 1y, is extreme-
ly worrying: At time t = 0, this ratio was 14.32506, a mere 0.1
percent above the perfectly balanced value; at time t = 1, we have
¥y 1 = 14.8980, farther away from the balanced value, tl}e new
discr:zpancy being 0.6 percent instead of 0.1 percent. This does
not augur well for stability! '

In Table 7.1, we give for each year the production levels y, and
y,, aé well as their ratio y, 1y, , and we append some commepts.

This is instability with a vengeance! We started from an imbal-
ance of 0.1 percent in year 0. With absolutely perfect rparkets, the
degree of imbalance worsens year by year, and we strll.(e absolute
disaster (a negative output of iron needed for year 4) in the‘mar-
ket at the end of year 3. Not only is the system unstable, the insta-
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bility is so violent it shows up in the first few years.?

What about prices? We start with slightly too much corn, com-
pared to perfect balance. A simple first guess is that this should
lead to a drop in the price of corn, compared to that of iron; that
is, we expect a drop in the price ratio P= p, /p,. This drop in
price should then induce corn producers to plan for lower produc-
tion levels, thereby tending to restore balance.

Well, let us work out this price ratio P= p, /p,. To do so, look
at the corn producers. They start with 148,250.6 quarters of corn,
but of course they must withhold some of that corn from the mar-
ket, because they need corn as part of their own input for produc-
tion in year 1. Their planned production level is 157,667.5 quar-
ters, and the required corn input for this is 0.9 X 157,667.5 =
141,900.8 quarters. Thus, the corn they bring to the market for
sale is 148,250.6 — 141,900.8 = 6,349.9 quarters. Similarly, the
iron producers start with 10,000 tons, but they must withhold for
their own needs 0.2 times the planned production level of iron;
i.e., they withhold 0.2 X 10,583.1 = 2,116.6 tons and bring to
market 10,000 —2,116.6 = 7,883.4 tons. In the market, then,
6,349.9 quarters of corn exchange for 7,883.4 tons of iron; this
can come about, with perfect market clearing, if and only if the
price ratio is:

P=p,[p, = 7,883.4/6,349.9 = 1.2415

This value differs from the balanced price ratio found in section
3C, which was P* = 1.23419. The price mechanism is at work, all
right.

But is it working in such a direction as to aid stability? Not at
all! The price ratio P is higher than the balanced one, P*; that is,
corn has risen in price compared to iron. In a situation where we
have started with too much corn, compared to balanced growth
ratios, a higher price for corn is completely wrong for producing
stability. Adam Smith’s invisible hand is at work, all right, but it is
pushing in the wrong direction!

But how can a larger quantity of corn lead to a higher price for
corn? Is the whole thing perhaps just an error of calculation?

There is an error all right, but it is not in the calculation; it is an
error in the classical reasoning. Not enough attention is paid, in
that reasoning, to the distinction between total production of a
commodity and the supply of that same commodity to the mar-
ket. We worked out, above, the supply of corn to the market
when the total quantity of corn is 0.1 percent above balance; this

2In practice, such imbalances are often exhibited first as changes in inventory
(stock ) levels. For “inventory cycles,” see chapter 9.
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supply turned out to be 6,349.9 quarters. What would it have been
in perfect balance? If we start from 148,102.5 quarters initially
and plan to produce next year 157,470.0 quarters (these are the
balanced values we worked out as a check, initially), then the
amount of corn supplied to the market is:

148,102.5 — 0.9 X 157,470.0 = 6,379.5 quarters

This is more than the 6,349.9 quarters of corn reaching the market
in the unbalanced case.

The origin of the paradox is now clear: A larger-than-balanced
total output of corn leads to a smaller-than-balanced supply of
corn to the market. With such a “perverse” behavior for quant-
ities, market-clearing prices must be equally “perverse.”

We are now in a position to discuss the possibility that some
corn producers may decide to use part of the money they gain
from selling corn to enter iron production the year after. Our
calculation has ignored this possibility; i.e., we have assumed that
no such shifting of roles occurs. In a situation of excess corn (com-
pared to balance), balance can be restored if corn producers shift
to iron production. However, they have absolutely no incentive to
do so! With the price ratio behaving “perversely,” it is the corn
producers, not the iron producers, who are making excess profits.
If any switching takes place at all, it is by iron producers switching
to production of corn. Far from helping to restore balance, this ef-
fect therefore just makes the imbalance even worse.

But perhaps this “perverse” or paradoxical behavior is excep-
tional, true for the particular case which we have constructed, but
not generally true. Not so! In the mathematical appendix, we prove
that the balanced growth path is always locally unstable if the
input-output matrix is irreducible and has an inverse. (Perfect thrift
implies irreducibility—see section 3B; if an irreducible matrix has
no inverse, changing a few coefficients by infinitesimal amounts is
enough to make it have an inverse; hence the conditions are not
seriously restrictive.) Instability holds no matter how many com-
modities are in the system (except of course when there is only
one commodity!), and no matter how the initial endowments dif-
fer from perfect balance. Any deviation at all, no matter how small
and no matter in which commodities, leads to growing imbalance
and eventual disaster. Our special example is the general case!

One may, of course, question some of our assumptions, such as
“perfect thrift” or fixed coefficients Leontief technology. We shall
allow input substitution in section C; as regards perfect thrift, note
that we have not excluded all consumption: Consumption of neces-
sities is included in the theory, within the input coefficients (input
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corn is needed for iron production to provide food for iron work-
ers). Furthermore, exactly this same assumption of perfect thrift is
made in the von Neumann growth theory, which is accepted con-
ventionally. Since Leontief technology is a special case of von
Neumann technology (see section 4A) we have now provided a
proof that there exist instances in which the von Neumann system
is dynamically unstable.

There is a common belief that the balanced growth path is a
“natural center of attraction” for a competitive economic system,
a path which is approached by such a system as a result of its in-
herent dynamics. This belief is false.

C. Input substitution

From a neoclassical point of view, one is likely to question the
rather rigid “fixed coefficients” nature of Leontief technology on
which the work of section B is based. It may be argued, and has in-
deed been argued, that our instability is due to this extreme rigidity.
A more flexible set of technological assumptions, permitting sub-
stitution between input factors in response to changes in relative
prices, might then result in a stable growth path. In this section,
we address ourselves to this argument, and we show that a reason-
able degree of input substitution does not alter our conclusions.
Since the ultimate result is the same as in section B and the de-
tailed arguments tend to get complicated (as usual in neoclassical
theories), this section may be omitted without loss of continuity
in the main argument.

Let x, be an input quantity of corn, x, of iron, to some pro-
ductive activity of which y is the output quantity (let us say, for
now, of corn). A “production function” is a functional relation-
ship y = f(x,, x,), which defines how much output we obtain for
given input quantities. Since our inputs are commodities (corn and
iron) which are used up in the production process, the difficulties
associated with defining a “quantity of capital” do not concern us
here (Harcourt 1972). We shall assume that production gives con-
stant returns to scale, sg/ that f is a linearly homogeneous function.
Twice the input leads to twice the output. Hence everything sig-
nificant about the function f(x,, x, ) can be read off from a graph
of the “unit isoquant,” that is, the graph of the relationship:

flx;,x,)=1 Unit Isoquant

All other isoquants can be obtained from this one by simple scaling.
It is possible to represent Leontief technology in this form, but
the unit isoquant is then a rather peculiar “curve,” consisting of a
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vertical straight line segment and a horizontal straight line segment,
which meet at a corner point corresponding to the assumed input
coefficients a;j; for example, for comn production in our usual ex-
ample, the two straight line segments meet at x; = 0.9 and x, =
0.05. The meaning is this: If we have exactly 0.9 quarters of corn
and 0.05 tons of iron, we can use them to produce one quarter of
com. If we have “too much” iron, say 0.08 tons of iron, and we
wish to produce corn, then the only way we can do so is to use 0.9
quarters of corn with 0.05 tons of iron, as before, and to throw
away the extra 0.03 tons of iron. This is what we mean by the
rigidity of fixed coefficient technology. There is no doubt that
this is a rather extreme limiting case.

Let us now proceed to show how we can set up the problem
with arbitrary production functions for corn production and iron
production. As before (section A), we assume perfect thrift and
perfect market clearing. To this we now add further assumptions:

3. Each producer attempts to minimize his input costs per unit
of output, at whatever prices rule in the market; all producers are
price-takers.

4. All production functions satisfy the so-called Inada (1963)
conditions, standard in neoclassical analysis. Our chosen functions
do.

5. Producers neither ask for, nor receive, credit (we recall that
credit is itself a possible source of instability and has been excluded
only for that reason). Thus next year’s productive inputs are pur-
chased out of sales revenue of existing output (from last year’s
production).

6. Each producer may attempt to maximize his expected profit
from next year’s production; this may move him to switch from
producing corn last year to producing iron next year, or vice versa.
But the information available to him for this maximization consists
only of prices (past prices, current prices cried out by the auction-
eer, guessed future prices), not of economy-wide total quantities
of commodities. Only the auctioneer knows those. Thus, optimiza-
tion subject to quantity constraints is impossible for our small
firms.

7. While some producers may switch from producing iron to
corn, the fraction that does so is zero if expected return rates in
the corn industry are lower. The fraction is an increasing function
of the disparity in rates of return if corn production promises bet-
ter returns. (This picture contrasts with the less realistic assump-
tion, often found in the literature, that all producers switch in-
stantaneously as soon as there is even the smallest disparity in
rates of return.) Thus, in the immediate neighborhood of the bal-
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anced growth path, the effects of switching are always small. We
ignore switching in this section, but we show in the mathematical
appendix that this neglect is justified for an investigation of local
stability of the system.

The analysis which follows uses many neoclassical concepts but
is not neoclassical in spirit. We start by outlining the intuitive pic-
ture.

At the start of the annual market day, numerous small producers
of corn show up, each with his small quantity of corn; and so do
the small iron producers, with their iron. The auctioneer now ap-
pears and ‘‘calls out” prices for corn and for iron. Each producer
calculates, on the basis of these prices (and perhaps also past prices
and guessed future prices), what he will get from selling his output,
and what input quantities of corn and of iron he can purchase, in
optimum proportions for least cost of production next year, with
the proceeds. The producer then makes his bid to the auctioneer.
The auctioneer notes down all these bids. If the bids result in some
corn or some iron’s being left unsold, the auctioneer concludes
that the prices he has called out fail to clear the market. He then
“cries out” a different set of prices. This process continues until a
set of market-clearing prices is found by the auctioneer.® At this
point, and only then, does the auctioneer permit transactions to
take place. The exchanges now commence, and at the end of the
market day all the corn and all the iron have been cleared, and
every small producer has spent, on purchases of his inputs of corn
and iron for next year’s production, exactly that amount which he
has received from selling his product from last year.

Let us now write down the various conditions which must be
satisfied by such a market. We start with the “efficiency” condi-
tions for producing at least cost, for given current prices. The “fac-
tors” producing the results are input quantities of corn and of iron,
not “labor” or “capital.” Let us denote by g(x;, x,) the ratio of
the marginal product of factor 1 to the marginal product of factor
2. The least-cost proportion between inputs is reached when this
ratio is equal to the ratio between the prices p; and p, of these
two factors, denoted by P henceforward: P = p, /p,. The prices in
question are prices in the current market (prices cried out by the
auctioneer); no guessing at future prices is involved in the condi-
tion: »

&(xy,x,)=P
3We shall not be concerned with the method used by the auctioneer to find

these market-clearing prices. Rather, we assume that, if market-clearing prices
exist at all, the auctioneer will find them.
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So far, we have considered “a” production process. However,
two commodities are being produced (by different firms), corn
and iron. We must therefore improve our notation, to make clear
which production process is being considered. We have two dis-
tinct production functions, f; for corn production, f, fqr iron
production. Similarly, there are two marginal product ratios, g,
for corn and g, for iron. Finally, we must distinguish between
corn input to corn production, called x,;, and corn input for pro-
duction of iron, called x,,.* The first subscript indicates what is
being produced; the second subscript defines the nature of the in-
put commodity. There are then two “efficiency” conditions:

g (X1, %,)=P Efficiency condition, corn product'ion
8y (%415 %55) = P Efficiency condition, iron production

Note that our notation does not mean that x;; and x,, are in any
sense different types of corn, or that corn cannot be switched
from input to one process to the other. Not at all: Both x,, and
x,, denote amounts of corn; the first subscript merely serves to
distinguish the process for which the corn acts as input.

Although these conditions have been written in terms of. total
input quantities x;;, this is deceptive. The production functions f;
are (by assumption) linearly homogeneous functions (constant re-
turns to scale); hence the ratios g; are homogeneous functions of
degree zero. Thus, it makes no difference at all whether we use
total inputs x;; over the whole economy, or inputs relevapt to one
small producer. The thing which is determined is the ratio x;; /x;i,
for production process i to run at least cost, and this ratio is the
same for every producer, and hence also for the whole economy.

Next, we invoke the assumptions of perfect thrift and perfect
market clearing. By exactly the same reasoning as in section B, this
means that the total input of corn for production in period ¢ + 1
must be exactly equal to the entire output of corn from the pre-
ceding period, which latter we shall denote by y, (t), and the same
for iron. Hence:

Xy + Xy = Y1 (D)
Xyp + Xyy = Y2 (1)

Note that these conditions are in the nature of commands to the
auctioneer, to tell him not to be satisfied until his cried-out prices
are such that the market clears. They are not conditions on indi-
vidual small producers and are not constraints under which the in-

Market clearing, quantities of corn
Market clearing, quantities of iron

*These symbols should be read as “ex-one-one’’ and ‘“‘ex-two-one,” respec-
tively, not as “ex-eleven” or “ex—twenty-one.” The two numerals are separate
subscripts; the general form is xj;.
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dividual small producer maximizes anything whatever.

Finally, we come to the most difficult condition, namely, that
the market must also clear in value terms. The general case, with
producers switching from production of corn to production of
iron, or vice versa, is discussed in the mathematical appendix. Here,
we restrict ourselves to the case where no such switching occurs.
(It is shown in the appendix that this special case is sufficient for
discussion of local stability in the immediate neighborhood of the
balanced growth path.)

With no switching allowed, the market exchange is simply be-
tween a quantity x,; of corn (sold by corn producers to the iron
industry) and a quantity x,, of iron (sold by iron producers to the
corn industry). This market exchange clears in value terms if and
only if x,,p, = x,,p,. We divide both sides by p, to get:

Xy, = Pxy, Market clearing, values, no switching

We note that all conditions written down so far involve either no
prices at all, or the price ratio P = p,/p, between current prices
called out by the auctioneer. No guessing of future prices is needed
for any of these conditions.?

Let us now count unknowns and equations. We see that y, (¢)
and y, (t), the outputs from last year, are given quantities; they are
our “initial endowments.” The unknowns are the price ratio P and
the four input quantities x,,, x,,, X,;, and x,,. These are five un-
knowns, and we have just written down five equations connecting
them.

Therefore there cannot be a continuous range of solutions, only
a discrete number of distinct, separate solutions. A more mathe-
matical investigation shows that this number must be odd; i.e.,
there may be one solution only, or three distinct solutions, or five
distinct solutions, etc. In particular, the system will always have at
least one solution, though there is no guarantee that this solution
will be economically reasonable (for example, the price ratio P
may turn out to be entirely wild).

It follows that there is only the most limited opportunity for
the auctioneer to maximize anything whatever. If there is only one
solution; the auctioneer has no choice at all. If there are three, or
five, etc., distinct solutions, the auctioneer can select the “best”
one among those, and only those, solutions. In our computer pro-
gram, we have defined the “best’ price ratio P to be the one closest

SThis is no longer true when switching is permitted. Calculation of expected
rates of return for corn and iron production, on which switching decisions are
based, does involve guesses at future prices, as discussed in the mathematical
appendix.
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to the price ratio for balanced growth (closest in a ratio sense). This
biases the calculation in favor of returning to the balanced growth
path, i.e., in favor of stability. If the auctioneer is instructed to
aim for this “best” P among all solutions, then the auctioneer has
no more choice: His job henceforth is not to optimize anything,
but merely to clear the market. Under our present assumptions
(no switching) the market-clearing and efficiency conditions in-
volve neither past prices, nor future prices; the prices which are in-
volved here are only those cried out by the auctioneer.

Now let us suppose that the auctioneer has done his assigned
job, for this year’s market. We now know the price ratio P and the
input quantities x;; at time ¢. Given the input quantities at the start
of the time period t + 1, we can immediately deduce the output
quantities at the end of that year, from the two production func-
tions:

y(t+ 1) = fi (%11, X12) Output of corn in year t + 1
y,(t+1)= fa(x21, X22) Output of iron in year { + 1

These are our “initial endowments” for the market at time ¢ + 1.
We can now repeat the same calculation, leading to outputs for the
market at time ¢t + 2; and so on and on and on.

If we start, at time ¢t = 0, from initial endowments y, (0) and
y,(0) very close to, but not precisely equal to, the proportions
needed for balanced growth, then we can follow the resulting time
development, period by period. If the ratio y, (t)/y, (t) tends to
come back to the ratio for balanced growth, we say the system is
locally stable. If this ratio tends to deviate further and further
from balance, reaching values not at all close to balanced propor-
tions, then we say the system is locally unstable. \

Let us now turn to assumptions about the production functions.
In real life, there are two quite different types of “input substitu-
tion,” and it turns out to be important to keep these two types
distinct in the analysis:

1. We may vary input proportions slightly while still staying
within one basic technique of production. This can be done usu-
ally, but only to a very limited extent. For this type of input sub-
stitution, the “elasticity of substitution” o is necessarily quite low.
(Chenery 1949, Johansen 1959).

2. We may switch to an entirely different technique of produc-
tion which uses more of the cheaper input, less of the more expen-
sive input.

Let us start with the first type of input substitution. It turns
out (see the mathematical appendix) that the so-called “C.E.S.
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production function”® (C.E.S. standing for “constant elasticity of
substitution’’) is very well suited for our purpose. This function
has three adjustable parameters, one of which is the elasticity of
substitution o. The other two parameters can be adjusted so as to
mimic the same balanced growth path as is obtained from some
given Leontief input-output matrix A with matrix elements a;;.
For given matrix elements a;;, we therefore have two additional
parameters at our disposal, namely, the elasticities of input substi-
tution for corn production, g, , and for iron production, 0, .

It can be proved, albeit by mathematics too lengthy to appear
in this book, that the balanced growth path is dynamically stable
if and only if

a0y + a,0, 1 : - "
e B Dynamic stability condition
a,; + a,, 2

This result, which has been checked by computer simulations, bears
out the qualitative analysis of section B. There we found that the
instability of the Leontief system arises from the need of corn pro-
ducers to withhold some of their corn output from the market, for
their own use as input for next year’s production, and the same
for iron producers. The coefficient a,; of the input-output matrix
(equal to 0.9 in our usual example) defines how much corn must
be retained by the corn producers; the coefficient a,, defines how
much iron must be retained by the iron producers. Our stability
condition involves, on the left side, a weighted average of the two
elasticities of substitution, with the higher weight to that com-
modity which needs more of itself for its own production.

At first sight, this result may appear encouraging for stability.
The system is stable if the elasticities of substitution are, on such a
weighted average, bigger than one-half.

However, such high elasticities of substitution are quite unrea-
sonable for the first type of input substitution, where we are stay-
ing within one basic technique of production of the commodity in
question. Reasonable values of elasticities are well below one-half
(Chenery 1949; see p. 527).

Let us now, therefore, turn to the second type of input substi-
tution, where we have a choice between two or more entirely dif-
ferent techniques for producing one commodity. Suppose, for the
sake of illustration, that we can choose between two méthods of
iron production. At the “balanced” price ratio P = 1.234187,
method A is efficient with inputs of 0.54 quarters of corn and
0.28 tons of iron (for unit output of iron); method B is efficient

° Arrow (1961), Brown (1962, 1963).
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with inputs of 0.70 quarters of corn and 0.08 tons of iron. Further-
more, at this same price ratio, the two methods are competitive;
i.e., the straight line segment connecting the points (0.54, 0.28)
and (0.70, 0.08) has a slope equal to the price ratio (except for
sign). The situation is sketched in Figure 7.1. Technique A allows
input substitution, as given by a C.E.S. function (say) with a
modest elasticity of substitution; ditto for technique B. But we
may also produce our iron with a mixture of techniques, say 60
percent produced by technique A, 40 percent by technique B. Such
mixtures lead to points on the dashed straight line in the figure. If
the slope of this dashed line equals the price ratio, all points on
the line are equally “efficient,” and thus the effective elasticity of
substitution is infinite at this price ratio.

If there are more techniques for producing iron, say techniques
A, B, C, D, ..., then Figure 7.1 must be amended corresponding-
ly. We get a whole series of rounded corners, connected pairwise
by straight line segments.

In neoclassical analysis, it is conventional to replace such a pic-
ture by one, smooth and smoothly differentiable, composite pro-
duction function. The production function is, in some sense, a rea-
sonable approximation to the more precise picture. It then serves
as input for further calculations.

We now present two arguments against this approach:’

1. The replacement of the actual function, with its rounded
corners and connecting straight line segments, by a smooth ap-
proximating function is unsuitable. The smooth function may,
perhaps, represent a fair approximation to function values, but not
at all to derivatives of the function. Since neoclassical analysis de-
pends upon taking derivatives, it is insufficient to merely approx-
imate function values. For Figure 7.1, the elasticity of substitution
is not at all smooth. It equals the elasticity o4 for pure technique
A when the price ratio is such that technique A is superior; it
equals the elasticity og for pure technique B when the price ratio
favors that technique. In between, at exactly one precisely given
price ratio (equal to the slope of the dashed line), the elasticity of
substitution is infinite! Hence, the derivatives of the “true”
function are completely different from anything “smooth.”

9. Furthermore, the “true” function is, at best, valid only in the
long run. But for stability analysis, we require a short-run calcula-
tion, from one year’s market to the next. In the short run, iron is
produced by two separate techniques, A and B, and each set of
iron producers looks only to its own inputs and outputs and

7 . . ; .
Note that these two arguments invalidate a great deal of published material
in economics.
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money returns. The composite function, with the dashed straight
line segment, may be the end result in the long run, if the system
is stable enough so that this end result can be reached. But assum-
ing the composite function at the start of our analysis amounts to
nothing more than to assume what needs to be proved!

For these two reasons, a valid analysis of the second type of in-
put substitution must not start from the composite production
function, but rather must start from the separate techniques (A
and B in our example) for producing the commodity, keeping
track of the input and output quantities of iron and corn for both
these types of iron-producing activities.

This can be done easily enough, merely by extending our pre-
vious scheme of analysis. Assuming just one method of producing
corn (as before) and exactly two separate methods, A and B, for
producing iron, we then have three activities in the economy: (1)
production of corn, (2) production of iron by technique A, and
(3) production of iron by technique B. Our “‘initial endowments”
are now Y, (0), ¥,(0), and y;(0), where y; (0) is the output, from
the preceding year, of those iron producers who employed tech-
nique B; i.e., y3(0) is the quantity of output from activity 3, the
year before. Total amount of iron available at time ¢ = 0 is y, (0) +
¥3(0).

We then have three, not two, efficiency conditions (one for
each activity). There are two market-clearing conditions for quan-
tities, namely, one for total quantity of corn, the other for total
quantity of iron:

Xy + Xy + X3 = ¥,1(0) X1, + Xy + X35 = ¥,(0) + ¥5(0)

There are, at first sight, three market-clearing conditions for val-
ues, one for each activity:

X Py + X0, = P1Y:(0) Value balance, activity 1
X3Py T X220, = P2Y2(0) Value balance, activity 2
X3Py + X3P, = P,Y3(0) Value balance, activity 3

But closer investigation shows that the last of these conditions is
not independent. Thus we get 3 + 2 + 2 = 7 independent equa-
tions, for the unknowns x,,, X5, X21, X322, X31, X35, and the price
ratio P = p, /p,. These are seven unknowns altogether. Thus, the
system is determined to the same extent as before, and the path
can be followed into the future, once y, (0), ¥, (0), and y; (0) have
been specified.

We have followed this path with computer simulations, and the
result is that the system is highly unstable. For example, we can
arrange things so that the balanced growth path uses 60 percent of
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technique A and 40 percent of technique B for iron, and the over-
all quantities and price ratio are just as for the Leontief system.
Setting initial endowments close to (within 0.02 percent) of the
balanced values leads to increasing deviations from the balanced
path. After 12 periods, the “solution” is entirely unreasonable.
(Some details are given in the caption to Figure 7.1).

We conclude that input substitution does not alter the essential
result of section B, that is instability of the balanced growth path.

D. Discussion

From a historical point of view, the basic mistake of the conven-
tional reasoning lies in ignoring the lesson taught by one of the
earliest, and in our opinion the greatest, of all economists: Dr.
Francois Quesnay. In his Tableau Economique (Quesnay 1760,
Meek 1963, Kuczynski 1972) Quesnay set out clearly that the eco-
nomic system is not like a “fair” with independent buyers and sel-
lers, but rather has a circular flow, like the flow of blood in the
human body. The buyers are at the same time sellers, the sellers
are at the same time buyers, and thus there is a causal nexus be-
tween sales and purchases much more explicit and stringent than
envisaged in the “auction’ of Walras (1874, 1877).

The science of economics has paid a heavy price for ignoring the
insight of its great founder. Indeed, the only economists who have
made any significant progress in dynamic economics are those who
have gone back, consciously or otherwise, to the Tableau Econ-
omique. All the others (unfortunately, an overwhelming majority)
have confined themselves to the study of equilibrium states (either
static or growth equilibria) or at best to completely ad hoc and un-
supported postulates for nonequilibrium behavior. We believe that
this is not an accident, but lies in the nature of the case. Without
the Tableau Economique, the problems of dynamic economics are
insurmountable.

In view of the instability which we have demonstrated, there is a
strong presumption that all equilibrium states are locally unstable:
They are unstable if all markets clear perfectly and if all the causes
of instability pointed out in the economic literature are postulated
away. Added realism of the models used is highly unlikely, there-
fore, to make the situation better for stability.

Locally unstable states, however, carry almost no scientific in-
terest. Their properties are not worth investigating in any detail,
since such states cannot maintain themselves for any significant
length of time. Any little initial disturbance is amplified rapidly as
time goes on, so the system rapidly moves away from the balanced
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state. We conclude that the study of growth equilibrium is uninter-
esting.

We conclude this chapter with some historical notes and remarks
on the literature on economic stability.

There is nothing whatever new about the suggestion that a com-
petitive economy is unstable. In 1960, D. W. Jorgenson published
a ‘““dual instability theorem” (Jorgenson 1960). In 1958, Sargan
demonstrated the instability of the Leontief system, for a system
defined in continuous time and considerably more general than
the one used here (Sargan 1958; see also Leontief 1961, Sargan
1961, and Wurtele 1959). Long before these authors, Roy Harrod
suggested instability in 1939 (Harrod 1939; see also Harrod 1948,
1973), with the graphic simile of the economy’s being ‘‘balanced
on a knife-edge.” And, long long before all of these, Ralph Haw-
trey had talked about the inherent instability of credit (Hawtrey
192'6, p. 344). And so did Bagehot (1873), more than a century
ago!!

Thus, what is required is not an explanation of why no one
thought of instability—plenty of economists did—but why these
views were ignored so completely by the vast majority of the pro-
fession. All too often people refuse to see things which make them
uncomfortable. There can be no doubt about the discomfort caused
by the presence of local instability:

1. An unstable system is much harder to handle than one in, or
near, a state of stable equilibrium.

2. Equilibrium analysis is entirely inadequate for locally unstable
systems.

3. Those economists who take the view that free competition
produces an ‘“optimal” result are disturbed at the thought that
such an “optimal’ system is unstable.

Whatever the reason for the discomfort, the result is indisputa-
ble. We quote from Professor Hahn’s perceptive introduction to
his collection Readings in the Theory of Growth (Hahn 1971):

Of course, one can conceive of steady-state theory which seeks to show
that no steady state exists. This was precisely Harrod’s intention, and he
is one of the few growth theorists (Mrs. Robinson is another) to remain
faithful to Keynes. . .. Almost everything written since has been a head-
long retreat from this point of view. ... The final outcome has always
been essentially non-Keynesian: permanent, steady, full-employment
growth is possible.

There are honorable exceptions to this severe judgment, but
there is no doubt that Iahn is right about the predominant tendency
in the literature. IFaced with a highly unpleasant prospect, people



132 THEORIES OF BALANCED EXPONENTIAL GROWTH

have tried very hard indeed to close their eyes. Most of them have
succeeded.

We do not wish to go into the abstract mathematical work on
growth theory in general, nor into the use of growth theories in
the context of a planned economy. It is necessary to say some-
thing, however, about the innumerable attempts to prove stability
where there is no stability.

Within the context of general equilibrium theory, there are two
quite separate notions of “stability,”’ namely, ‘‘short-run stability”’
and “long-run stability.”” The first of these refers to the behavior
of a market, or rather of a series of markets all occurring at the
same time, for various commodities and factor services. This short-
run theory is summarized by Arrow and Hahn (Arrow 1971).2
Their discussion deals with rules for an auctioneer to go about de-
termining market-clearing prices. “Stability’’ means that these rules
define a process of “tatonnement” which converges to such a set
of prices. All this has no relation to what we call stability. We as-
sume that market-clearing prices, if they exist at all, will be
reached somehow (our assumption 1, perfect clearing of all mar-
kets).

Tg)e second stability concept, ‘“long-run stability,” is the one of
interest to us here. To investigate long-run stability, one assumes
that short-run stability holds (i.e., that market-clearing prices are
established in every annual market). One follows what happens in
each of these markets in turn, starting from an initial state (in the
first market) which is different from the exact state of balanced
growth. “Long-run stability”” means that the system tends to come
ever closer to the state of balanced growth; long-run instability
means that it tends to deviate ever farther from balance.

Neoclassical growth theory is covered in many places, of which
we mention Wan (1971), Hahn (1964), Morishima (1958, 1959,
1964, 1969), Dorfman (1958), Hicks (1965), Hamberg (1971).
Since all we wish to do is to make a few remarks about the relation-
ship of that theory to the growth theory discussed here, there is
no need to reproduce this material in full.’

The neoclassical growth theories may be classified in two ways:
(1) by degree of aggregation, into one-sector, two-sector, and
many-sector models; and (2) by aim, into positive (descriptive)

8 Gee also Arrow 1954, 1959, 1973; Negishi 1962; Smale 1976.

9The full literature is vast. See, for example, Amano (1964), Arrow (1960),
Champernowne (1958), Kahn (1959), Levhari (1968), Meade (1961), errl'oos
(1973), Solow (1956, 1959, 1960, 1966), Stein (1966), Swan (1956), Tobin
(1955, 1965), and many others.
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theories and normative (welfare) theories.

In one-sector models, there is only one thing produced, called
simply “output” (for example, see Gale 1973 and Hamberg 1971).
This approach avoids our instability by the device of just assuming
it away from the start: No imbalance between outputs of different
commodities can occur if there exists only one output commodity!

The two-sector models (e.g., see Johnson 1971) are closer to,
but far from identical with, the model used by us. Some of the dif-
ferences are: (1) The inputs in neoclassical two-sector models are
not commodities (like our corn and iron), but rather are the ““fac-
tors of production” called ‘labor” and ‘‘capital,” respectively.
This has two consequences: (a) Assumptions are required about
the “savings propensity’> of owners of these two factors, as well as
about the extent to which savings show up as investment in new
capital goods; for example, workers may save a fraction s, , and
capitalists a larger fraction s, of their respective incomes, and all
savings may be invested. [Our model avoids all such difficulties by
starting from perfect thrift and from no fixed capital.] (b) The
“factor of production’’ called “capital’’ runs afoul of the difficul-
ties pointed out in the Cambridge controversy (Robinson 1954,
Harcourt 1972): It cannot be defined properly! (2) While the out-
puts from a neoclassical two-sector model are indeed commodities,
called consumption goods and capital goods, respectively, these
two commodities are rather different from our corn and iron. Con-
sumption goods correspond to corn, all right; but capital goods do
not behave like our ‘‘iron.”” Rather, capital goods are treated as
“stocks’’ which are not used up during the subsequent processes of
production, except perhaps for a given, predetermined fractional
depreciation each year. A proper treatment of ‘“‘capital goods”’
must therefore, following Sraffa (1960), involve joint production:
The consumption goods industry produces, each year, {wo com-
modity outputs, namely, consumption goods and (one year older)
capital goods. This is not done in neoclassical growth theory.

As a result of these differences, the stability conditions also dif-
fer. The existing neoclassical long-run stability conditions are suf-
ficient but not necessary. There are two main conditions:

1. Uzawa (1961, 1963) condition: The consumption goods in-
dustry must be more capital intensive (i.e., must have a higher cap-
ital-to-labor ratio) than the capital goods industry. This’condition
(see also Inada 1963) is related to the special nature of the com-
modity “capital goods” and is therefore not comparable to our
stability condition of section C. The condition itself seems to be
rather implausible in relation to real life (see, however, Kohli 1979).

2. Drandakis (1963) conditions: (a) A unique short-run equi-
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librium (unique market-clearing prices) exists if the elasticities of
substitution are positive and satisfy o, + 0, = 1. (b) Any one of
the following is a sufficient condition for long-run stability: (b1)
The elasticity of substitution of the capital goods industry exceeds
unity; (b2) ditto for the consumption goods industry, and sy suf-
ficiently near unity; or (b3) as (b2), but s, sufficiently near zero.

Clearly the Drandakis condition (a) is closely relgted tp our
(necessary and sufficient) condition. We can write h%s.(a) in the
form: (0, + 0,)/2 > 1/2. This differs from our cond1t10n_ in sec-
tion C only through the fact that the quantity on the left is a sim-
ple, rather than a weighted, average of the two separate elastlcmes.
Thus, in spite of some very real differences between the theories,
some of the stability conditions bear considerable resemblange.
However, as pointed out in section C, factor substitution with_m
one basic technique of production does not have such high e}astlc-
ities (Chenery 1949), and factor substitution through switching of
techniques must be handled quite differently from the usual neo-
classical approach.

Let us now turn to neoclassical multi-sector growth models.
These are closest to our approach. McKenzie (1960) claims long-
run stability but gets this result by assuming conditions for excess
demand functions; in view of the counter-intuitive results found in
section B for perfect thrift, ad hoc assumptions of this sort amount
to little more than assuming what needs to be proved. '

A most interesting set of two papers is: Jorgenson (1960), in
which he proves ‘‘dual instability”’ of the Leontief system _(see a'lso
Gelber 1977); and, just one year later, Jorgenson (1.961), in wh}ch
he proves stability! He gets the latter result by addlng,. to the sim-
ple Leontief system, assumptions concerning the reactloqs of pro-
ducers to levels of unsold stocks and to observed trends in prices,
as well as by adding a central bank which sets an entirely exog-
enous rate of interest. Jorgenson then claims: “By suitable restric-
tions on the initial values of the disequilibrium variables, the non-
negativity of all economic variables is preserved.”’

This paper, however, has been subjected to an abs'ol}ltely dev-
astating critique by McManus (1963), which, in our opinion, 1s not
answered at all by Jorgenson’s rejoinder (Jorgenson 1963). We
shall restrict ourselves to two main points: .

1. On page 112 of Jorgenson (1961), ¢. .. n; is a negative con-
stant,”” whereas on page 115 “...n; is a positive numper.” The
economically plausible sign is negative, and when thi.s is used In
the argument on page 115, stability goes out the window. Not
only do the new roots indicate instability absolutely, but they
may dominate over the roots corresponding to balanced growth,
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so that “‘speculative activity may result in larger and larger excess-
stocks and profits relative to outputs and prices’’ (McManus 1963).

2. Jorgenson’s ‘‘suitable restrictions on the initial values of the
disequilibrium variables’’ are so thoroughly ‘‘suitable” that any sys-
tem whatever can thereby be proved to be stable: If there exists a
“normal mode” of the system leading to instability, Jorgenson
simply assumes that the initial amplitude of this particular mode
(and of all such modes) is zero; in a linear system, such a ‘‘suitable
restriction’” indeed ensures that this mode has zero amplitude ever
thereafter! Jorgenson’s rejoinder that this involves ‘. .. an incor-
rect interpretation of the initial conditions’ is feeble indeed. In
our view, McManus’s interpretation is only too correct.

We conclude that, far from the claim made in Jorgenson (1961),
his system is, usually, utterly unstable.!® We note, incidentally,
that application of input-output analysis to actual data from Japan
(Tsukui 1968) strongly suggests instability, as we should expect.
For further views on instability, see Hahn (1973) and Kurz (1968).

The main reaction of neoclassical economics to the difficulty of
demonstrated dynamic instability, however, has been considerably
more subtle than to deny it by using invalid arguments. Rather,
there has been a complete shift in the grounds of the argument, by
introducing ‘“‘a wholly different way of viewing the system which
prevents it [the difficulty] from ever arising’’ (Solow 1959). The
shift has been from ‘““positive economics’ to ‘‘welfare economics.”’
It will prove highly instructive to follow this shift in some detail.

The basic reference is the famous book by Dorfman, Samuelson,
and Solow (Dorfman 1958). They discuss balanced growth in a
Leontief system much as we have done, though they allow for
stocks of working and/or fixed capital. They then prove (pp. 297-
300) that this balanced growth is unstable! They call it “indeter-
minacy’’ rather than ‘instability,”” but their indeterminacy arises

1971 our view, this whole story cries out for investigation by a historian of sci-
ence. Mistakes and excessive claims, as such, are of little interest; they occur
much too often. But this case is special because of the way this paper has
been handled by other economists. If the proclaimed result had been instabil-
ity, rather than stability, we are convinced that the manuscript should never
have passed the first referee. The criticisms made later by McManus would
have been made at that stage, so that the paper would not have been pub-
lished. But, we think largely because of the proclaimed result, the paper was
not only published, but it was actually reprinted ten years later in an author-
itative collection of twenty, only, papers on growth theory, of which von
Neumann’s paper is the first. In the reprint, there is no mention at all of the
critiyue by McManus, so that the reader gets the impression that Jorgenson’s
paper has passed the test of time and critical perusal by other economists, and
is correct as it stands! This paper was studied, to my definite knowledge, by
university students of economics in 1980, and these students were urged to
accept the much desired conclusion of stability.
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only because of the instability, which forces the system away from
the balanced path to a far-out situation in which it becomes inde-
terminate. They themselves state: ‘‘Leontief systems are as often
as not such that the slightest disturbance away from the razor’s
edge of balanced growth will necessarily result in a growth of capi-
tals that will ultimately either (1) violate the requirement [ of posi-
tivity] or (2) require us to replace by inequalities one or more of
the [market-clearing] equalities.” Nothing could be clearer, or
more correct.

But what happens afterward? Do they accept this instability as
a fact of life and work toward a realistic description of such an
economic system? Not at all. The ‘‘resolution’” of the difficulty of-
fered in their next chapter is through the concept of “‘efficient
programs of capital accumulation.”” The basic idea is simplicity it-
self: If an economy is organized so as to maximize some kind of
“social utility,” then certain growth paths, including the fully bal-
anced growth path, turn out to be ‘“‘optimal’ and will therefore be
adopted by the central planning agency. Furthermore, suppose
that the initial endowments of the economy at time ¢ = 0 are not
in the proportions required for balanced growth; and suppose that
the goal of the planners, at time t = T, the end of the planning pe-
riod, is also out of proportion for balanced growth. In spite of this,
it turns out that the ‘‘optimal plan’’ is one in which the economy
is kept very close to the state of balanced growth in the intervening
time interval, departing significantly from that state only at times
t close to £ = 0 and close to t = T'. Thus, the balanced growth path
is seen to be a “turnpike” along which the planners can make op-
timal progress toward their planning objective."!

In our view, the turnpike theorems are of great and enduring in-
terest—for a planned socialist economy! They have nothing what-
ever to do with an economy of free competitive capitalism. The
latter has no central planning agency producing some long-term
optimal plan, nor does it permit a mechanism to enforce adherence
to such a plan, should it be made. The turnpike is irrelevant for
capitalism.

The effect of all this has been to shift the ground of argument
from a realistic description of the economic system in which we

1 Whatever else it may have done, there is no doubt that this work started a
real growth industry: More and more economists began to travel along the
turnpike, in ever more top-heavy mathematical vehicles. The end is not yet in
sight. Some of this work arose from an earlier paper by Malinvaud (1953),
but travel along the turnpike got into high gear only after the Dorfman
(1958) book. See, for example, Cass (1976), Furuja (1962), Gale (1967,
1975), Hahn (1971), Los (1976a), Mirrlees (1967), Morishima (1 969), Razin
(1972), Shell (1967), Tsukui ( 1979), and innumerable others.
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live, to a normative discussion of the best way to run a centrally
planned system. This question may be, and in fact is, of profound
1pterest to socialist planners; but under capitalism, it is a red her-
ring pure and simple! The ‘‘wholly different way of viewing the
system’” has resulted in diverting, rather than advancing, the science
of economics.

It would be unfair, to the point of churlishness, to ignore the
fact that a number of economists have battled valiantly for more
common sense and realism in economic theory. There are even
some neoclassical economists in this group of dissidents. We quote
from Frank Hahn’s presidential address to the Econometric So-
ciety (Hahn 1970):

“There is something scandalous in the spectacle of so many peo-
ple refining the analyses of economic states which they give no
reason to suppose will ever, or have ever, come about.”

The majority of the dissidents, however, are to be found among
the so-called post-Keynesians. In the older generation, the names
of Roy Harrod, Nicholas Kaldor, Michael Kalecki, Luigi Pasinetti,
Joan Robinson, and Piero Sraffa spring to mind. Fortunately for
the progress of economic science, the younger generation of post-
Keynesians is too numerous to list here with any hope of complete-
ness.

E. Mathematical appendix

We start with the mathematics for section B. As before, a;; denotes
the input of commodity j needed to produce a unit quantity of out-
put of commodity i. We take year number ¢ to start at time ¢ — 1
and to end at time ¢ (for example, year 1 starts at t = 0 and ends
at ¢t = 1). The condition that the market at time ¢ clears in terms
of quantities is equation (3.4), which we repeat here for easier ref-
erence:

n
D it + Da = yi(t)  forj=1,2,...,n (7.1)
i=1

The condition that values should balance is:

n

2 Yilt + Dagpj(t) = yi(tpi(t)  fori=1,2,...,n (7.2)
J=1
For g_{iV(.\n quantities y;(t) and y;(t + 1), this is a set of n homoge-
neous linear equations in the n unknown prices p;(t), so that only
price ratios are determined, not absolute prices. Equations (7.2)
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are consistent; i.e., they allow a nonzero solution for t‘he pricgs,
provided that the quantities satisfy (7.1). To prove this, rewrite
(7.2) in the equivalent form:

n
>, Mp;=0 where M;=yt+1)a;— )8, (7.3)
j=1
We can now use (7.1) and this definition of Mij to obtain the identity:

- 7.4
ZMij=0 (7.4)
i=1

Equations (7.3), and hence also their equivalent (7.2), are'consistent
if and only if the determinant of M vanishes. In evaluating det(M )
we are allowed to add any row to any other row, without altering
the value of the determinant. Let us add, in turn, row 2 to row 1,
row 3 torow 1,...,row n to row 1. Then (7.4) shows that the
first row of the new determinant consists entirely of Zeros. Thus
det(M) = 0, and thus the price equations are consistent with non-
Zero prices. ‘

The proof of instability, to which we now proceed, requires cer-
tain necessary economic assumptions, namely: -

1. The input-output matrix is irreducible (we know that this is
reasonable under the basic assumption of perfect thrift). .

2. At least one diagonal element a;; of the input-oqtput nqatng
is nonzero; that is, there exists at least one commodity VthCh is
needed as an input for its own production (an example is corn,
which requires seed corn). .

3. The balance equations (7.1) can always be solved umquely for
the quantities at time ¢ + 1, when the quantities at time ¢ are given.
Mathematically, the input-output matrix must possess an 1nyers1132.

To simplify the proof, we introduce an additional assumption:

4. The input-output matrix is diagonalizable.

THEOREM 7.1 . _
If the input-output matrix of a Leontief system has properties 1
to 4, then its balanced growth path is unstable.

Note: Since the proof itself is slightly lengthy, we preface it by indicating tl.le
basic idea behind it. The development of the output vector y(t) forward in
time, to y(¢ + 1), is governed not by the input-output matrix A, but rather
by its inverse matrix A7!. The eigenvalues of A~! are the reciprocals of the

2 This assumption is not necessary. Without it, one can still transform.A to
the “Jordan normal form” and carry out the proof that way. Alternatively,
Dr. Noussair of the University of New South Wales has developed a proof
which makes no use of that normal form.
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eigenvalues of A. The eigenvalue of A which leads to balanced growth, a*,
is the dominant eigenvalue of A, hence the largest of all the eigenvalues of
A. The corresponding eigenvalue of A™', namely a = 1/a*, is thus the
smallest (in absolute value) of all the eigenvalues of A™'. As time goes on,
the solution associated with that eigenvector (the balanced solution) is the
one that grows at the lowest rate and is therefore swamped eventually by
one or more of the other solutions, if these are present at all to start with,
no matter in how small an amount. Thus balanced growth can be main-
tained if and only if the initial conditions for it are exactly right, without
any deviation whatsoever.

Second note: The idea underlying this proof depends on the Frobenius-Perron
theorem (theorem 3.6), which is nontrivial mathematics. There is therefore
no way of getting this important result by ‘‘literary” reasoning. The spe-
cial case n = 2, corn and iron, can be made intuitively plausible, and we
hope that we have succeeded in doing so in the chapter. But, mathematics
is required for the general case. We hope this fact will encourage at least
some students of economics to spend more time on their mathematics.
Mathematics has acquired a bad name in economics because it has been
misused so often; but it can be used to good purpose.

Proof: Denote the eigenvalues of A by z,, z,, . .., 2, and order them so that
2, >z Z 23| 2241 V.. L =2yl (7.5)

The first eigenvalue 2, is real and, by theorem 3.6 and assumptions 1 and
2, strictly greater than all the others. Subsequent eigenvalues may come in
complex conjugate pairs, and thus there may be equalities within (7.5). By
assumption 4, there exists a complete set of n left eigenvectors, one for
each eigenvalue z;. We assemble these into a matrix Sjj with the property:

n
D Skiajj=2kSkj  fork=12,....n andj=12,....n  (1.6)
i=1
By assumption 4, the vectors within that matrix span the entire space;
hence any vector can be expressed as a linear combination of them. We do
this for the initial quantities:

n
¥j(0) =E ciSij forj=12,...,n (7.7)
i=1

We now assert that the following expression is correct for the quantities
¥j(t) at any later time ¢:

»

n
yj(t)= E ck(zk)tSpj forj=1,2,...,n (7.8)

k=1
To prove this assertion, note first that it gives the right answer, (7.7), when
we pul [ = 0. Next, assume (7.8) is right for time {, and look at time ¢ + 1.
We replace ( by (11 in (7.8) and substitute the result into the expression
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on the left-hand side of (7.1) to get:

n n n
~t-1
D vilt+ Dag= D, D ck(@k)  Skiaj =
i=1 i=1 k=1

n

D ckler)LenSki = i(t)
k=1

where we have used (7.8) in the first step, (7.6) in the second step, and
(7.8) again in the final step. This completes our proof by induction that
(7.8) is valid for all .

Now let us denote by K the largest index i such that ¢; # 0 in
(7.7). If the initial quantities are precisely correct for a state of
balanced growth, then K = 1; but this special situation is of no
interest for stability analysis. Hence, we may assume that K > 2.

We assert that, in (7.8) the term with k= K (and, if zg is
complex, the equally important term k= K — 1, where zg-1 1is
the complex conjugate of zg) dominates the sum on the right-
hand side for sufficiently large times t. To see that this is true,
recall our ordering of the eigenvalues (7.5). Since negative powers
of 23, occur in (7.8), the z;, of smallest absolute value leads to the
term of largest absolute value in (7.8), in the limit of large . At
this stage, the proof is nearly finished. We distinguish the two
cases: zg real and zg complex.

Case a: zg is real. By theorem 3.6, part (d), the associated
eigenvector, which we have called (Sg1, Sk2, - - Skn) here, has
at least one strictly negative component. For large enough ¢, this
eigenvector dominates the solution; hence the corresponding
component of y(t) is negative if cx is positive; if ck is negative, all
positive Sk; result in negative output quantities of the correspond-
ing commodities.

Case b: zg is complex, and zg _1 isits complex conjugate. Then
ck and cg_1 are complex conjugates; so are Sk; and Sk _1, j for
each j. Write 2g = Z exp(i{g), ck = C exp(iy) and Sg;= T}
exp(ioj), where Z, {k, C, v, Tj, and o are real. Substitution in
(7.8) gives for the dominant term: y;(t) = 2CZ ‘T; cos({xt— v —
0;), which must turn negative for some j and t.

Hence, in either case, at least one commodity in the system
must be produced in a negative quantity, for some (large enough)
time ¢. The system is therefore unstable.

Q.E.D.

Note (to mathematicians): We apologize for the crudity and lack of neatness

DYNAMIC STABILITY 141

of this proof; better proofs exist, but require more mathematical back-
ground than assumed here.

_Let us now turn to the mathematics for section C, production
with possible input substitution. We present, first, the equations
for n commodities and specialize to n = 2 afterward.

' Let X, be the guantity of commodity j used as input to produc-
tion of commodity i. Let f; be the production function for this

commodity. Then the output of i, achieved at the end of the year
with these inputs, is:

y;(t+1)= fi(xil,xl.z,...,xm) fori=12,...,n (7.9)

We define the marginal product ratio (between inputs j and n) for
production of i by means of:

gij(xil Wiy s ees ’xin) = (afi/axij)/(afi/axin)
i=1,2,...,n,
=12 ...,n—1 (7.10)
We assume that f; is linearly homogeneous in its arguments (con-
stant returns to scale); then g.. is homogeneous of degree zero, i.e.,

is a function only of the ral{ios xij/xin' Suppose the auctioneer

[13 3 ” 5 -
cries ou.t um't prices p, p,, ..., p, for the n commodities. We
define price ratios for n as the ‘“numeraire’’:

Pj = pj/pn forj=1,2,...,n (7.11)

The condition for any one producer of i to produce at least cost is
then given by:

Bij(%; Xy oo en Xy ) = P
fori=1,2,..., n,
i=12,...,n—1(712)
This dgtermines input ratios xij/xi - for least-cost production. The
index j goes only to n — 1, since j = n gives the identity 1 = 1.
The auctl‘oneer is instructed to clear the market. The condition
that the entire ‘““endowment”’ y].(t) of commodity j be cleared is:

n
/ Z; x;=y(t) forj=12,...,n (7.13)
I=
So far, there are n(n—1) conditions (7.12) and n conditions
(7.13), a total of n* conditions. For given endowments y.(t) and
given (by the auctioneer) current price ratios P,, P, , . . .J,
this is enough to determine the n? input quantities x... We gk{z;li
i
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call the price system feasible if a solution can be found in which
all the x;; are nonnegative. Feasibility depends, of course, on the
initial endowments.

The conventional approach is to stop here and attempt to maxi-
mize something or other (social utility, for example) over the
economy as a whole. This is faulty, however, since the market
must clear not only in quantity terms, but also in value terms.

With no credit asked for, or received, any one firm must finance
its inputs for next year’s production from sales (in the same mar-
ket!) of its production from the preceding year. Let us look at
firms planning to produce commodity i next year. Their total ex-
penditure on input commodity jis then X;iPjs and the total outlay
for productive inputs to production of i next year is the sum of
this, overallj= 1,2, ... ,n.

If all these firms produced the same commodity (i) last year,
and no firm which produced i last year decides to switch to pro-
ducing something else next year, then values balance if the total
market receipts from sales of i equal total expenditure on produc-
tive inputs for production of i next year. This gives:

n
E X = y;(t)p; fori= 1,2, ...,n—1, no switching
j=1

The index i goes only up to n— 1, because if the books of pro-
ducers of 1,2, ..., n— 1 all balance, then the books of producers
of n must balance automatically. When we divide this whole equa-
tionbyp, (use commodity n as the numeraire), we get:

n
E xl.ij= ¥ ()P; fori=1,2,...,n— 1,no switching (7.14)
j=1
These are an additional n — 1 conditions on the system, thereby
being enough to determine the n — 1 unknown price ratios P,,
P,,iuss Pn_l. Except for choosing between a finite number (usu-
ally small) of distinct feasible solutions, the auctioneer has no
choice to maximize anything. Equations (7.12), (7.13), and (7.14),
specialized ton = 2, are the ones underlying the work of section C.
Let us now, however, go beyond this, by allowing for firms de-
ciding to switch from production of j last year to production of i
next year. Let p; be the (guessed, or expected, or anticipated)
unit prices in nex% year’s market. Then the return factor (= rate of
return plus one) for production of i is given by:
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n
B;=y(t+ 1)p; [ D) x.p; (7.15)
j=1

wherg next year’s output y;(t + 1) is given by (7.9). The incentive
fco switch from production of &, say, to production of i is contained
in the ratio:

R, = B,/8, (7.16)

If R}, is less than unity (i.e., the rate of return in industry i is ex-
pegted to be less than in industry k) no producers of £ will switch
e mote 30 the thore 2, excaets unilty, The mote foat numitorn
. . : ik ity. We note that a uniform
inflation of prices expected next year (multiply all p’ by a com-
mon factor) cancels out in (7.16); hence, only ratios between ex-
pected prices are relevant, not absolute prices.

Let usdefine ., tobe the fraction (in value terms) of last year’s
producers of commodity & who decide to produce commodity i in
tl}e year to come. In particular then, Wkk is the fraction who de-
cide not to switch at all. Under the usual competitive assumptions,

the xpl.k are functions of the incentives perceived by producers of k
last year, i.e.,

Yip = wik(le’Rzk, -« Rpr) (7.17)

Vf.zgy little is known about these functions, but something can be
said:

‘ fi) d/ik = 0if R, < 1 (no switching to a lower rate of return ac-
tivity).

(ii) ¢ ., is an increasing function of R ., if th
constané{?' ;p 1f the other Rjk are kept

(iii) These firms must do something next year; hence the sum
Vi + Vg +..‘. : Y, =1

(1y) Bly deflmtlon,. every Y, = 0. (Firms switching from ito k
2t'fed/11v.()) ved in a positive value of |, .; there is not a negative value

1

(v) Unless firms behave very erratically, the functions (7.17)
must be smooth functions of all their arguments; we shall assume
that these functigns are at least twice differentiable.

Let us now Vf/'l']tf? down the revised version of (7.14), valid in the
presence of switching. The left-hand side of (7.14) is still valid, as
?;he 't(.)taJ outlay of those producers who plan to produce comm;d-
ity i in the year to come. On the right-hand side, we must correct
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for two effects: (1) some producers of other commodities last year
decide to switch to i, thereby bringing in their sales proceeds; and
(2) some producers of i last year decide to switch elsewhere, there-
by taking their sales proceeds elsewhere as well. The result (after
using commodity n as numeraire) is:

Z x:P; = ¥ (t)P; + Z Ui ¥y (P, — (L= ¥;,)y, (0P
=i (’;3 s
(7.18)

= 2 w,-kyk(t)Pk
k=1

Note that this reduces to (7.14) if we make the ‘no switching’’ as-
sumption wik = 0 fori# k, and x//l.l. =1,

It is obvious that equations (7.18) are much more complicated
than (7.14), in particular because we now require expected price
ratios next year and functions ‘I’ik describing producers’ reactions
to incentives to switch.

However, none of this turns out to be needed for a discussion of
local stability, in the immediate neighborhood of the balanced
growth path! Under our “‘smoothness’’ assumption (v) above, the
first partial derivatives of y;, with respect to Rk must vanish at
Rjr = 1 (since they vanish for all values below unity). Thus Y;p
behaves for small Rjp — 1, like (Rjp — 1)m with m greater than
one. The balanced growth path has Rz = 1,alliand k (equal rate
of return in all industries). Thus for small deviations from balance,
the fraction ;, switching from k to i (k # i) is of higher order
in the size of the deviation. Since the terms for no switching [right-
hand side of (7.14)] are linear in this size, the other terms can
be ignored as long as the deviations are really small. We conclude
that switching can be neglected so long as we are close to the bal-
anced growth path; switching does not influence local stability,
though of course it can influence the behavior of the system far
away from balance.

For local stability, we are therefore back at equations (7.12)
through (7.14). For just two commodities, n = 2, (7.13) yields:

Xy + Xy =y (t) and Xy, + Xy =2 (t) (7.19a)
Then (7.14) can be simplified:

X Py + %15 X 1=y, (£)P but xy; =y, () = X2
hence x,, P, = X, (7.19b)

These are three of the five equations we wrote down in section C;
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the other two are just the efficiency conditions (7.12), fori=j= 1
and for i = 2, j = 1, respectively. ’

Next, we show how the parameters in a production function
should be adjusted so that the balanced growth path, using these
production functions, agrees precisely with the balanced growth
path for a Leontief (fixed coefficients) system with some given
1nput-output matrix (ai.).13 The Leontief system determines price
ratios P¥ = p;."/pn*, quantity input ratios x../x. = a../a. , quantity
output ratios Y]* = y’f‘/yn*, and a growth factor a. To glgt the same
?esults from the prod’uction functions, we must impose the condi-
ions:

fi(ai1’ai2""’ ain): 1

2y vun s (7.20a)
£;;,8;,,...,0,)=Pf By nsB (7.20b)

The first of these asserts that the inputs x.. = ay¥

puts y.(t + 1) = ay* next th " * o AR
. ; y; next year (the ay; cancels because the f. are
linearly homogeneous). The second condition asserts that these

particular inputs are least-cost inputs at the balanced price ratios.
We take as our production functions the forms:

n -(1/p;)
Fiiy s %oy x) =| D0 Yy, P (7.21)
j=1
where the .. and the p. are constants. For n = 2, this is the so-

Cfilled C.E.S. (constant elasticity of substitution) production func-
tion. For all n, 8;j is then:

By@ips Fips -+ 2 %) = (vl )oxy, [, )P ! (7.22)
For the case n = 2, the elasticity of substitution is
0,= (p; + 1)t (7.23)

Conditions (7.20) are satisfied, it can be shown, when the con-
stants Vi equal:

vii = ala;)Pi* 1(p} [p}) (7.24)

’I_‘h‘u.s, once a Leontief input-output matrix (a..) and a set of elas-
ticities 0. are given, the production functions ol% form (7.21) which
lead to the same balanced growth path are determined uniquely
apd the marginal productivity ratios g.. turn out to be pai‘ticularh;
simple functions. X

Erom here on, one can proceed fairly straightforwardly to a
derivation of the stability condition of section C for the case n = 2.

13 : ; ,
We skip the mathematics of how one determines a balanced growth path
b

givena set ol lincarly homogeneous production funetions fx. ,x; X: )
PR T o U e L
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The derivation is, however, too lengthy and somewhat too heavy
mathematics for inclusion here.

Finally, let us indicate how equations (7.9) through (7.14) must
be altered to allow for several alternative ways of producing any
one commodity (but, no joint production). This then includes the
case of two commodities and three activities (two ways of produc-
ing iron, one way of producing corn).

Commodities are labeled by j = 1, 2,...,n, as before. Activi-
ties, however, are labeled by an index i which covers a wider range
of valuesi=1,2,...,I, with > n.In order to indicate which ac-
tivity produces which (unique) commodity, we partition the set of
activities { 1, 2,00 I} into subsets S;, S5, ..., S, such that ac-
tivities i € S: produce commodity j, only. Every index i is in one
and only one of the subsets S.. For the example at the end of
section C, the index set { 1,2, 3 } is partitioned into subsets
S, = { il } and S, = { 2; 3}, showing tnat activity 1 produces com-
modity 1 (corn); activities 2 and 3 both produce commodity 2
(iron). The symbol x,. now stands for the input quantity of com-
modity j for pursuing activity i, and yi(t) is the output quantity, at
the end of period t, from activity i; this output quantity is of course
measured in the units appropriate for that unique commodity
which is produced by activity i.

Equation (7.9) is altered only to the extent thati=1,2,...,1
now.
Equation (7.10) is altered in the same fashion, i=1,2,...,L

Now (7.11) is unchanged; (7.12) has i running from 1 to I; other-
wise it is identical. The market-clearing condition for quantities,
(7.13) is altered, however, and now reads:

DIETE 3 vty forj=1,2,...,n (7.25)

i=1 ieSj
where the quantity on the right-hand side is the total output ofj
from all those activities i which produced j in period t. In the ab-
sence of switching, condition (7.14) is unchanged, except that i =
1, 2,...,1— 1. The books of the final activity, I, must balance if
the books of all other activities have balanced. The argument for
ignoring switching in the immediate neighborhood of the balanced
growth path is unchanged.

The number of independent equations (7.12), (7.25), and (7.14)
isnow In—1)+n+ I—1)=In+n— 1. The number of un-
knowns is I X n unknown x, and n — 1 unknown P—thus, again,
equally many equations andl unknowns. (The really difficult com-
plications arise not from choice of alternative activities for pro-
ducing any one commodity but rather from joint production.)

BOOK III

Theories of
the Trade Cycle

Having deduced that steady balanced growth is dynamically un-
§table, we must ask what happens when growth is not character-
ized by steady-state expansion.

Chapter 8 explains that instability in the neighborhood of the
‘s‘tate of balanced growth need not imply that the system must

run away 'to infinity’’ or ‘‘collapse to zero.” This very common
mlsconct?ptlon is true if the dynamical system is linear, but is false
for nonlinear systems. These latter systems may exhibi,t a phenom-
enon called a“‘limit cycle,”” with very striking analogies to the well-
known trade cycle in economics. We therefore devote book III to
a survey and critique of economic theories of the trade cycle

Chapter 9 explains the acceleration principle, the accele;rator-
multiplier model of Samuelson, and the inventory cycle model of
Lloyd Metzler. This is standard material.

Chaptel: 10 is devoted to the models associated with the names
of John Hicks, Ragnar Frisch, and Richard Goodwin. The first two
typgs are well known, but the Goodwin model has not, in our view
received the attention it deserves. Qur discussion of :che Goodwir;
model is new and contains new results.

Chapter 11 turns to econometric models of the trade cycle and
results obtained from such models. The essential question is whether
such models “‘prove’’ stability of the economy. If they do, models
of the Hicks or Goodwin type are excluded, and Frisch-ty,pe mod-
gls' are the only acceptable ones. This is the standard doctrine; but
it is wrong. In section 11C, we show that the usual ecofxom:atric
fmalys.ls. is incapable of distinguishing between local stability and
instability of a model; in particular, an unstable model with a limit
cycle, when subjected to this analysis, emerges as being apparentl
shtablv. Fn section 11D, we exhibit an alternative method of amaly}i
sis, designed deliberately to test for a symmetry property (sym-
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metry between the ascending and descending phase of a typical
trade cycle) which is true of Frisch-type models but not necetssa.r-
ily true of nonlinear limit cycle models. The symmt‘etry'proper y ;ﬁ
question is clearly excluded by thle data, and with it so are
isch- models of the trade cycle. '

Fn;%f; tiyrrrl):;)lications of these new results for economic tl}gory ari
far-reaching. If the equilibrium state (or the.“r_novmg eql.llllbrlukl)lll
state which we call ‘‘balanced growth’’) is 1nh§renﬂy unstable,
then theoretical study of this state is of very little releyance to
what really happens to a competitive economy. The planning com-
mission of a communist state may attempt to.keep the s.ys.tenc;
close to balanced growth (though generally w1th' .rather }1m}te
success), but there is no such body under compfatlltlve capltihsm.
The competitive system must not be treated as if it shgul_d 1e in,
or near, the balanced growth state (or, even less realistically, afi
state of static equilibrium). The system, 1nstead,.has. a rxa"cfull'1
tendency to depart from this state and undergo osc1l%at10ns otht e
limit cycle (trade cycle) type. This conc_lusxon, arr?yed at theo-
retically, is confirmed by some two centun.es of empirical observa-
tion. It is about time we recognize the obvious facts about the sys-

tem in which we live.

CHAPTER 8

Limit cycles

A. Linear systems and their limitations

Instability of a balanced growth path, such as we found in chapter
7, is often interpreted as equivalent to ultimate failure of the un-
derlying theory. The conventional reasoning goes as follows:

If any small disturbance away from equilibrium tends to be am-
plified, then eventually the system must get into a completely im-
possible state (for example, we may be required to produce nega-
tive amounts of one or more commodities). Since we know from
experience that the actual economic system does not ever reach
such an impasse, any theory which leads to such a result must be
discarded as false.

In this chapter, we propose to show that this reasoning is invalid,
and its conclusion is incorrect.

Before doing so, however, let us first of all trace how this piece
of fallacious reasoning has come to be accepted so widely by econ-
omists. In our opinion, this is due to the fact that the above reason-
ing does work if the underlying system is a linear system, and econ-
omists have been exposed to linear systems much more than to
nonlinear systems.

For our purposes, a linear system can be defined as follows: It is
a system which has a state of equilibrium, which state may be
stable or unstable, and for which the deviations from this equilib-
rium state satisfy the following two conditions:

1. If a certain time-path of deviations from equilibrium’is a so-
lution to the dynamic equations of the system, then this time-path
can be scaled up or down by an arbitrary constant factor; the re-
sulting motion will then still be a solution of the equations of mo-
tion.

2. If two different time-paths of deviations from equilibrium are
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lutions of the equations of motion, then the tlme?-
;Zﬁ;;rzgg}ciirfgd by adding these two sets of deviations together is
ion of the equations of motion. _
als%k?es?rlllcl)ggls which v(\}e have been discussing 1n bpok,EI_ are linear
models in the above sense. The “state of .equlhbrlum is the ba.l-
anced growth path, ie., a growth equilibrium rather than a statgc
equilibrium. Deviations from this balanged gro_wth pa}th can lue.
scaled up arbitrarily, without thereby losing their validity as_s;;11 1
tions of the equations of motion of the system, mathematically
Spelgléi/rvlgl'et us see how this property of 1inear.ity‘ enters into the dis-
cussion of stability questions. If the system 1is linear, then large da(ii
viations from equilibrium behave exactly the same way as srfn
deviations, only scaled up by a (large) cons-tant factor. Thu:s, i we
know how a linear system behaves in re}atlon to small dev1at10r}s,
we can say precisely how this system will behave when the devia-
. e. . g
tlo;lrf ?)r:r};?glgllar, suppose that, in a linear syste‘m,'an initial small
deviation has a tendency to grow bigger. This 1is .t}.le .propertil‘l
which we have called ““local instability” of the equlhb.num pat
and which we have demonstrated in chapter 7. Then it followg,
from the linearity of the system, that th_e same tendency for dec;u-
ations to grow bigger is also true of mecﬁum-smed and o.f large de-
viations. Thus, as time goes on, the ir_utlal small de_zv1at10n grows
larger, and larger, and still larger, un‘tll'eventually it becomestm-
finitely large (in mathematical terms it 1s'unbou'nded).'The entire
system ‘‘runs off to infinity,” and there is nothing which we can
do;}l:iosu;icl:iﬁre underlies the conventional argument quotgd earllez.
For linear systems, there is no doubt thgt the argumer?t.ls .corr(?c .
If a system is truly linear, then instability of the equilibrium is a
theory. '
fatKIloIZZ u;hoziljctzf) suchrytrouble arises if the equ‘ilil.orium path 1s.d_y-
namically stable, i.e., if all possible initia‘l deviations from equilib-
rium have a tendency to grow smaller as time goes on. .
However, all this reasoning depends upon the l}near nature o
the system. We must therefore look iniio the qugstlon whether'a:;l-
tual economic systems are ever linear in the strict, mathemajclc
sense of our definition. We claim that this is never the case, Strictly
] onomic systems are nonlinear. -
spelt:lklgégc’)rfcl)lnficcs, there }r’nay be small deviatigns from equilibrium
(or from any reference state) in either direction, upward Qr down:
ward. But something is sure to go wrong when we attempt to scall(/
up such small fluctuations to the point where they become really
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large fluctuations. A large upward fluctuation is bound to run
afoul of some inherent limitation, for example, not enough land,
not enough raw materials, not enough labor. Well before that, the
fluctuation may produce market distortions which affect other ac-
tivities in the economy, in a way not encompassed within any set
of linear system equations. Thus, sufficiently large upward fluctu-
ations are highly likely to strike a ‘““ceiling’’ of some sort. Still, this
may conceivably happen only for such very large upward fluctua-
tions as are of no practical interest. But large downward fluctua-
tions are another matter. They must strike a “floor,”” since it is im-
possible to produce negative quantities of goods, charge negative
prices for them, produce them with negative inputs, on negative
amounts of land, etc., etc.

The economic requirement that all quantities and all prices
must be nonnegative means, as an automatic, logical consequence,
that no economic theory can be both economically valid under all
conditions and, in a mathematical sense, strictly linear. It may be
one or the other, but not both.

Why, then, is so much mathematical modeling in economics
done with linear systems? The answer reflects little credit on ap-
plied mathematicians: Linear systems are infinitely easier to handle,
mathematically, than nonlinear systems. For the sake of mathe-
matical convenience, and very largely just for that one reason, do
we so often do major violence to a realistic description of the
world in which we live.

Still, this is not the only reason. Circumstances do exist in which
a linear model, though not strictly valid, is at least approximately
valid; indeed, the approximation may be quite good. What, then,
are these circumstances? They arise when the equilibrium is stable.
Suppose this is true. If the initial deviation of the state from equi-
librium is not too large, then the future deviations from equilib-
rium will be even smaller, until we approach full equilibrium in the
end. If the linear approximation to the true system is of adequate
accuracy for our purposes at the initial time ¢t = 0, then it will be
of even better accuracy (since we shall then be closer to the equi-
librium state) at all future times ¢t. If the system is locally stable,

and initial deviations from equilibrium are not too large, a linear
approximation to the system equations can be an entirely ade-
quate treatment. ¥

At this stage, the desperate quest for local stability becomes un-
derstandable, though still not excusable. If the system is locally
stable, chen we are justified in using a linear set of system equations
as an approximate treatment.

But what il the approximate, linear set of system equations leads
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to local instability of the equilibrium? Then any initial small devi-
ation from equilibrium becomes larger and larger as time goes on,
until eventually, and inevitably, it gets to be so large that we move
out of the range of validity of the linear approximation.

We have now come full circle, to return to the “argument’’ given
at the very beginning of this section. This argument is invalid be-
cause it makes the silent assumption that the system behaves, in
states far away from equilibrium, in exactly the same way as it be-
haves in the immediate neighborhood of the equilibrium state.
This assumption, though true for strictly linear systems, is false for
almost every actual system known to man. Since the argument is
based on a (hidden) false assumption, it is an invalid argument.
The conclusion does not follow from the premises.

The true and correct conclusion is quite different. It is this: If a
system shows local instability around the equilibrium path, then
this system cannot be described adequately by any linear approxi-
mation to the system equations.

To anyone familiar with the real difficulties involved in the
mathematics of nonlinear systems, this is quite bad enough. But it
is not the ultimate disaster postulated in the usual, invalid, argu-
ment. A linear theory which leads to local instability may be quite
acceptable in the immediate neighborhood of equilibrium and
need not be rejected once and for all because of the instability.
Rather, if the linear approximation is unstable, the theory must be
amended and improved, so as to allow for the unavoidable non-
linear effects far away from equilibrium.

B. Limit cycles

If the system is nonlinear, it is no longer possible to deduce, from
what the system does close to equilibrium, what it will do far
away from equilibrium. The range of possibilities is now very
much larger than a simple choice between “stable,”” and “unstable.”

In particular, it is entirely possible for a nonlinear system to be
“locally unstable” and yet “pounded.” “Local instability”’ means
that small deviations from the equilibrium path tend to grow big-
ger. “Boundedness””! means that no large deviation ever becomes
infinitely large; i.e., the motion of the system never runs out of
bounds, altogether.

The conventional (invalid) argument asserts that, from observa-
tion, no economic system is unbounded. True enough. But for a

I The usual mathematical term is “global stability,” but this is used in a differ-

ent sense in the literature of economics; hence we use the term “bounded-
"
ness.
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(a) (b)

Figure 8.1

A schematic picture of a system in a limit cycle. To the left is a
glas§ of water, cooler than the surrounding air. To its right, a “bird”’
is pivoted so it can dip into this water. Successive picturés (a), (b)
(c), and (d) show positions of the bird, with an indication of t,he ,
position of the fluid inside the bird’s body. In positions (a), (b), and
(d), but not in position (c), the fluid separates the body (;f ail" in
the bird’s head from the other body of air in the bird’s bottom bulb.
E.(;_nthnear system, it is not true that boundedness implies local sta-
ility.

As an Qxample of the way in which nonlinear systems can be-
have, ft()l]Sl(l(?Y the noneconomic system depicted, with a good deal
of artistic license, in FFigure 8.1. This system consists of the figure
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of a bird with a long beak and a hollow body, made of glass,
mounted so that the figure can rotate up or down. When it rotates
down, the beak of the bird eventually dips into the water in the
glass next to the bird. In operation, the bird keeps dipping its beak
into the water, shooting up rapidly into a vertical position, then
slowly coming down until the beak touches the water again, and
so on, indefinitely.

Let us explain briefly what actually happens. The body of the
bird, as well as the head and the beak, are hollow. Within it, there
is a glass tube which holds a colored liquid. In Figure 8.1(a), the
bird is balanced in an intermediate position. The colored liquid
then separates two bodies of gas from each other: One is up on
top within the “head” of the bird; the other is at the bottom, in-
side the glass bulb which forms the bird’s “body.”

The outside of the beak of the bird is covered with cold water,
from the last time that the beak dipped into the glass of cold
water. The water on the beak is cold itself, and more cooling is
provided by evaporation of this water into the air of the room.
Thus the body of gas trapped in the “head” of the bird is cooled
down and therefore tends to contract. No such influence is work-
ing on the other body of gas, down below. On the contrary, if this
gas was somewhat colder than room temperature originally (the
usual situation), then it tends to warm up to room temperature
and hence to expand. This double action forces some of the liquid
out of the bulb and up into the tube. Asaresult, the distribution of
weight within the bird alters so as to make it more top-heavy. The
bird therefore dips, slowly, closer to the glass of water, as shown
in Figure 8.1(b).

As this process continues, the bird dips down more and more,
until it reaches a nearly horizontal position, with its beak inside
the cold water, as shown in Figure 8.1(c). In this position, the two
bodies of gas (the cold one near the beak, and the warmer one
near the tail) can communicate with each other, being no longer
separated by a layer of liquid. As soon as these bodies of gas do
communicate, their pressures and temperatures are equalized rap-
idly. The liquid, which is now no longer subject to a pressure dif-
ferential, collects again in the glass bulb at the bottom. This weighs
down the bottom of the bird, so that the bird rapidly assumes an
upright position, as shown in Figure 8.1d. In this position, and at
this moment, the two volumes of gas are separated from each
other by liquid, but they are at equal temperature (slightly below
room temperature) and at equal pressure.

However, this balance does not last. Since the outside of the
beak has been dipped into cold water, some cold water adheres to

LIMIT CYCLES 155

1} HEIGHT
OF
BEAK
1 1 1
a bcd L
TIME
Figure 8.2

A schematic plot of the position of the bird, as indicated by the
h_eight of its beak above ground level, as a function of time. The
times corresponding to positions (a) to (d) of Figure 8.1 are
l‘abeled a, b, ¢, and d on the time axis. Note the lack of symmetry
in time: the bird dips down slowly, but rises very rapidly.

the beak. This proceeds to cool the upper volume of gas, both di-
rectly and through evaporation of the water into the air of the
room. Thus the whole process repeats.

If we take the tip of the beak as our reference point, we may
plot its height above the table, as a function of time. This plot is
shown, schematically, in Figure 8.2. In this figure, we have indi-
cated the states corresponding to Figures 8.1a to 8.1d by points
labeled a to d on the time axis.

This motion is a special example of what is called a limit cycle.
“Cycle” means that the motion repeats indefinitely. It is a “limit”’
cycle if the same motion is approached eventually, no matter how
we start off the system initially.

Let us now list a number of properties which are typical of this
and many other, limit cycles: ’

1. The ultimate motion in a limit cycle does not depend on how
Fhe system is started off initially. Rather, the same eventual motion
is approached from a large number of different initial conditions.

2. The motion maintains itself intact, but it is not a state of
equilibrium. It is a stable motion but not a stable point. °

3. The motion is fixed in scale. It can be neither scaled up nor
scaled down without thereby becoming a motion impossible for
the system to perform (i.e., a motion inconsistent with the equa-
tions of motion of the system).

4. The motion is unsymmetric in time. The time taken for the
Lip of the beak to rise from its lowest point (in the water) to its
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highest point is very short, compared to the time for the reverse
motion. This lack of symmetry in time between “‘going up” and
“going down”’ is not a universal feature of all limit cycles—some
have it, some do not. But when a repetitive motion does happen to
be unsymmetrical in this sense, then this is a clear indication that
the underlying system is a nonlinear system. It is a mathematical
theorem that all linear systems give rise to symmetrical cycles.

5. To the casual observer, the bird appears to be a “perpetuum
mobile,” continuing to go through its motion without any supply
of energy from outside. This impression is misleading, however.
The operation depends on there being a difference in temperature
between the cold water in the glass of water and the air surround-
ing the bird. In the absence of such a temperature differential, the
motion stops. Thus, the bird is a simple heat engine, with heat en-
ergy used to combat the frictional effects which would stop the
motion otherwise. A static, or point, equilibrium can be main-
tained without any external supply of energy. But a limit cycle re-
quires energy from outside to keep operating.

6. In Figure 8.1a, the position shown is one of constrained, or
limited, equilibrium. If the temperature and pressure levels in the
two bodies of gas could remain unchanged, then this position of
the bird is in balance, even in stable balance (displace the bird
slightly, and it tends to return to that position). Similarly, the po-
sitions shown in Figures 8.1b and 8.1d are constrained equilibria.
This is not true for all temporary positions within this limit cycle:
Figure 8.1c is in disequilibrium, even locally; rapid changes occur
there. The point we wish to make is this: The appearance of posi-
tions of (constrained) local equilibrium cannot be used as an argu-
ment against the existence of an overall limit cycle motion. Such
positions can occur easily within a limit cycle.

7.1n spite of their relative unfamiliarity to economists, limit
cycle motions are by no means rare or unusual. On the contrary,
all man-made engines run on limit cycles! They perform repetitive
motions, based on an external supply of energy (be it electricity,
or chemical energy from burning some fuel, or nuclear energy, or
solar energy); the eventual motion is regular and stable and does
not depend on how it was started off; nor can it be scaled freely.
It is only in the abstract world of applied mathematicians, not in
the real world, that linear systems rule the roost.

Although we are stressing the limit cycle as a possibility in non-
linear systems, it is by no means the only possibility unexpected
from a study of linear systems. One particularly intriguing type of
motion was discovered as late as 1963 (Lorenz 1963); it is called
“strange attractors.” The motion appears to approach one limiting
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state (call it A); but then it suddenly veers off and proceeds to ap-
proach a second, quite different, limiting state (call that one B);
but before it reaches that state, it suddenly veers off once more,
and starts to approach state A again; and so on and on, ad infini-
tem. The ‘“veering off” times are essentially unpredictable, even
though the equations of motion are mathematically deter;ninis-
.tlgz_The precise times depend crucially upon the tiniest changes in
initial conditions. For more about this, see Hellman (1980)
Holmes (1979), and Leipnik (1981). We shall encounter strange at:
tractors once more, briefly, in section 9B. But we doubt that they

are likely candidates for the description of realistic dynamic eco-
nomic systems.

C. The nineteenth-century trade cycle

In chapter 7 we demonstrated local instability of the balanced
growth path of a competitive economy practicing “perfect thrift.’”
Tbe model used was a linear model, and we now know that ins'ta-
bllity of a linear model’s equilibrium means that the linear ap-
proximation is not adequate. A nonlinear model of some sort is
required.

For example, one of our system specifications in chapter 7 was

that the auctioneer must see to it that the market clears. But if the
market can clear only when a negative quantity of iron is pro-
ducgd next year, then the market cannot clear, no matter what the
auctioneer does. Thus, at this stage at the very latest, but probably
much sooner than that in practice, the system specification must
gltex:. The auctioneer must be instructed what to do if market clear-
ing is no longer possible. This is a “nonlinear” instruction: It ap-
phes if and only if the deviations from equilibrium are large and is
irrelevant for small deviations. We do not go into details, since the
whole_system is insufficiently realistic. But nonlinear effects must
come in, somehow.
. .Once we leave the realm of linear systems, all sorts of possibil-
ities open up. The occurrence of a limit cycle is one possibility
but by no means the only one. Yet, before embarking on compli:
cated theoretical speculation, it is reasonable to first take a look at
the historical reality for competitive economic systems, to see
whether we can detect anything which looks similar to’ a limit
cycle.. If we can find behavior of that type within historical data
then it is an incentive to explore the possibilities of a limit cycle ir;
economics, from the theoretical point of view.

2
Perfect thrift is admi i
y B ittedly an extreme assumption, | i
\ ‘me ass hut gets rid of
problems. : ' g cholimang
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The history we shall look at is nineteenth-centm.'y history. Ip
the nineteenth century, particularly in the United Kingdom, capi-
talism had been largely freed from the earlier state interference as-
sociated with the mercantile system. Indeed, the governm‘?nt‘s of
that day were so imbued with the virtues of free trade and ‘‘laissez
faire. laissez aller” that they failed to interfere even to save hu-
man’lives: In the Irish potato famine of the “hungry fort‘les,” the
British government refused to supply food because this wguld
have been an interference with the free market. In theiother direc-
tion, the nineteenth century was largely free of 1?he mﬂuencg of
monopolies and oligopolies, which are so preyalent in the; t‘v:/entlet?,
century. The Standard Oil Company, the first of the.blg .trusts,_
was formed around 1880; this marks the end of the hlst.o‘rlcal peri-
od which can be compared validly with a simple competitive model
of the economy. After the worldwide depression of .tl}e 1870s,
business leaders tended to reject unrestricted competition, more
and more.

Looked at on an overall scale, the nineteenth century was a pe-
riod of enormous economic growth. But this growth. was by no
means steady and balanced. On the contrary, there,e e?usted a qlear
and pronounced ‘“‘trade cycle” (‘“‘business .cycle ’_ in Amerlc.a).
Periods of slowly, and then more rapidly, increasing prospe?ltz
were followed by wild speculative booms, ending in a ‘‘panic.
Then the cycle started up again.’ .

We shall concentrate on the British economy, because: (1) it
was the dominant economy of the nineteenth century; (2) the
British government (unlike the French, for example) was com-

itted to laissez-faire. ‘
ml’tl‘tﬁe British economy went through a panic in 1816, following
the conclusion of the Napoleonic wars. The subsequent recovery
was rapid and led to a boom, which was terminated by tl_le panic
of 1825. This panic seems to have been triggered off by Wll-d spec-
ulation in loans to the new governments of the Sout'h.Amencan re-

publics, and in stocks of raw materials used by British ex.port in-
dustries. Next, there was a period of depression and panics from
1836 to 1839. Britain’s difficulties in that period may havg been
exacerbated by the actions of President Andrew Jackson in the
United States, especially his withdrawal of gover'nment;.deposws
from the second Bank of the United States, an action which effec-

3¢«Panic” was the word used then, and a very accurate descrlp‘t‘:lve worfl, to?’.
Our modern penchant for weasel-wording has le(} to, in lIsum, deplrsesslo‘rtl‘sr,neg
“yecessions,”” and even ‘“‘growth pauses’” (Galbraith 1'979, p. 1053).. ometi ”)‘
a technical distinction is made between a mf)r_\etary liquidity crisis (“panic
and the ensuing depression. We mean the crisis stage here.
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tively destroyed that institution’s status as a central bank.

The subsequent recovery was rather slow and did not really get
well under way until about 1843. Railway building started to
boom, but this boom did not extend to the cotton industry, and
the potato blight of 1844 in Ireland was a major disaster. A fierce
speculation in the cereal market of early 1847 was followed by an
unexpectedly good harvest in the summer. The resulting fall in
prices ruined many speculators. Their bankruptcies led to suspen-
sion of payments by some banks, and that in turn led to a full-
scale panic. This 1847 panic was particularly striking, since the
British government under Sir Robert Peel had passed, only three
years earlier, the 1844 Bank Charter Act, which was supposed to
prevent panics once and for all. Now the government had to eat its
words. It had to authorize the Bank of England to break the law
of England, giving the Bank the authority to issue whatever vol-
ume of bank notes might be required to stem the panic (Ward-
Perkins 1950). It is entirely possible that the panic of 1847, which
extended well beyond the British economy, was at least in part re-
sponsible for the ‘“‘year of revolutions’ in Europe, the year 1848.

The next panic came in 1857. It may have been triggered off by
wild speculation in railway company shares, particularly of U.S.
railways.

Not so the panic of 1866: that one was triggered off right with-
in Britain, by the collapse of the “bill-broking” house of Overend
and Gurney in London. The “bills”” were commercial bills of ex-
change, usually rather short-term (three months was typical). In
this specialized financial market, Overend and Gurney had built up
a leading position. But this company had extended its operations
into other fields, including some very unsound speculative invest-
ments. On “black Friday” (11 May 1866) the panic was so bad
that the reserves of the Bank of England, normally between 10
and 20 million poundsin gold, fell by 4 million pounds in one day!
Once more, the government was forced to authorize the Bank of
England to issue bank notes freely, in defiance of the Bank Char-
ter Act.

While the 1866 panic was set off by ‘“‘domestic’’ events in Britain,
the 1873 panic followed another wild spree in U.S. railway shares.
Another factor in that panic was money paid by France to Imper-
ial Germany, following the French defeat in the war of 1870; the
French reparations payments to the Germans went via the London
money market, thereby making that market more unstable and less
able to resist shocks.

We shall stop our super-abbreviated potted history here. Enough
has been said to make it clear that the uncontrolled competitive
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economy of the nineteenth century was by no means the smooth
paradise envisaged by some of our modern economists who blame
all troubles on government interference with the economy
and would have us go back to an uncontrolled ‘““free market.”
There was no government interference with the free market in
those days; yet panics were by no means exceptional, unexpected
events. On the contrary, the trade cycle with its recurrent panics
was the normal pattern of nineteenth-century economic develop-
ment.*

If we take the period from the end of the 1816 depression to
the panic of 1873, we can count 6 full cycles in approximately 57
years, an average of 9 to 10 years per cycle. The actual intervals
between panics ranged from a low of 7 years, to more than 11
years. Thus the nineteenth-century trade cycle was by no means as
regular as our mechanical example. But, and this is much more im-
portant for us, neither was nineteenth-century growth at all steady
or balanced. Periods of growth alternated with sudden panics in
which the rate of growth declined sharply, and even became nega-
tive for short periods.

In our brief historical summary, we have mentioned some of the
explanations of the various panics found in the literature. These
supposed causes range from aftereffects of a war to excessive spec-
ulation in U.S. railway shares. They differ from one panic to the
next. We do not wish to dispute these explanations as such. But
we cannot help but be terribly dissatisfied with this whole kind of
explanation, which treats each panic as a separate, entirely new
and distinctive event, which must be “explained” by a cause all
its own. Actually, nineteenth-century panics were a recurrent, re-
peated, and practically predictable occurrence. Special explana-
tions may, and probably do, enable us to understand just what
caused an inherently unstable and overextended state of the econ-
omy to collapse suddenly into wild panic.

But these special explanations fail completely to explain the
much more important fact that the economic system developed
from aftermath of a panic, through prosperity, boom, and asso-
ciated speculation, to reach another inherently unstable and over-
extended state, time and time again with absolute regularity. What
we must look for is not special causes peculiar to each panic, but
general causes for this general development of a competitive econ-
omy without government interference.

4 We have taken much of our abbreviated account from Flamant (1968). The
literature on this topic is enormous, e.g., Matthews (1959), Rostow (1948),
and references within those books. Some economists, e.g., Brems (1977), are
so willing to ignore obvious facts as to quote nineteenth-century data as an
example of the validity of neoclassical balanced growth theories!

¥
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D. A program for dynamic economics

At this stage of the argument, we feel free to offer a conjecture:
The repeated development of an unstable state of the economy is
associated with, and indeed is an unavoidable consequence of, the
local instability of the state of balanced growth.

In chapter 7 we demonstrated that, under the most favorable as-
sumptions for stability, balanced growth is unstable locally. Small
deviations from balance tend to grow. We do not maintain, and in-
deed we do not believe, that the precise nature of the imbalance of
our oversimplified model (imbalance between outputs of various
commodities) is the most important in reality. The model was con-
structed deliberately to exclude all sorts of possibilities which
might lead to instability in the real world, so as to produce a
model biased in favor of stability. In the real world, these other
sources of instability (for example, in financial markets®) are pres-
ent and must not be ignored. Thus, the actual type of imbalance
may differ quite significantly from the simple model. But what the
model does show is that we must expect instability of balanced
growth.

Now, if balanced growth is unstable, then actual growth will
normally be unbalanced. As unbalanced growth continues for
some time, it is bound to lead to a more and more unbalanced state
of the economy as a wholé. Such an unbalanced state is necessarily
unstable and can collapse easily into a state of panic when sub-
jected to even a slight shock, such as collapse of a major bank, fail-
ure of an important crop, or else an unexpectedly successful har-
vest, etc. etc. In this view, the repeated development of an un-
stable state of the economy is a consequence of the instability of
balanced growth.

Since the economic system is much more complex than any
simple mechanical example, the motion of the economic system is
not completely regular or strictly repetitive. In particular, it is im-
possible to predict just what event will set off the next panic, or
just when it will strike. But strike it will, since the state of the eco-
nomic system becomes steadily more and more removed from bal-
ance and stability as time goes on. Something must break even-
tually.

From this point of view, the trade cycle is not a mere fluctua-
tion superimposed on a state of steady, balanced growth; rather,
the trade cycle is part of the very process of growth in a competi-
tive economy. We intend to accept this picture as our working
hypothesis in what follows, and we shall investigate existing the-

’ Minsky (1977).
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ories of the trade cycle from this point of view. Let us now list
some of the implications of such a program of theoretical research:

1. The state of balanced growth, which has been studied so ex-
tensively, is uninteresting (since it is unstable). Actual growth is
cyclical in nature and is not at all similar to balanced growth.

2. The argument which has been shown to be invalid (in section
A) must be “stood on its head.” The correct argument reads: “His-
torical experience with a competitive system indicates that such a
system goes through a regular trade cycle. Any theoretical model
with a stable balanced growth path fails to show this observed
type of behavior and must therefore be excluded. Thus, the ap-
pearance of stability of the balanced growth path is a sign of fail-
ure of the theoretical model.”

3. Since no linear theory can lead to a limit cycle (this is a
mathematical theorem), any realistic economic model must be
essentially nonlinear. Far from being an advantage, strict linearity
of an economic model is a fatal drawback which cannot be toler-
ated. (Note: This refers to strict mathematical linearity; an other-
wise linear model with “floors” and/or ‘ceilings’ is nonlinear,
from a mathematical point of view.)®

4. Since balanced growth is locally unstable, investigations of
“growth equilibrium” are of no scientific interest in economics.
The state so found may exist, but it cannot maintain itself for any
length of time. Economic theories based upon growth equilibrium
plus small deviations from that state are unsuitable as a basis for
explaining reality.

By now, we see that our working hypothesis has cut quite a
swathe through the conventional economic literature. By the time
we discard all systems with a stable equilibrium (static or growth
equilibrium; it does not matter), all linear systems, and all time-
independent systems, there is mighty little left. It is a consequence
of our working hypothesis that the science of economics must be
started afresh.

The main foundation for dynamic economics, to which we can,
and will, return is the Tableau Economique of Francois Quesnay
(1760). This picture of the economic system as a circular flow sur-
vives, since it does not assume stability or equilibrium, but rather
is capable of describing states far removed from either. The more
one reflects on the history of economic thought, the more one is

6The best-known economic model with ceilings and floors is the Hicks (1950)
model, which we shall discuss at some length in a later chapter. Also, the im-
portance of nonlinearity and the idea of a “limit cycle” has been stressed very
strongly by R. M. Goodwin (1967, 1972). This work deserves much more atl-
tention than it has received so far. The Goodwin model is discussed in section
10C. An early suggestion of limit eycles was made by Samuelson (1939 a).
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impressed by the towering genius of Quesnay.

E. A digression on natural price

The instability of the balanced state of the economy has some in-
teresting consequences for a long-standing controversy in econom-
ics, namely, the theory of “natural price” or “exchange value.”
The essentials of these concepts were used by Adam Smith (1776),
by Ricardo (1821), and by Marx (1867). Adam Smith defines his
“natural price” as follows (p. 55):

There is in every society or neighbourhood an ordinary or average rate
both of wages and profit in every different employment of labour and
stock. . .. There is likewise in every society or neighbourhood an ordi-
nary or average rate of rent. ... These ordinary or average rates may be
called the natural rates of wages, profit, and rent, at the time and place in
which they commonly prevail. When the price of any commodity is
neither more nor less then what is sufficient to pay the rent of the land,
the wages of the labour, and the profits of the stock employed in raising,
preparing, and bringing it to market, according to their natural rates, the
commodity is then sold for what may be called its natural price.

The advantage of such a concept for theoretical economics is
stressed ably by Ricardo (1821, p. 50):

Having fully acknowledged the temporary effects which, in particular
employments of capital, may be produced on the prices of commodities,
as well as on the wages of labour, and the profits of stock, by accidental
causes, without influencing the general price of commodities, wages, or
profits, since these effects are equally operative in all stages of society,
we will leave them entirely out of our consideration whilst we are treat-
ing of the laws which regulate natural prices, natural wages, and natural
profits, effects totally independent of these accidental causes. In speak-
ing, then, of the exchangeable value of commodities, or the power of
purchasing possessed by any one commodity, I mean always that power
which it would possess if not disturbed by any temporary or accidental
cause, and which is its natural price.

It is this natural price, or exchange value, not the momentary
current market price, which was the main concern of the classical
economists. To the extent that more recent economists accept
stability of general equilibrium, the general equilibrium price be-
comes a similar pivot about which current market price§ are sup-
posed to move and therefore assumes the role of a neoclassical
substitute for the classical notion of “natural price.”””

All this is fine if, but only if, the “natural price” is stable, in

We do not maintain that neoclassical equilibrium prices are equivalent to
classical natural prices, merely that the two concepts fulfill similar roles in
enabling theorists Lo circumvent discussion of time-dependent effects.
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the sense that actual market prices tend, of themselves under the
action of free competition, to return to this natural price after any
deviation. .

However, one of the constituents of the “natural price” is the
ordinary or average rate of profit. Historically, this rate shows no
stability whatsoever. On the contrary, over the course of thg tradf:
cycle, profits exhibit enomously strong, entirely systematic vari-
ations. The size of these variations is as big, or bigger, than the
average level of profits (averaged over the entire cycle). Thgse
profit fluctuations are by no means random, from one enterprise
to the next. Rather, they pervade the entire economy at once, mn-
cluding all enterprises within it. When “trade is good,’’ everyone
makes good profits; when ‘‘trade is bad,” even otherwise sound en-
terprises may find themselves unable to meet their bills. In many
instances, profits turn negative during and immediately follqwmg a
panic. The current level of profits, in turn, influences prices of
capital goods, share market prices, etc. etc. Thus, the repercussions
extend throughout the economy.

Under such conditions, the concept of a ‘“natural price”” be-
comes of very questionable value. A “natural price’” which is not
the center around which actual prices revolve, except in a long-
term average of ten years or so, is not suitable to be used in the
way that Ricardo and other economists want to use it: The “tem-
porary effects” by which prices deviate from such aﬁ1f1¢1al “nat-
ural prices” are neither “accidental” nor “without influence on
the general price of commodities, wages or profits.”” From our
point of view, there is nothing “accidental”” about the trade cycle
—it is an inherent property of the economic system under discus-
sion; and one must be deliberately blind to fail to note the influ-
ence of this trade cycle on “the general price of commoditigs,
wages, or profits.” In spite of Ricardo’s strong words, the devia-
tions from his “natural price’” are not “temporary or accidental”’
and must not be left “entirely out of our consideration.” They are
not accidents of economic life—they are an essential part of it.

No realistic theory of economic behavior can be built by start-
ing from a long-term average, when the deviations from that aver-
age are entirely comparable to the average value itself and are fur-
thermore decidedly systematic in nature. To the extent that “ngt—
ural price” or ‘“‘exchange value” is taken to have the properties
postulated for it by the classical economists, we are forced to the
conclusion that this concept is one of the famous “empty boxes’
of economics: a theoretical concept to which there is no counter-
part in real economic life. There is a market price, sure enough;
and, in any short period of time, there exists an average market
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price for each commodity, with actual prices fluctuating about
this average in the short term. But these average prices are not con-
stant in time but rather vary with time systematically and signifi-
cantly, as the trade cycle proceeds on its course.

After two hundred years of often violent debate over competing
theories of exchange value or natural price,® it is likely to come as
an anticlimax of massive proportions to find that the very concept
of exchange value, as used by the classics, is nothing but an “‘emp-
ty box.” Nonetheless, there is no way to escape this conclusion.

Of the various classical schools of economics, only the physio-
crats, starting with Quesnay, had a plausible reason for ignoring
trade cycle fluctuations. Ever since the disastrous outcome of
John Law’s ‘“Mississippi bubble” speculative schemes (the bubble
burst in 1720), commercial speculation had a very bad name in
eighteenth-century France and was kept under the strictest con-
trol. The economy of France, as a result, was much less subject to
recurrent booms and panics than was the economy of eighteenth-
century Britain. The French economy pursued an even, regular
course by comparison. Steadily and surely, without faltering on its
way, it descended into ultimate disaster.

It is highly ironic that the one school of classical economics
which had good cause to ignore fluctuations and instabilities was
exactly the school which produced the only suitable method for
handling such problems: the Tableau Economique. All the other
schools have reasoned in terms of a basically stable system, with
an associated stable “natural price’ for each commodity.

Exactly through this form of reasoning, by ‘leaving entirely out
of our consideration” some highly important effects, these schools
of economics have tended to lose touch with economic reality.
Ricardo denied the very possibility of a ‘“‘general glut’’ of goods, in
spite of absolutely overwhelming contemporary evidence that the
phenomenon he was denying was occurring under his very nose.
His logically plausible grounds were that general overproduction
cannot occur in a balanced system which is stable. Indeed, it can-
not; unfortunately, the actual system does not possess the proper-
ties which Ricardo assumed.’

SSee, for example, Hunt (1972), Harris (1978), Pasinetti (1977), Samuelson
(1973), Walsh (1980).

o1t is widely believed that a long-term (ten-year) average over trade cycle fluc-
tuations can be described correctly by ignoring the fluctuations altogether,
i.e., by equilibrium theory. This is wrong mathematically : The average over

a limit cycle is not equal to the value at the unstable equilibrium point within
the limit cycle. In chapter 14, we return to this point in more detail, in con-
nection with Ricardo’s predictions for the relative position of landlords and
industrialists in the long run.
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From our point of view, the essential aspect of an economic
theory is not its concept of exchange value or natura} price, b}lt
rather the attitude taken toward the Tableau Econgmlque and its
implications. Theories which take into account the circular flow of
goods and of money, and only those theories, allow‘one to go be-
yond the markets for goods to the system of productlol} and circu-
lation of these goods, and hence to make real progress in dynamic

economics.

CHAPTER 9

Schematic trade cycle models:
part I

A. Introduction: the acceleration principle

In this and the next chapter, we introduce the main schematic
models of the trade cycle in the literature. Much of this material
can be found in the excellent little book by Nicholas Rau (1974),
but, as becomes evident, we do not always agree with the conclu-
sions in the literature.

All these “schematic’ models have certain common properties.

1. The models are highly ‘“‘aggregated” or “macroeconomic’ in
nature, working with “total output” Y, “investment”’ 1, ““‘consump-
tion” C, “stocks” (also called “inventories™) S, and so on. All
these are sums over rather disparate things. For example, ‘“‘con-
sumption” includes various food commodities, items of clothing,
motor cars, etc. They are aggregated in terms of total value, either
at current prices, or at “‘constant’ prices.

2. Therefore these crude models find it difficult to handle both
quantities and prices. Largely for this reason, the analysis, such as
it is, proceeds in “purely real” terms; i.e., price changes are ig-
nored by means of reduction to “‘constant”’ prices.

3. The usual models all use period analysis; i.e., time is divided
into fixed periods. The period is sometimes one year, more often a
quarter of a year. Aggregates at time ¢, thought of as the end of
period number ¢, are related to the same, and other, aggregates one
or more periods earlier. As a result, the choice of the period is im-
portant in understanding and analyzing each model.

To introduce the basic concepts, let us consider the relationship
between consumption demand C(t) at time ¢ and national income
Y. Consumption is expected to increase with income. Over a not
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too wide range of incomes, we should then be able to approximate
this relationship by a straight line:

C=10; +mY¥

where C, and m are constants. The quantity m is the “marginal
propensity to consume”’ of Keynes (1936) and is expected to lie
between zero and one, rather closer to the upper limit. A small in-
crease dY in national income results in an increase dC = m X dY
in consumption; the rest, (1 — m)dY, appears as savings, that is, is
not spent on consumption.

The consumption-income relationship must be taken with some
caution. First, it is at best a rough approximation, valid only (if at
all) for a narrow range of incomes Y. In particular, it is not per-
mitted to set Y = 0 in this relationship, so that C, is interpreted
as that level of consumption corresponding to zero national in-
come. The straight line is an approximation valid only over a lim-
ited region of Y-values and must be modified long before we reach
Y=0.

The second caution refers to time lags. People need time to ad-
just to a change in income. Thus, consumption demand C(t) in pe-
riod t should be related to income Y in an earlier period. To keep
things simple for now, let this earlier period be the one immediate-
ly before, so that we write:

oty = Gy + m¥ii=1)

This is our consumption equation.

Next, we require an investment equation. Some investment is
needed to replace capital stock which has worn out. This “‘replace-
ment investment’ is not counted as part of net investment. On the
other hand, if we wish to, or expect to have to, plan for increased
output in the future, then we must invest in an increased capital
stock to make this possible. As the simplest imaginable case, as-
sume that there exists a simple proportional relationship between
the current stock of capital K! and the level of output Y which
can be achieved with this stock of capital:

I There are enormous, probably insurmountable, difficulties in the way of de-
fining this quantity K unambiguously (Robinson 1954, Harcourt 1972). Capi-
tal can be “aggregated” only in terms of values, but the value of a piece of
capital equipment depends on such things as the rate of return. The simple
schematic models discussed here are not robust enough to be subjected to
such fundamental criticism. Let us aggregate K by valuing each “machine’ at
its cost price, perhaps corrected to “constant prices” by some price index.
More searching questions must be avoided by the process of firmly closing
both eyes. In practical work, but not in theory, this difficulty can be circum-
vented by working with incremental, not total, quantities (Eichner 1980,

p. 173-176).
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K =vY

Herg v is a constant, which will turn out to be the so-called ‘“accel-
eration coefficient.” This term was introduced by John Maurice
Clark (191'.7.). If output is to increase by § Y in the next period, we
require an increase of vdY in the capital stock; this extra cag,)ital
stock represents net investment. If the constant v exceeds unit

(the us.ual case) then increases in expected or desired output imp1§
larggr increases in necessary capital stock, and hence substantial
net 1nv‘es‘tment. In the simplest form of the acceleration principle,?
we anticipate an output increase, during period ¢, of §Y = Y(¢t — 1),—
Y(t — 2) (the actual increase of the most recent past), and we
tbe:refore schedule an investment I = 6K = vdY to cove; this an-
ticipated extra demand. In addition, there will be some ‘‘auton-
omous” net investment I, which is not related directly to imme-

diate changes of demand. We i
. put these together t in-
vestment equation : ’ o obtein them

Ity=1I, +v[Y(t—1)—Y({t—2)]
Here I, and v are constants, called ‘“autonomous investment’’ and
“accelerator,” respectively.
Before proceeding further, it is desirable to take a careful look
at this ‘“‘accelerator” constant v. In the relationship K = vY, K is a
s?ock whereas Y is a flow. Hence v = K/Y has the dimensié)n of a
tm’.te. As a crude first approximation, v is that time (measured in
units o.f the “period” of our period analysis) needed to replenish
1';he entire stock of capital K if the entire current rate of output Y
is u‘sed for no other purpose. In modern developed economies, the
capital stock could not be replaced in less than two years ,with
perhaps four years as a more realistic estimate. On the other,hand
thg relationship K = vY is much too crude and is not really rez
gulred .for the investment equation. Actually, the v which appears
in the investment equation represents the marginal increase in cap-
ital for a marginal increase in output. This is likely to be somewhat
smaller than the average ratio K/Y. Thus, on a very crude basis
two years or thereabouts might be a reasonable rough estimate fox,‘
v. Since this time must be measured in units of the “period’ of
our model, v = 2 for an annual model, v = 8 for a quarterly mod-
el, and so on. We emphasize that these are only very rough esti-
mates, with no claim to precision.
Our final model equation is for the national income Y(t). The
consumption demand C(t) and the investment demand I(t) al.'e de-

*For fuller discussion, sce Chene 95¢ p
Leocll (LOOL E enery (1952), Knox (1952), Matthews (1959),
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mands for output; if the economy is able to ‘meet these demands
upon it, then the actual output is equal to their sum:

Y(t) = C(t) + I(t)

ich is our output equation. It is important to emphasize that
Z;III;CII; rlj)t an accc?unting identity, but rather. re'zpresents an assump-
tion about the real world which the model is intended to approxi-
mate to. This assumption may turn out to pe true or fa'lse. F01: ex-
ample, if the demand for output is very high, as it is in warltlmi,
the economy is unable to meet all these demands. Then actuadou -
put is less than the sum of all demands, some of the deman stll::a-
maining unfulfilled. For now, however, we shall assume tha}t 1e
capacity of the economy is sufficiently high to make our simple

output equation valid.

B. The accelerator-multiplier model

The three equations, for consumption, inv.estment, agd output,
respectively, which we wrote down in section A provide the es-
sence of the famous accelerator-multiplier model of Samuelson
1939). o
: Let)us first dispose of the simple case of eguﬂ.lbrlum, ie., all
quantities appearing in the model are constant in time. Wg c.ler?ote
equilibrium levels by a bar over the letter, e.g., Yis thq e:qulhbrlurp
level of Y, etc. If we replace all time-dependent quantities by their
equilibrium values, the three equations become:
C=C,+mY I=1,+0 Y=C+I

We substitute the values of C and I from the first two equations
into the third:

Y=(Co + m¥) + I, = (Co + L) + mY i
and we solve this last equation for the equilibrium output level Y
to get:
Y= (Co + L)/(1—m)

This is the famous “multiplier” equation Qf Key_neg (1936), the
“multiplier” being the factor 1/(1 —m). Th¥s mul‘tlpher elffect wa‘.cs
first suggested by Kahn (193%), in tc‘onnfc.tloonmv;llth employment,
used by Keynes for national inc ; .
an%(ﬁai}f: estalke of ilfustr:tion, take a specific value of the margma}
propensity to consume, say m = 0.75. Out of each e)ftra dollfflr 0‘
income, on the average 75 cents is spent on consumption; 25 cents
is saved. Then the multiplier equals 1/(1 — 0.75) = 4. Hence each

LA
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extra dollar of new expenditure generates, other things being equal,
four dollars of additional national income. The mechanics of this
process can be related to the mathematical expansion:

1/(1_m)=1+m+m2+m3+___+

This is interpreted as follows: Start with one extra dollar spent,
which shows up as income in the hands of, say, a merchant. This
is the ““1” in the series. In the “first round,” this merchant spends
a fraction m of the dollar he has received, thus generating the term
m in the series. This income accrues to someone in the “second
round,” who then spends a fraction m of his receipts, leading to
the term m? ; and so on, round after round. _

This simple expression for equilibrium national income Y is at
the heart of the well-known Keynesian policy recommendations
for getting out of a depression. We should encourage consumers to
spend more and save less, because this raises m and, with it, the
value of the multiplier. We should inject extra spending power into
the economy, i.e., raise C;, so as to raise the entire consumption
curve, thereby generating a “‘consumer-led recovery.’” We should
encourage businessmen to invest more, thereby (it is hoped) rais-
ing the basic level of investment I, and, as a result, national in-
come, in an ‘“‘investment-led recovery.” Governments should be
prepared to add to the national debt for these purposes, and they
can afford to do so, because for each dollar they inject into the
economy a much larger number of dollars is added to the national
income. Some of thi¢ extra income can then be recovered by the
government through normal proportional taxation.

Our only comment, for now, is to point out that all this is based
on an equilibrium value of the national income. There is a tacit as-
sumption that the system has a natural tendency to approach this
equilibrium. The question is: Does it have such a tendency in real-
ity?

To investigate this question, let us now look at the system of
three equations (consumption, investment, and income) in the
general case, away from precise equilibrium. Let us combine the
three equations into one, by substituting the value of C(t) from
the consumption equation, and the value of I(t) from the invest-
ment equation, into the output equation. When we do so, and col-

lect like terms, we obtain:
Y(t)= (Co + Iy) + (m + v)Y(t— 1) —vY(t — 2)

Hence, if we know the values of the national income in the two
preceding periods [the values of Y(¢— 1) and of Y(t — 2)], then
we can calculate the national income in period ¢, Y(t). Starting
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3. For v considerably larger than unity (precisely how much lar-

! L\]u 172
1
il
;“ “ from known or assumed values Y(0) at time ¢ = 0 and Y(1) at
| l\ time t= 1, we can work forward to get Y(2). From the now Tiable S
4‘ I known values of Y(1) and Y(2), we can work forward to get Y(3); Time Development of National Income
“ and so on, indefinitely.
0 In Table 9.1, we car'ry out three such calculations, with param- Table 9.1 assumes the accelerator-multiplier model with
il il eters chosen as follows: Z:Je;fi%izg,t 1;' = 100,land various values of the acceleration
il C, + 1, =25, m=075  Y(0)=Y(1)=101 Ceies. of income ara.1 percent above equlibrium level
l v = 0.9 (first column),
A v = 1.5 (second column), S— - National income ¥{t)
i v = 3.0 (third column) =03 v=15 V=30
i I _ o 0 101.00 101.00 101.00
0 With C, + I, = 25 and m = 0.75, the equilibrium value of na- 1 101.00 101.00 :
| A tional income is Y = 100; the values of Y(0) and Y(1) are taken as 2 100.75 100.75 }8(1,'(7)0
| N‘\ one percent above this, equal to 101. 3 100.34 100.19 99' 8?
\‘H‘ Let us now discuss the results in Table 9.1. Forv= 0.9 the na- i 99.88 99.30 9708
4l tional income Y(t) oscillates around the equilibrium value Y = 100, : 99.50 98.14 89 49
‘ \ the oscillations becoming smaller as time goes on. One complete 5 99.28 96.86 69.44
i cycle takes approximately 12 of these “periods” (for example, " gg-iz 95.74 16.94
ﬁ “‘\ from the peak at t = 13 to the next peak at t = 25). For this value 9 99,73 95.11 ~119.81
M‘ of the accelerator coefficient v, the model is stable; i.e., the equil- 10 100:06 22’32 —475.09
‘ M ibrium value is approached eventually. 11 100.34 100.10 —1,397.17
‘ W This is not true for larger values of v. With v = 1.5 we get oscil- 12 100.51 104.76 —3'789'“
“\‘ lations, again, but now the oscillations increase in strength as time 13 100.54 11057 _;6'225'??
" ‘\ i goes on. It is then only a matter of time before we get completely 14 100.43 116.63 —67’797'47
I “‘3 impossible values from the model—for example, a negative value 15 100.22 121.57 17597517
il of national income (!) at time ¢ = 23. With even larger values of i 99.98 / 12358 _456,480.47
, r“‘i‘ the accelerator constant, say v = 3.0, we lose the oscillations, but ;; 99.77 120.71 —1,183',885..00
i} il we retain the trend to impossible values. The national income pre- oy 99.64 111.22 _
I “\“ dicted by the model becomes more and more negative (we have 5 22'21 94.19 _
Il “‘g‘; stopped giving numbers after t = 17, when we have exceeded a 54 gg.gg 70.09 -
| | negative million after starting from a positive 101). 22 100.00 e B
I ;“\f The mathematical treatment in section D leads to the following 23 100:1 6 1332 =
: i general results: 24 100.26 _12.02 -
' \ ‘m‘ 1. The equilibrium state is stable if v lies between 0 and 1, un- 25 100.29 9:59 ~
{ i stable if v exceeds 1. (The casev= 1, exactly, is of no interest, since 26 100.24 64.59 :
j \ ‘ the precise value of v depends on what we choose to be our time 27 100.14 155.96 -
|| “period.” If v = 1, exactly, for some choice of period, it becomes 28 100.01 279.01 _
' ‘ 1 ‘ different from unity by choosing a period 0.01%, say, smaller.) g‘?) 99.89 418.84 R
' il 9. For values of v fairly close to unity (on either side) the behav- - gg'gs 548.87 —
i jor is oscillatory; i.e., one gets a “cycle” in the national income. 32 o 631.71 -
] ” This cycle is “damped” for v less than unity, “‘explosive” for v 33 98,500 623.03 =
| greater than unity (see column 2 of Table 9.1, v= 1.5, for the 34 99:9” ?;gsg -
‘ meaning of an “explosive cycle”). X 100.07 3]4'17 -

-
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ger depends on the marginal propensity to consume m) the motion
is unstable but no longer oscillatory. An example is the case v = 3.0
in Table 9.1. Once the income starts decreasing, it continues do-
ing so, more and more rapidly, getting into ever more negative val-
ues before long. If the income starts by increasing, it also con-
tinues doing that, more and more rapidly. In that case, no negative
values of income occur, but the positive values soon exceed all rea-
sonable bounds, in particular the bounds set by the total produc-
tive capacity of the economy.

It is apparent that the actual value of the accelerator constant v
is of paramount importance. Since this, in turn, depends on the
time “period” chosen for our model, we must discuss the consider-
ations involved in choosing a ‘“‘correct’’ time period for such crude
models.?

In the consumption equation, C(¢) is supposed to depend on
Y(t — 1), the income in the immediately preceding period. To
make this a sensible approximation, the length of our time period
should be equal to the time delay in consumer reaction to a
change in income. This time has been estimated from U.S. data by
Lloyd Metzler (1948) to be very short indeed, certainly less than
three months.

However, such a short “period” is not well adapted to our in-
vestment equation. Here I(t) is assumed to depend on the differ-
ence Y(t — 1) —Y(t — 2). This difference is a rough measure of the
rate of change of national income at a time 1.5 periods before
time t. The time delay between a rise in national income and the
resultant induced investment cannot be very short. Producers must
first be sure that the rise is not just temporary; then they must
make an investment decision; additional time then elapses before
this decision results in actual output of investment goods. The
rather long time lag expected on this basis is confirmed by the
data quoted in Metzler (1948), where he arrives at a delay time be-
tween one year and six quarters, roughly. If we set this delay equal
to 1.5 of our “periods,” as we should, then the length of one “pe-
riod” is between eight months and one year.

We are therefore faced with strongly conflicting requirements!
The best choice of period for consumption is one thing (less than

3 months); for investment it is quite different (between 8 and 12
months). The actual choice is bound to be an unhappy compro-
mise; probably half a year is close to the best we can do, but it is
not at all very good.

Earlier, we estimated that the accelerator coefficient v is of the

3 This point has been emphasized by Duncan Foley (1975).
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qrder of two years at a minimum, probably rather larger. With a
time period of half a year, this means the numerical value of v is
at least 4, probably larger. Thus, with the best compromise esti-
mates for the coefficients, the accelerator-multiplier model of
Samuelson is not only violently unstable, but does not even lead
to oscillations of any sort.

Ox'le might think that the reason for this lies in the conflicting
requlrerpents for the choice of the time period. It is easy enough
to modify the model so as to avoid this conflict. Since the time
lzjlg for consumption is so much shorter than for investment, the
simplest procedure is to ignore the consumption time lag ’alto-
gether, so that the revised consumption equation becomes:

C(t) = Cy + mY(2)

ThlS. Is not a “bogus equation” (Rau 1974), in spite of the appar-
enF instantaneous response of consumption to income; the actual
adjustment is not instantaneous, but the time lag is so short that it
can b.e neglected compared to other lags. The resulting system of
equations is studied in the mathematical appendix. This revised
gystem turns out to be stable only if the accelerator coefficient v
is less than 1 — m. With m = 0.75, this means v < 1/4 as a condi-
tion for stability. With our unit of time between 8 months and a
year, and v at least two years, the numerical value of v is equal to
‘.cwo .at the very minimum, well and truly removed from the stabil-
1t.y lnfnit 1/4. We conclude that the instability is not due to the dif-
f1cu1t1.es in choosing a time period suitable for such a model.

Quite apart from the clioice of parameters in this model, or
even the choice of the structural equations (e.g., the two alte;‘na-
tives for the consumption function listed above), we now point
out that no linear model can form the basis for a theory of the
trade cycle. Linear models have a very limited repertoire of possi-
ble solutions:

1. stable solutions which are not oscillatory (approaching the
equilibrium values in a regular, one-sided way);

' 2. stable solutions which are oscillatory, such as the case v = 0.9
in Table 9.1; .

3. unstable solutions which are oscillatory (see v = 1.5 in Table
9.1); and '

4. unstable solutions which are not i ‘
oscillator = i
e, y (see v= 3.0 in
' These are the only possible solution types for linear models (we
uznoro'somo peculiar special types which depend upon particular
num(.'ru:al. relationships between the parameters of the model
relationships which could hold, if at all, only by an a(:(:idont)’
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No matter how complicated a linear model may be in.detfnl, there
are no other types of solutions, and the general solution is always
a linear superposition of solutions of these .types. But none of
these solution types, and no linear superposition of them, gives
rise to an acceptable model of the trade cycle:”Stable solutions
approach equilibrium, so the cycle “dies dowp, cor}trary to ob-
servation; and unstable solutions soon become impossible econom-
ically. .

lcallrf, spite of its undoubted historical importance, the linear Sam-
uelson model is quite unsuitable as a model of the trade cycle.

In another paper later that same year (Samu'elson 1939a), Sar_n-
uelson suggested nonlinear modification.s of his model, in par’Flc-
ular emphasizing the curved relationship bptween consumption
and income. He also suggested the possibility that sgch.a} model
might give rise to a limit cycle. Much later,'other posmblhtles‘have
become apparent; in particular it is possible that the noplme_ar
Samuelson model can, for some values of the parrameters, give rise
to “strange attractors” (see section 8B). I‘n spite of these 1nteri
esting mathematical possibilities, the nonlinear Samuelson mode
has not received much attention in the literature. The probable
reason is that economists have felt that nonlinear effects other
than those stressed by Samuelson (effects on investment and on
total national income, rather than on consumptior'l) must be taken
into account first. We exhibit such a model in section 10A.

C. The inventory cycle

There is considerable evidence that actual trade f:ycles are no“E a!l
of the same kind. Economic historians distingulsh between ‘‘mi-
nor” and “major”’ cycles; some suggest the existence of (roughly
20-year) “building cycles” (Derksen 1940, Isard 1942) anfl of
“long waves” of economic activity (roughly 50 yeat:s). There is no
kind of unanimity. The “long waves” of Kondratiev (1922) are
icularly controversial. .
pall.t{cfwevesrl, there is universal agreement on'the ex1sten(‘:‘e, .and
nearly universal agreement on the interpretation, of the ‘“‘minor
cycle,” of duration around three to three and one-half years. We
quote Matthews (1959):

Between 1919 and 1956 there were six occasions (apart from the post-
war reconversion year 1946) when gross national product fell for one
year and then recovered: 1921, 1924, 1927, 1938, 1949, 1954. On these
occasions the fall in inventory investment accounted on the average for
no less than 75% of the fall in total investment. In the more prnl_ongod
contraction of 1929-32, on the other hand, the fall in inventory invest-

Lk

SCHEMATIC TRADE CYCLE MODELS: PART I 177

ment was only 27% of the fall in total investment. In the seven peace-
time expansion phases of gross national product (1921-1923, 1924-
1926, 1927-1929, 1932-1937, 1938-1941, 1949-1951, 1954-1956) in-
ventory investment accounted on the average for 47% of the rise in total
investment. On the other hand if cyclical expansions are measured on a
broader basis, disregarding one-year contractions and so yielding three
expansion phases only (1921-29, 1932-41, 1949-56), inventory invest-

ment accounts on the average for no more than 26% of the rise in total
investment.

Thus, the short, “minor” cycle seems to have very much to do
with investment, voluntary or otherwise, in “‘inventories,” i.e.,
stocks of finished or partially finished goods, work in progress,
and stocks of raw materials for production. This kind of ‘““working
capital” has been ignored in the model of section B. The “invest-
ment” which we have denoted by I(¢) is not differentiated into in-
vestment in fixed capital (plant and machinery) and inventory in-
vestment (working capital). We must now make that distinction.

Fixed capital includes the factory buildings, machines installed
therein, perhaps a privately owned spur line connecting the fac-
tory to the nearest railway line, trucks and other motor vehicles,
etc. These items are not procured lightly or without a deliberate
investment decision. Nor are they items which can be disposed of
easily on the market, at least not without taking catastrophic
losses.

Working capital includes stocks of finished articles, of raw mate-
rials, and work in process, as the main items. Such stocks must be
maintained if the business fs to run profitably. It is impossible to
rely on making everything “to order” if and when an order is re-
ceived. Customers value quick delivery and will go to the competi-
tion if we maintain no stocks out of which to fill orders. Suppliers
of raw materials do not respond to our orders immediately. The
factory cannot work efficiently on a “stop and go’’ basis. Thus,
inventories must be maintained.

But, unlike fixed capital, inventory levels can alter without any
deliberate investment decision by management. Normally, produc-
tion is planned for some time ahead, in expectation of future sales.
If actual sales in this “production planning period” turn out to
agree with the sales forecast, nothing happens to the level of inven-
tories. But now suppose that sales exceed the forecast. To increase
production immediately, the manufacturer must order more raw
materials, may have to run the factory overtime, may have to hire
more labor—and all this may be a complete waste of funds if the
increase in sales was just a temporary fluctuation. Thus manufac-
turers prefer to wait a while before taking such steps. If produc-
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tion levels are not altered right away, then the very welcome in-
creased level of orders must be filled by running down the inven-
tories of finished goods. Thus, unexpected extra sales lead to unin-
tended (negative) inventory investment.* Conversely, actual sales
less than the forecast result in equally unintended, but very much
less welcome, positive inventory investment: we are facing a con-
tinuing growth in the stock of unsold goods.

Thus, while investment in fixed capital is normally planned and
deliberate, inventory investment may contain an unplanned, unin-
tended component of sizable amount. The essential factor causing
this is the time lag between a change in the rate of sales and the
resultant, induced, change in the level of production.

In section B we allowed for a time lag between receipt of extra
income and the increase in consumption demand (this is called a
“Robertson lag”), but not for a time lag between a change in de-
mand and the resultant change in the volume of production (called
“Lundberg lag”). The absence of a Lundberg lag showed itself in
the income equation, where income Y(¢) was taken to adjust itself
instantaneously to the demand for this income, C(t) + I(t), in the
same period t. This procedure is justified if the Robertson lag is
much larger than the Lundberg lag. However, Metzler (1948) gives
data which contradict this relationship. According to Metzler, the
Robertson lag is less than a quarter, whereas the Lundberg lag is of
the order of one “production planning period,” typically four to
six months.

We must therefore modify the theory of section B in (at least)
two ways:

1. We must keep track of the level of stocks, called S(t), and

2. We must allow for the Lundberg lag (but may forget about
the Robertson lag).

The “period” of the resulting model is one “production plan-
ning period.”

We shall continue to use the symbol I(t) for “investment,”” but
now it means investment in fixed capital only. Actual inventory
investment in period t is simply the difference S(t) —S(t —1),
where S(t) stands for the level of stock at the end of period num-
ber t. Consumption demand in period t is still called C(t), but we
also introduce predicted consumption demand C*(t), desired level
of stocks at the end of the period $*(t), and predicted (fixed capi-
tal) investment demand I*(t). All these predictions are made at the
end of the period ¢ — 1 and influence the level of production cho-

*It is important to distinguish clearly between “inventory” (the level of the
stock) and “inventory investment” (the rate of change of this level).
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sen, and then maintained, within period ¢. This level of production
in turn determines (real) national income Y(t) during period t. The
production decision is assumed to be made as follows:$
1. Production to cover expected sales
of consumption goods
2. Production to cover expected sales
of investment goods = J*{1).
3. Production to bring stocks to the
desired level
Hence our income equation reads:

Y(t) = C*(t) + I*(t) + 8*(t) —S(t — 1)

The second equation is the stock balance: Actual stock at time ¢
S(t), is equal to desired stock S*(¢) if actual consumption C(t)’
equals predicted consumption C*(¢) and actual investment de-
mand I(t) equals expected investment demand I *(t). To the extent
that actual demands differ from expected demands, the desired

sto(cik level will not be attained. Hence the stock balance equation
reads:

0*(t).

= S*t)—S(t—1).

S(t) = S*(¢) + C*(t) — C(t) + I*(t) — I(¢)

These are two basic equations, but we need more. We must make
some assumptions about desired and actual levels of consumption
about desired and actual levels of investment, and about the dez
sired level of inventories.

In the theory of the pure inventory cycle we ignore, deliberate-
ly, possible fluctuations in investment in fixed capital (the accel-

erator effect). Thus, for now we assume a constant, autonomous
level of fixed capital investment:®

I(t)y= I'*(t) = I,

To get the sirpplest possible version of the inventory cycle, we
make the following purely provisional assumptions:

C(t)= Cy + mY(t) Consumption equation, Robertson
lag ignored

Predicted consumption = actual
consumption in last period

Desired stock level constant |

C*(t)= C(t—1)

S*(t)= S,
If we think of quantities at earlier times, such as S(t—1), as

5 :
Our account of inventory cycle theory leans strongly on the original work of
Lloyd Metzler (1941, 1946, 1947, 1948).

6 . . . .
.ThlS can be obtained from our earlier investment equation, formally, by set-
ting the accelerator constant v equal to zero.
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Table 9.2
The Pure Inventory Cycle, Simplest Case

We assume Coy = 25, m = 0.75, I = 0, S = 50,
and initial values Y(1) = 105.00, S(1) = 5§0.00.

Time c(t) S*(t)—S(t—1) Y(t) crt) S(t)
1 = - 105.00 103.75 50.00
2 103.75 0.00 103.75 102.81 50.94
3 102.81 —0.94 101.87 101.41 51.41
4 101.41 —1.41 100.00 100.00 51.41
5 100.00 = A1 98.59 98.95 51.05
6 98.95 —1.05 97.89 98.42 50.53
7 98.42 ~0.53 97.89 98.42 50.00
8 98.42 0.00 98.42 98.81 49.60
9 98.81 0.40 99.21 99.41 49.41
10 99.41 0.59 100.00 100.00 49.41
1 100.00 0.59 100.59 100.44 49.56
12 100.44 0.44 100.89 100.67 49.78
13 100.67 0.22 100.89 100.67 50.00
14 100.67 0.00 100.67 100.50 50.17
15 100.50 —0.17 100.33 100.25 50.25
16 100.25 ~0.25 100.00 100.00 50.25
17 100.00 ~0.25 99.75 99.81 50.19
18 99.81 ~0.19 99.62 99.72 50.09
19 99.72 —0.09 99.62 99.72 50.00
20 99.72 0.00 99.72 99.79 49.93

known, then there are seven unknowns: Y(t), {(t), C(t), S(t),
I*(t), C*(t), and S*(t), and we now have seven equa_tlons for them.

The resulting system of equations is discussed in the mathemaj;-
ical appendix. The equilibrium income is exact.ly the same as in
section B, namely Y= (C, + I,)/(1 —m). This is to be expected,
since equilibrium implies that the actual stock leyel S(t) agrees
with the desired level S*(t), both being constant in tlme: Henc_e
there is no inventory investment (change in stock level) in equi-
librium, so that equilibrium income is not altered by allowing for
inventories. _

To see what happens out of equilibrium, we present, in Table
9.2, a special case, namely C, + I, = 25 and m = 0:75 ((f)_(zu:tly as
in Table 9.1), but now of course v = 0 (no acceleration effect). ‘W(\-
choose a desired inventory level S*(t) = S, equal to one-half of

d
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the equilibrium sales per period; i.e., Sy = 50. We start the model
at time ¢ = 1 with precisely this desired level of stocks as actual
stocks, but with national income five percent higher than equi-
librium income; i.e., Y(1) = 105 rather than Y= 100.

Let us go through the first lines of Table 9.2. At the start of the
second time period, we estimate consumption demand from actual
demand in period number 1; hence C*(2) = C(1) = 103.75, the
latter value arising from the consumption equation C(1) = C, +
mY(1) = 25 + 0.75 X 105 = 103.75. At the start of period 2, the
actual inventory level, S(1) = 50 (assumed) agrees with the desired
level S, = 50; hence no production is scheduled “to stock.” The
total scheduled production Y(2) = 103.75 now appears as national
income in period 2. The resulting consumption demand is C(2) =
Co + mY(2) = 25 + 0.75 X 103.75 = 102.81, less than the pre-
dicted demand C*(2). The difference, C*(2) — C(2) = 103.75 —
102.81 = 0.94 shows up as unintended inventory investment,
making the inventory level at the end of period 2 equal to S(2) =
50.94.

Since this exceeds the desired level, 50, by 0.94, we schedule a
(negative) amount —0.94 for “production to inventory” in period
3; i.e., the production scheduled equals expected consumption de-
mand minus 0.94. Thus: Y(3) = C*(3) + §%(3) —S(2) = 102.81 +
50.00 — 50.94 = 101.87.

Thus manufacturers have scheduled, deliberately, less produc-
tion than the sales demand which they anticipate, the purpose be-
ing to bring down the excessive level of inventories. But do they
succeed in this aim? Not at all! Inventories at the end of the third
period stand at S(3) = 51.41, higher than the already high S(2) =
50.94. The reason, of course, is that actual sales in period 3 are
much below expected sales, leading to an unintended positive in-
ventory investment which more than cancels the intended inventory
disinvestment. It is this possibility of unintended investment which
produces the “cycle” which appears so clearly in Table 9.2. Look-
ing at the table, we see that the complete inventory cycle (peak to
next peak) takes 12 time units. The cycle is stable; i.e., the peaks
get progressively smaller, and equilibrium is approached eventually.

However, this stability is rather precarious, since it disappears
when one makes even slightly more realistic assumptions about ex-
pectations and desired stock levels than we have made so far. The
following changes, at the very least, are desirable:

1. Desired stock levels should bear some relationship to expected
sales. If the expected sales volume is high, one requires higher
stock levels, also. Within a not too wide region we can approximate
this with a linear relationship:
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S*(t) = S, + wC*(t)

where S, and w are constants. The latter plays a role in this theory
similar to the role of the accelerator coefficient v in the Samuelson
model; it is therefore often called the “inventory accelerator’’ co-
efficient. Just as that of v, the numerical value of w depends on
the length of time chosen as the “period” of our model.

It is most unlikely that predicted sales C*(t) are based purely
and entirely on actual sales in the preceding period, C(t — 1). A
reasonable man pays some attention to past sales trends as well,
i.e., to the amount by which actual sales have altered between
periods t — 2 and ¢t — 1. Metzler suggests a ““coefficient of expecta-
tion” n as a new constant, to be used in the predictor equation:

CH(t) = C(t— 1) + n{C(t— 1) — C(t — 2)}

If n = 0 weget theold predictionrule. If n = 1, the apparent trend
is assumed to continue on into the future, unaltered in strength. A
cautious man is likely to use a value of n between zero and 1,
probably well below 1.

The resulting theory, with the new equations for S* and C*, is
analyzed in the mathematical appendix. We find there a certain
condition for stability of the oscillations, involving the values of m,
the marginal propensity to consume; w, the inventory accelerator
coefficient; and 7, the coefficient of expectation. Let us take the
following rather conservative values for illustration:

m= 0.75 w= 0.3 n=0.2

Here w = 0.3 means that a predicted increase in sales is reflected
in desired stock increase of 30 percent of that amount;n = 0.2 lies
between 0 and 1, much closer to zero than to 1; hence expectations
are quite conservative. These values are enough to make the oscil-
lations unstable.”

However, this likely instability of the inventory cycle model is
much less worrisome than the instability of the Samuelson model.
The inventory cycle is intended as a theoretical description of the
“minor” cycles. “Major” cycles, of period roughly ten years, do
exist, and thus the major cycle must be superimposed on the in-
ventory cycle. A mild instability of the inventory cycle is then

7We do not reproduce numerical values here, but these can be constructed
easily from the equations, if desired. For an example comparable to Table
9.2, take the following input values: Co = 25,1 = 0, m = 0.75, So = 20 (not
50), w= 0.3, n= 0.2, and starting values Y(0) = Y(1) = 105, S(1) = 50,

C(0) = C(1) = 103.75. The resulting inventory cycle is still of length 12 peri-
ods, approximately, but now successive peaks increase in their deviation from
equilibrium.
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bearable. Long before the inventory cycle by itself can lead to
nonsensical results (negative values of output, etc.), the instability
associated with investment in fixed capital takes over and gives rise
to the next “panic.” In the aftermath of that event, the minor cy-
cles (inventory cycles) start afresh. In our schematic model in this
section, we have suppressed the major cycle deliberately, by ignor-
ing the accelerator effect in the investment equation; but in reality,
the pure inventory cycle discussed here is only a ‘“wave of adapta-
tion” (Metzler 1946) to the presence of more basic phenomena in
the economy. The minor cycle represents a ‘“technical’”’ effect,
clearly present in the data, and well explained theoretically, but
not in any sense fundamental. As Metzler (1946) puts it: “The ul-
timate cause of cyclical fluctuations must therefore be sought in
the investment motives of the business world or, in other words, in
the causes of a fluctuating propensity to invest” (in fixed capital).

D. Mathematical appendix

We start with the Samuelson model, which has the basic equations:

C(t)y=Cy + mY(t—1) Consumption equation (9.1)
I(t) = I, +v{Y(t—1)—Y(t—2)} Investment equation (9.2)
Y(t) = C(t) + I(t) Income equation (9.3)

Substitution of (9.1) and (9.2) into the right side of (9.3) yields:
Yt)—(m+u)Y(t—1)+vY(t—2)=C, + I, (9.4)

Let Y be the time-independent equilibrium value of Y. Putting
Y(li) = Y(t—1) = Y(t — 2) = Yin (9.4) gives the equilibrium re-
sult: ~

Y= (Co +1,)/(1 —m) (9.5)

Define y(t) to be the deviation of Y(t) from its equilibrium value;
ie.,

Y(t) = Y+ y(t) (9.6)
Substitution of (9.5) and (9.6) into (9.4) gives:
yt)—(m+v)y(t—1)+vy(t—2)=0 9.7)

)

This is a linear, homogeneous difference equation for y, of order
tyvo (since y-values at times ¢t and ¢t — 2 both appear in the equa-
tion). To solve such equations, one assumes that there exists a so-
lgtion of the form y(t) = Azt where A and z are constants, pos-
sibly complex numbers. Substitution of this form into (9.7),1eads
to the following quadratic equation for the unknown constant z:
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22—(m+v)z+v=0 (9.8)

with the two roots:
2z, =(m+0v)/2+/(m+v)?/d—v (9.92)
2, = (m+v)2—+/(m+v)/d—v (9.9b)

The general solution of (9.7) is a linear superposition of solutions
with these two values of z; hence:

y(t)=A;(z,)t + A, (2,)t (9.10)

where A, and A, are constants which must be adjusted so as to fit
the initial conditions, i.e., to make (9.10) agree with given values
of ¥(0) and y(1), say.

If the argument of the square root in (9.9) is positive, the square
root is real; so are z; and z,. Then A, and A, are also real num-
bers, and the formal solution (9.10) can be used as it stands. The
motion is then nonoscillatory (also called “exponential’’) in nature.
An example is the third case in Table 9.1.

If the argument of the square root is negative, then the quan-
tities z, and z, are complex numbers, conjugate to each other. We
write them in polar form:

z, = u exp(ia) z, = u exp(—ia) (9.11)
An easy calculation yields:
u= 12, =12, = v (oscillatory region) (9.12)

In order that y(t), (9.10), be real, the constants A, and A, must
also be complex conjugate numbers, say

A, = B exp(if) A, = B exp(—if)
Putting all this together gives the following real form for (9.10)
y(t) = 2B(u)t cos(at + () (oscillatory region) (9.13)

We now turn to the question of stability. If the motion is oscil-
latory, (9.13) applies and indicates that the oscillations die down
if (u)t dies down, i.e., if u < 1. Comparing with (9.12), we con-
clude that the oscillations die down if v < 1, but increase in size
(instability) if v > 1. The other case, exponential motion, is re-
solved by looking at the larger of the two real roots, i.e., the root
2, (9.9a). If this root is below unity, the motion is stable; other-
wise, unstable.

The argument of the square root in (9.9) is called the “discrimi-
nant”” D. Positive D gives exponential motion; negative D gives
oscillatory motion. The dividing line occurs when D~ 0, which is
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the condition:
D=(m+v)/4d—v=[v2+ (2m—4)w+m?]/4=0 (9.14)

Solving for the critical values of the accelerator v, we get the two
roots:

Vg=2—m—2/1—m vp=2—m+ 24/1—m (9.15)

Since 0 < m < 1, it is true that 0 < v, < 1 < vp. The discriminant
D is positive for 0 < v < v, and for v > vy; it is negative for v, <
v < vp. We summarize the situation as follows:

Region of v Stability Nature of motion
0<v<v, Stable Exponential
v <v <1 Stable Oscillatory

1 <v<vp Unstable Oscillatory

v >vp Unstable Exponential

Samuelson (1939) suggested the third of these cases, unstable
oscillatory behavior. Our estimates of the likely values of v and
(less importantly) of m indicate that we are more likely to be in
the fourth region.

Next, turn to the modified Samuelson model, with the time lag
in the consumption equation ignored. That is, equation (9.1) is re-
placed by: \

C(t) = Cy + mY(t) (9.16)

This produces no change in the equilibrium income (9.5), and
hence no change in Keynesian arguments which are based on this
equilibrium value. But the time-dependence is now different. (9.7)
is replaced by

(1—m)y(t) —vy(t—1) + vy(t—2)= 0 (9.17)
and (9.8) is replaced by )
(1—m)z* —vz+v=0 (9.18)

From the standard solution of a quadratic equation, we find that
there are two real rootsif v > 4(1 — m) and two complex conjugate
roots if 0 << v < 4(1 — m). In the first case, the larger of the two
real roots has a value in excess of 2, so that the motion is unstable.
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In the second (oscillatory) case, the absolute value of z is given by:

12|12 = v/(1 —m) when 0<v<4(1l—m) (9.19)

For stability, this must be less than unity. This happens if and
only if:

v<1—m Stability condition (9.20)

For reasonable values of m and v, this condition is strongly vio-

lated.
Finally, we turn to the inventory cycle model of Metzler. The

basic equations are:

Y(t) = C*(t) + I¥(t) + S*(t)—S(t—1)  Income
equation (9.21)

S(t) = S*(t) + C*() — C(t) + I*(t) —I(t) Stock bal-

ance (9.22)
C(t)= Cy, + mY(¢) Consumption,
no lag (9.23)

c*t)= Cc(t—1) + n{c(t—1) —C(t — 2)} Expected con-
sumption (9.24)

S*(t) = S, + wC* (1) Desired stock (9.25)

I(ty=I*t)=1, Autonomous
investment
only (9.26)

We get the equilibrium solution by setting all tim_e-dependent
quantities equal to constant values. The results are: Y as in (9.5),
and

C=(Cy + ml)/(1—m) S=8S+ wC (9.27)
We use small letters to denote deviations from equilibrium values:

Y(t)y= Y+ y(t) S(t)=S+s(t) C)= C+ c(t)

CHit)= C+ c*(t)  S*(t)=S+s*(t) (9.28)
Substitute (9.28) into (9.23) through (9.25) to obtain:
c(t) = my(t) (9.29)
s*(t) = we™(¢) (9.30)
ety = e(t — 1) + nle(t — 1) — c(t—2)} =
m(1 + n)y(t — 1) — mny(t —2) (9.31)

and hence
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c*t) + s*(t) = ay(t — 1) — By(t — 2) (9.32)
where
a=ml+w)(l+n) B=ml+whn (9.33)
Substitution of all this into (9.21) and (9.22) gives:
y(t) = ay(t —1) — By(t —2) —s(¢ —1) (9.34a)
s(t) = ay(t — 1) —By(t — 2) — my(t) (9.34b)

In this form, the equations can be solved iteratively. We start from
assumed values of Y(0), Y(1), and S(1), and assumed parameters
values m, w, 0, Cy, I, and S, . We determine y(0), y(1), and s(1)
from (9.27) and (9.28). Thereafter, we get y(2) from (9.34a) and
s(2) from (9.34b); then y(3) from (9.34a), s(3) from (9.34b), and
SO on.

For analytical discussion, it is better to eliminate s(¢) altogether
from equations (9.34). We write (9.34b) with time ¢ changed to
t—1:

s(t—1) = ay(t —2) —fy(t —3) —my(t—1)
and substitute this into (9.34a) to get:

y(t)= (m+ a)y(t—1) —(a+ Py(t—2) + fy(t—3) (9.35)

This is the difference equation in Metzler (1947), his equation
(A10), except for trivial changes of notation.

Using the standard procedure for linear difference equations
(this one is of order three), assume a solution of form y(t) = Azt
and substitute into (9.35) to obtain:

22 =(m+ a)z’u —(a+pB)z+8 (9.36)

Since this is a cubic equation, writing down the three roots is awk-
ward (though possible). However, we can determine the condition
for stability without that. Let us suppose that there exists one real
root 2, and two complex conjugate roots q and ¢*, where the
asterisk denotes the complex conjugate. The standard relationship
between the roots of a polynomial and the coefficients of that
polynomial then yields:

2y +q+gt=m+a;z(qg+q¥)+qg*=a+Bzqe*=0

Solve the first equation for the sum g + q™; substitute this into
the second equation. This yields two equations for the two real
unknowns z, and qq™, namely:

z,(mta z)1 qq*=a+ 2,66%= g (9.37)
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The complex conjugate roots g and g™ are associated with oscilla-
tory behavior. The oscillations become unstable when gg™* > 1. We
therefore look at the dividing line where qq™ = 1, exactly. This is
the boundary between stability and instability. When gq™ = 1, the
second of the two equations (9.37) leads to 2z, = 8. With reason-
able parameter values, the value of 3 [see equation (9.33)] turns
out to be well below unity, thus verifying ex post facto our initial
assumption that the real root z, does not lead to instability first,
before the complex roots. Now substitute z, = B and qq™® = 1 into
the first of the two equations (9.37). This yields an equation in-
volving m, a, and (8, only. This is the stability condition, which
holds with equality at the boundary between stability and insta-
bility. The direction of the inequality can be checked easily
enough, for example, by taking the limiting case n = 0, thereby
making = 0; hence, (9.36) becomes equivalent to a quadratic
equation for z, which can be solved straightforwardly. We do not
go through the detailed steps and just write down the result. In
this result, we have used (9.33) to express a and B in terms of the
basic parameters of the model. The stability condition for the pure
inventory cycle reads:

m(1+ w){l+ 2n—mn(2+ w)} <1 (9.38)

For the initial, simpleminded model discussed in section C, we
have w = 0 and n = 0; hence, the condition becomes m < 1, which
is always satisfied. Thus the simpleminded model is always stable.

On the other hand, the values assumed afterwards, namely, m =
0.75, w= 0.3, and n = 0.2, make the left-hand side of (9.38)
equal to 1.029, indicating that we are already in the unstable re-
gion, though not by much. That is, the amplitude of the oscilla-
tions of the pure inventory cycle increases, but does so rather
slowly.

One can reintroduce the “major” cycle into these equations by
replacing the simple investment equation I(t) = I, (9.26) by the
accelerator equation (9.2) and providing some suitable guess for
the expected investment I'*(t). However, the resulting equation
system gets to be too complicated to discuss in this book; further-
more, since the resulting equations, at this stage, are still linear
equations, they cannot serve as a suitable model of the real trade
cycle in any case.

CHAPTER 10

Schematic trade cycle models:
part II

A. The Hicks model

No choice of parameters in the linear accelerator-multiplier model
can fit the actual nature of trade cycles. If the parameters are such
that the model yields stable oscillations, then these oscillations die
down eventually, whereas the trade cycle continues. Conversely, if
the parameters are such that the oscillations, or at least some of
them, are unstable, then eventually the model gives rise to impos-
sible results (e.g., negative values of output).

In view of the crude estimates of the parameters m and v, par-
ticularly of v, presented in section 9B, it is sensible to start from
parameter values which make the oscillations unstable. We then
have no need to worry about how the oscillations can be main-
tained. Rather, we must modify the theory to prevent the oscilla-
I:ions from becoming unreasonably, and eventually infinitely,
arge.

In a second paper Samuelson (1939a) suggested several nonlinear
modifications of his original linear model (Samuelson 1939) and
pointed out that the tendency of the consumption function to
pend downward as income increases has the effect of preventing
income from growing beyond all bounds. However, Samuelson’s
nonlinear model has been discussed very little since then, perhaps
because other nonlinear effects (on investment and on total in-
come) are generally felt to be more important than the curvature
of the consumption function. Without doubt the most widély used
nonlinear trade cycle model is the one suggested by Hicks (1950),
and it is the one which forms the basis of our discussion in this
section.

Hicks pointed to the obvious fact that oscillations cannot pos-
sibly become infinitely large, in any actual economy. In the down-
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ward direction, there is a limit to what can happen to investment
in fixed capital I(t).! Gross investment must be zero or positive.
Net investment, which is what is normally meant by the symbol
I(t), can go negative if gross investment is insufficient to keep up
the replacement of that fraction of the capital stock which has de-
preciated during the period. But this means a lower limit (nega-
tive), or floor level, of net investment, given in essence by the rate
of depreciation of the current capital stock. We shall call this floor
level of net investment I.

In the upward direction, the economy cannot produce indefi-
nitely large values of the output Y(¢). As we try to increase output
more and more, we run into various limits: capital stock is limited,
land is limited, labor supply is limited, raw materials are limited,
ete. ete. If a wild “boom” continues long enough, eventually one
or another of these limits must be reached. Thereafter, income
cannot increase further, in the short run. In a short-run theory,
therefore, we may postulate a ceiling level of income which we
shall denote by the symbol Y. If the demand for output, that is,
the sum of consumption demand C(t) and investment demand I(t),
exceeds this ceiling, then the economy cannot meet this total de-
mand. The actual income is then not equal to C(t) + I(t), but ra-
ther is equal to the income ceiling Y.

There is some question whether actual booms do run up against
such “hard” ceiling levels. It is at least possible, and many feel
even likely, that the true factors bringing a boom to its end are
more psychological in nature, adownturn of “business confidence”
rather than, say, insufficient raw materials. We shall leave this
question open for the moment. Within the theoretical model sug-
gested by Hicks, it is possible to choose the ceiling level Y. to be
so large that the economy turns down “of its own accord’ (i.e., as
a result of the multiplier-accelerator mechanism built into that
model) before the ceiling income Y, is reached.

But, whatever may be true of the ceiling, there can be no doubt
of the reality, and of the importance, of the floor. During observed
trade cycles, very little investment is initiated during the postpanic
phase (though some investment projects commenced before the
crash are continued on). The floor not only is there in principle
but is actually reached.

In writing down the basic postulates of the Hicks model, we
shall use the symbol Max(a, b) for the larger one of the two quan-

1Inventory investment and the inventory cycle will be disregarded here. But,
of course, there also fluctuations are limited. For example, inventory disin-
vestment cannot exceed the limit set by getting rid of the entire stock of
goods in a single period.
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tities @ and b. For example, Max(5, 9)= 9, Max(9, 5) = 9,
Max(-—10, 3)= 3, and Max(—10, —15)= —10. Similarly, the
symbol Min(a, b) denotes the minimum, i.e., the smaller one, of
the two quantities a and b; thus, Min(5, 9) = 5, Min(—10, 3) =
—10, and Min(—10, —15) = —15.

With this notation, the equations of the Hicks model are®

Consumption equation

C(t)y=Cy + mY(t—1)
Investment equation

I(t) = Max [If, I, + v{Y(t—1)— Y(t — 2)}]
Output equation

Y(t) = Min[Y,, C(¢) + I(})]

These equations are based directly on the accelerator-multiplier
model, the consumption equation being identical. The investment
equation asserts that the accelerator prediction of investment de-
mand is to be used if and only if the demand so predicted exceeds
the floor level of investment Ir. Otherwise, the accelerator analysis
is to be ignored, and net investment is given by Ir instead. The out-
put equation asserts that actual output Y(¢) equals the demand for
output C(t) + I(t), if and only if this demand is less than the maxi-
mum or ceiling level of output Y,. Otherwise, output equals the
ceiling level.

Since this set of equations contains ceilings and floors, it is not
linear in the mathematical sense of this term. It is no longer pos-
sible to “scale up” a possible path of deviations from equilibrium
so as to obtain an equally possible path. The scaling up will, even-
tually, run afoul of the floor or of the ceiling, or both.

If the parameters of the model (the values of m and v, in partic-
ular) are such that the equilibrium state is dynamically stable (if
v is less than unity), then it turns out that the ceiling and floor
make very little difference to what happens. The reason is this:
The system, started off in some arbitrary state, may strike up
against the ceiling, or down against the floor, initially during the
first oscillation. But, with assumed stability, the amplitude of the
oscillations decreases as time goes on. Thus, in later oscillations,
the system no longer reaches either the floor or the ceiling, so that
the existence of floor and/or ceiling makes substantially no differ-
ence in the long run.

2'1_‘?}(35(3 are not the precise equations in Hicks (1950). Rather, we use a sim-
plified version of this model, suggested by Rau (1974) for didactic purposes.
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Table 10.1
Hicks Model Income, Consumption, and Investment

Table 10.1 assumes a simplified Hicks model with

marginal propensity to consume m = 0.75, Cq = 25,
I, = 0; hence, equilibrium income Y = 100. The floor
level of investment is taken as If = —1 0; the ceiling level

of income as Yo = 120 (20 percent above equilibrium).
Initial values of income are Y(0) = Y(1) = 101. Figures
are given for acceleration coefficientsv = 1.5 and v= 3.0.

v=1.5 v=3.0
Consumption  Investment Consumption Investment

Time Income demand demand Income demand demand

0 101.00 — — 101.00 — —

1 101.00 - - 101.00 — —

2 100.75 100.75 0.00 100.75 100.75 0.00

3 100.19 100.56 —-0.38 99.81 100.56 —-0.75

4 99.30 100.14 -0.84 97.05 99.86 -2.81

5 98.14 99.47 —-1.34 89.49 97.79 —8.30

6 96.86 98.60 —1.74 82.12 92,12 —10.00*

7 95.74 97.65 —1.91 76.59 86.59 —10.00*

8 95.11 96.80 -1.69 72.44 82.44 —10.00*

9 95.40 96.33 —-0.94 69.33 79.33 —10.00*
10 96.98 96.55 0.43 67.67 77.00 —-9.33
11 100.10 97.73 2:37 70.76 75,75 —4.99
12 104.76 100.08 4.69 87.36 78.07 9.28
13 110.57 103.57 6.99 120.00* 90.52 49.78
14 116.63 107.92 8.70 120.00* 115.00 97.93
15 120.00* 112.47 9.09 115.00 115.00 0.00
16 120.00* 115.00 5.06 101.25 111.25 —10.00*
17 115.00 115.00 0.00 90.94 100.94 —10.00*
18 103.75 111.25 —7.50 83.20 93.20 —10.00*
19 92.81 102.81 —10.00* 77.40 87.40 —10.00*
20 84.61 94.61 —10.00* 73.05 83.05 —10.00*
21 78.46 88.46 —10.00* 69.79 79.79 —10.00*
22 74.61 83.84 -9.23 67.55 77.34 —9.79
23 75.20 80.96 —5.76 68.96 75.66 -6.71
24 82.27 81.40 0.87 80.93 76.72 4.21
25 97.31 86.70 10.61 120.00* 856.70 36.92
26 120.00* 97.99 22.57 120.00* 115.00 117.21
27 120.00* 115.00 34.03 115.00 115.00 0.00
28 115.00 115.00 0.00 (repeats t = 16)
29 (repeats t = 18) (repeats t =17)
30 (repeats t = 19) (repeats t = 18)
* Ceilings or floors.
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As a result of this argument, the only case of interest with the
Hicks model is the case of instability, i.e., v in excess of unity.
This is the case where the linear Samuelson model leads to nonsen-
sical results eventually (e.g., to negative output). It is the case as-
sumed by Hicks and is also, from our estimates in section 9B, the
most likely case in reality.

From the three equations which we have written down, we can
deduce that values of the national income Y(t) at times ¢t = 0 and
t = 1 suffice to determine the entire future behavior of the model.
Suppose we know Y(0) and Y(1). Then C(2) is determined from
the consumption equation, I(2) is determined from the investment
equation, and hence Y(2) is determined from the output equation.
Now we know Y(1) and Y(2); by the same chain of reasoning, we
then deduce, in turn, C(3), I(3), and Y(3); and so on and on and
on.

Table 10.1 shows the time development of income Y, consump-
tion C, and investment I for two cases, both of which are unstable
for the simple accelerator-multiplier model, namely, v = 1.5 and
v = 3.0.> The parameters chosen are such that they correspond
precisely to the second and third column of Table 9.1; but now,
the solutions can no longer go out of bounds, because of the floor
level of investment Ir = —10 and the ceiling level of income Y, =
120. In Table 10.1, asterisks are placed next to values which are
affected by floors and/or ceilings. Since we start from initial in-
come levels close to equilibrium, the results for the first few time
periods agree precisely with the ones in Table 9.1 (only values of
Y(t) are shown in that table, but C(t) and I(t) agree also). But this
changes as soon as we hit a ceiling or a floor.

For v = 1.5, thishappens first when ¢t = 15. At this time, C(15) =
112.47 and I(15) = 9.09, so their sum, 121.56, exceeds our as-
sumed ceiling Y, = 120. This latter value therefore appears as Y(15)
in Table 10.1, followed by an asterisk to indicate that here is where
a ceiling came into play. Similarly, at ¢t = 16, we have C(16) +
I(16) = 115.00 + 5.06 = 120.06, so the ceiling Y, = 120.00 comes
into play once more. Thereafter, the economy goes into decline.
Investment decreases and becomes negative at ¢t = 18.

3This table is oversimplified on several grounds, two of which follow. (1) Since
consumption demand and investment demand are only demands, not neces-
sarily met in full from output, a question arises how the deficit in income, if
any, is distributed between consumption foregone, and investment foregone.
This issue has been avoided. (2) On economic grounds, the floor level of in-
vestment I and the accelerator coefficient v should be related to each other
at least roughly, so that a higher value of v should be associated with a nu-
merically higher value of 7. This point, also, has been ignored, so as to be
able to make simple comparisons.
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Now look at the figures for t = 19. At this time, the accelerator
mechanism predicts the following ‘“‘desired” investment level:

I, +v{Y(18)— ¥Y(17)}= 0 + 1.50X (103.75—115.00) = —16.88

This is more negative than the floor level Ir = —10. Hence actual
investment outlay does not drop down to —16.88, but rather only
down to —10, which is (by assumption) the most rapid rate of dis-
investment possible in this economy.

Investment stays at this floor level for three full periods (¢ = 19,
20, and 21). By the end of that time, the drop in income has slowed
down enough to allow an investment-led recovery to get underway.
Investment increases slowly at t = 22 and ¢ = 23 and then acceler-
ates in a rush for ¢t = 24 and t = 25. By time t = 26, we are once
more up against the ceiling on income!

Now note that Y(26) and Y(27) repeat, precisely, the income
values Y(15) and Y(16), all these being at the ceiling level. Since
two successive income values determine the entire subsequent be-
havior, we conclude that the same cycle repeats precisely ever
thereafter. The repetition period is 11 time units. Thus the system
goes through a limit cycle. The initial approach to this limit cycle
depends upon how the model is started off [on the values of Y(0)
and Y(1)]. But once we get into the limit cycle proper, this same
cycle repeats precisely, with the shape of the cycle quite inde-
pendent of initial conditions.

Now look at the other case, v = 3.0. The Samuelson model
shows no oscillations at all for this value of v, as can be seen from
Table 9.1. But the Hicks model results in Table 10.1 are not only
oscillatory in nature, entering the limit cycle at t = 13, but the
shape and nature of this limit cycle are very similar to those of the
limit cycle for v = 1.5! To show this similarity explicitly, we have
plotted, in Figure 10.1, the income Y(t) versus t, with time mea-
sured from the start of the limit cycle (from t = 15 for v = 1.5,
and from ¢ = 13 for v = 3.0). Looking at Figure 10.1, we see that
the initial decline from the ceiling income is almost identical for
these two values of the accelerator constant v. Later on, the limit
cycle for v = 3.0 continues its decline for two extra periods, but
then ascends into a more rapid boom, so that the full repetition
period differs by only one time unit. Major differences in the Sam-
uelson model have, therefore, become quite minor differences in
the Hicks model. The following features of these results are worth
noting:

1. The nature of the limit cycle cannot be inferred from the be-
havior of the linear Samuelson model. With the equilibrium posi-
tion unstable, the behavior of the model in the region close to

LA
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equilibrium does not give adequate information about the overall
behavior.

2. If the model has both a ceiling and a floor, we get a limit cycle
whenever the equilibrium is unstable (v > 1). If we retain the floor
Iy but give up the income ceiling Y, (i.e., assume Y, is infinitely
large), then we get a limit cycle provided the value of v exceeds
unity and is low enough to get oscillations at all [see the discussion
in section 9D, following equation (9.15)]. But if the accelerator
constant v is too large, then the Hicks model requires a ceiling in
order to obtain reasonable behavior. Without a ceiling, the income
eventually keeps increasing indefinitely. A model of this type needs
some mechanism to bring a wild boom to an end. This mechanism
need not be a firm ceiling on income, but some type of “brake” is
needed for a runaway boom.

3. The shape of the limit cycle is worrisome. In Figure 10.1, the
downswing is slow and extends over a long time interval; the sub-
sequent recovery and boom are extremely rapid. This is the exact
opposite of the observed behavior of trade cycles.

4. The simple Hicks model leads to a limit cycle which repeats
itself precisely. Actual trade cycles, though showing a kind of
family resemblance to each other, are by no means precisely repeti-
tive.

Point 3 was noted, of course, by Hicks. He suggested that the
reason for the discrepancy is the neglect, in the simple model, of
money and credit. At the turning point of the boom there is a
rapid loss of confidence by businessmen and investors, lead-
ing to credit tightness and, quite often, to a panic on the money
market. It is not surprising that an oversimplified model without
any money market or business confidence in it leads to the wrong
shape for the trade cycle. We conclude that a realistic theory of
the trade cycle must include, within the model, a financial sector
sensitive to “business confidence.”

By contrast, point 4 can be handled by a quite minor modifica-
tion of the simple model, a modification which we now describe.

The unwanted precise repetition is due to the fact that we have
assumed, in the simple model, that consumption and investment
are perfectly predictable and depend only on known, past values
of the national income. This is a strong oversimplification for con-
sumption and is wildly wrong for investment. *

Investment decisions involving fixed capital are not made en-
tirely mechanically merely by looking at past levels of sales de-
mand (or of national income in the simple model). Rather, every
investment decision, by its very nature, is ‘“forward-looking’’ and
therefore depends on the businessman’s estimate of what future
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economic conditions are likely to be.

Of course, any sensible person is influenced in his guesses about
the future by what has happened in the past. But his views of the
future are by no means just a mechanical extrapolation of past
conditions. If the economy has been in the doldrums lately, he
may assume that this sorry state will continue. But he may feel, in-
stead, that the time is about ripe for resumption of economic ac-
tivity. If he feels that way, then the present moment, while costs
of labor and materials are still low, may seem just right for initi-
ating an investment project. Conversely, if a boom is underway,
the businessman may assume that boom conditions will continue.
But he may instead become edgy and worried about the possibility
of a downturn fairly soon. In that case, he is not likely to start an
investment project to meet predicted future demands, since he dis-
trusts the prediction.

“Business confidence” is thus an extremely important factor for
investment. But this factor is very hard to include in any model
consisting of some set of equations. One way out, though by no
means the best way, is to think of business confidence as a ‘“‘ran-
dom variable” u(¢) which cannot be predicted precisely and which
may take on positive or negative values. This random variable is
then added to the purely mechanical investment prediction of the
accelerator mechanism. Thus, the investment equation of the Sam-
uelson model is altered to read:

It)=I, + v{Y(t — 1) — Y(t — 2)} + u(t)

where the first two terms on the right are predictable, but the
term u(t) is a random variable. The corresponding change for the
Hicks model reads:

Figure 10.1

The limit cycle of the Hicks model, for two different values of the
accelerator coefficient v, namely, v = 1.5 and v = 3.0. National
income Y(t) is plotted against the time elapsed since the start of
the cycle (thus ¢t = 0 in this figure corresponds to the following
time values in Table 10.1: to t = 15 forv = 1.5, and to ¢t =13 for
v = 3.0). The values of Y(¢) are taken from Table 10.1. Only
Y-values at the marked points (at integral values of the time
coordinate) are meaningful. The straight line segments connecting
these points in the figure are only to aid the eye and have no
economic significance in the Hicks model. In spite of the vast
difference between v = 1.5 and v = 3.0 in the linear case (in the
Samuelson model), there is rather little difference for the non-
linear case (the Hicks model).
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I(t) = Max[I, I, + v{Y(t—1)— Y(t —2)}+ u(®)]

That is, the random variable affects the ‘““desired” level of invest-
ment, but not the floor level.

The effect of this change on the behavior of the Hicks model
is quite minor. There is still a continuing, self-sustained, endoge-
nous cycle with income hitting the ceiling, and investment striking
the floor, from time to time. The (deliberately intended) differ-
ence is that there is now no longer precise repetition of behavior
from one cycle to the next.

This state of affairs provides an answer to those critics of the
Hicks model who discount it because it is “‘deterministic” (predict-
able) rather than ‘“stochastic” (containing random variables). We
shall have more to say about stochastic models in the next chapter.
For now, suffice it to say that introduction of random variables is
not always a terribly important or major change. In particular, if
there is a limit cycle in the deterministic model, introduction of
random variables makes very little real difference.

B. The Frisch model

Random variables, however, can be of major importance in other
circumstances. Above, we discarded the simple accelerator-multi-
plier model with a stable equilibrium (with acceleration coefficient
v below unity) on the grounds that any oscillations which may be
present at the initial time tend to die down in such a model, where-
as actual trade cycles keep on recurring.

Long before Hicks developed his model, Ragnar Frisch (1933)
published a famous article entitled ‘‘Propagation Problems and Im-
pulse Problems in Dynamic Economics.” In this article, he called
attention to the fact that oscillations do not die down if the sys-
tem is subjected to recurrent random shocks, even if the system, in
the absence of such shocks, is stable. The recurrent random shocks
never give the economy a chance to settle down quietly into its
equilibrium state.

Rather, the system is subjected to new shocks continually and
is therefore set into motion again, long before the oscillations
from old shocks have had a chance to die away completely. The
old motion and the new motion add (remember, the simple accel-
erator-multiplier model is a linear system, without ceilings or
floors). The resultant overall motion depends upon both:

1. The nature of the inherent motions of which the system is ca-
pable in the absence of disturbances (the “propagation”), and

9. The nature of the shocks (the “impulses’).

These two effects interact. The resulting overall motion is not,
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in general, at all similar to the pattern of the shocks which are the
first cause of that motion. Ragnar Frisch quotes a homely but
graphic simile: If you continue giving random kicks to a rocking
horse, the motion of the rocking horse looks much more regular
and smooth than the series of kicks. Indeed, if the rocking horse
is heavy and its undisturbed oscillations die down only slowly
(are only little damped), then the “forced” motion of the rocking
horse under a series of kicks looks much more similar to the “free”
motion without kicks than to the set of kicks. The only essential
difference is that the forced motion, unlike the free motion, never
dies down entirely. This essential difference is just what we need
for trade cycle theory.

We therefore have a second, essentially different type of model
for the trade cycle, which we shall call the Frisch-type model. This
includes the original model of Frisch (1933) as well as many other,
more elaborate versions of the same basic idea. In a Frisch-type
model, the economy is assumed to be basically stable. In the ab-
sence of ‘“shocks,” any initial oscillations die down of their own
accord until the model reaches a state of equilibrium, which then
continues forever. There are no ceilings or floors. But there are
random ‘‘shocks” which influence what happens to various eco-
nomic quantities, particularly to investment. Under the influence
of these shocks, the economy is driven away from permanent equi-
librium into a roughly cyclical behavior.

As an extremely simple example of a Frisch-type model, con-
sider the following set of model equations:*

Consumption equation

Cit)=Cy + mY(t—1)
Investment equation

I(t)=1I, + v{Y(£'—=1) = Y(t—2)} + u(®)
Output equation

Y(t) = C(t)+ I(¢)

These are the same equations as in section 9B, the accelerator-
multiplier model, modified only by the ‘“random shock term’’ u(¢)
in the investment equation. Thus C,, m, I,, and v are the same
constants as before, m being the marginal propensity to c.onsume
and v the accelerator constant. This latter constant is now taken to
be less than unity, so that the model has a stable equilibrium.

4 ¢ 3

) These are not the equations of Frisch (1933) but rather a simplified version
mt(nfoducod by Rau (1974). No essential point is lost, however, in this simplifi-
cation.
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In such a model, it is necessary to say something about the na-
ture of the random variable u(t). Since u(t) is, by definition, not
predictable, we must say something about its statistical distribu-
tion function, not about actual values. It is usual to make some ex-
tremely simple assumptions (we shall have more to say about this
in the next chapter). The simple, purely ad hoc assumptions are:

1. The mean value (expected value) of u(t) is zero, for each
time £.

2. At two different times t and t', u(t) and u(t') are statistically
independent; i.e., there is no correlation between them.

3. The distribution of each separate u(t) is a normal (Gaussian)
distribution, with mean zero and standard deviation o independent
of time.

We do not suggest, nor do we believe, that these assumptions
are realistic for a random term to describe, inter alia, the effects
of business confidence on investment behavior. For example, if
business confidence was high at time ¢, then there is a considerable
likelihood that it will still be fairly high at time t' = t + 1. Thus
u(t) and u(t + 1) should show some positive correlation, contrary
to assumption 2. But these are the simplest assumptions one can
make in such a “stochastic” theory; furthermore, just these as-
sumptions are often made by people who construct economic
models.

In Table 10.2 we show a “stochastic simulation’” of this model,
with v = 0.9 and all other parameters the same as in the deter-
ministic simulation (no shocks) of Table 9.1. We start off the sys-
tem with Y(0)= Y(1) = 101, one percent above the equilibrium
value, and we allow the shocks to start in period t = 2. We must
specify one more parameter, namely, the standard deviation of the
distribution of the shock terms; we have chosen this parameter to
be g = 1.0. The income values from Table 10.2 are plotted graph-
ically in Figure 10.2, for easier inspection.

Let us now compare the stochastic simulation of Table 10.2 and
Figure 10.2 with the deterministic Samuelson model for the same
parameter v = 0.9, i.e., with the first column of Table 9.1.

There are oscillations in both cases, and they do not look all
that different. But in the Samuelson model (no shocks) the oscil-
lations are completely regular and they die down gradually but
steadily. In the Frisch model, with shock mean square sizes
assumed here, the amplitude of the oscillations actually increases
to start with and then reaches a fairly regular level. The average
amplitude of the oscillations in the long run is determined by the
assumed average shock size (the parameter o in the model). The
oscillations in the Frisch model are no longer precisely regular,
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Table 10.2

Stochastic Simulation of a Frisch-type
Model of the Trade Cycle

In Table 10.2 the parameters are Cq = 25, m = 0.75, I, = 0,
v = 0.9, and 0 = 1.0 (this last is the standard deviation o;‘
the shocks around their mean, zero). The equilibrium national
income is Y = 100, and we start with incomes, in the first two
periods, 1 percent above this.

Time i
4 S:./h((t’;:k In)c/(()gle T|;ne Su}}c;)ck In;c();?e
0 = 101.00 31 —0.72 95.17
1 = 101.00 32 0.79 96.39
2 155 99.20 33 —0.70 97.70
3 0.51 98.29 34 0.65 100.10
4 0.36 98.25 35 0.76 103.00
5 0.14 98.80
6 —1.56 98.03 36 —1.40 103.45
7 ~0.09 97.73 37 —0.99 102.01
8 —1.34 96.70 38 0.47 100.68
9 ~0.14 96.45 39 0.95 100.27
10 ~0.90 96.21 40 0.13 99.95
11 ~0.37 96.57 41 1.25 100.93
12 1.39 99.15 42 1.1 102.69
13 0.47 102.16 43 —2.41 101.20
14 —0.57 103.75 44 0.05 99.61
15 0.94 105.19 45 ~0.32 97.95
16 ~1.74 103.45 46 —0.45 96.52
17 3.56 104.59 47 0.47 96.57
18 1.08 105.55 48 0.98 98.45
19 —0.95 104.07 49 0.98 101.52
20 —0.55 101.18 50 0.50 104.39
21 2.66 100.93 51 1.10 106.98
22 0.07 100.55 52 —0.23 107.33
23 —0.45 99.62 53 ~0.27 105.55
24 —~1.18 97.69 54 0.18 102.74
25 0.98 97.51 55 1.02 100.55
26 ~0.29 97.68 56 0.01 98.44
27 0.15 98.57 57 090 ~ 9784
28 —1.44 98.29 58 ~0.19 97.65
29 ~1.20 97.27 59 1.01 99.07
30 ~1.02 96.02 60 1.15 101.73
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Figure 10.2

National income in the Frisch model, as a funct:,ion of time. Tb1s

is a stochastic simulation, with the shocks starting to operate in
period 2; the system is started off with Y(0) = Y(1) = 101, which
is 1 percent above the equilibrium value, 100. The system goes
into oscillations, which do not die down, nor do they explode into
ever larger sizes. The oscillations in thg Frl.sch model are not pre-k
cisely regular but are recognizably osm}la‘mops, Whergas the shocks
which give rise to this behavior are entirely irregular in appearance
(see the column labeled “Shock” in Table 10.2).

re regular enough to be clearly recognizable as osc111?1-
Eilétn:.hTezi: is trui in spite of the fact that the actual shgck terms in
this simulation, i.e., the assumed values of u(t), whlch are alsp
shown in the Table 10.2, are not at all reg}llar or osc1llgtory in
character. This is the basic idea of the Frisch model: uregu.lar
blows to a “rocking horse” have the ultimgte effect of. throwing
the rocking horse into very nearly simple gsc111atory motion.

We make the following comments at this stage:
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1. The Frisch idea requires that the economy, in the absence of
shocks, is locally stable about its equilibrium path. In the simple
model discussed here, this means v < 1. This requirement is strong-
ly in conflict with our crude estimates of likely values for v, in
section 9B.

2. The three statistical assumptions made about the probabil-
ity distribution of the sequence of shocks u(t) are not at all rea-
sonable. We mentioned already that one should expect correla-
tions between u(t) and u(t+ 1), on economic grounds. If u(t)
represents, in part at least, the effect of ‘‘business confidence” in-
fluencing investment decisions, then absence of correlation be-
tween u(t) and u(t + 1) is a highly unlikely supposition about the
behavior of business confidence. However, this particular difficul-
ty can be handled theoretically. One may postulate the presence
of “auto-correlation” in the sequence of shock terms u(t). When
this is done, the resulting simulations tend to look even more like
regular oscillations, so that auto-correlated shocks give ‘‘better”
results than the ones shown in Table 10.2. But there are other
statistical effects, not included in this theory nor in any of the
usual econometric models, which are almost certain to be present
in reality. We mention just two of them: Assume that confidence
is high and we are in the middle of a boom. Then the likelihood of
this confidence’s continuing into the next period depends on
where we are within this boom. Initially, after confidence has re-
vived to start the boom, it is likely that confidence will continue.
But after the boom has been going for some considerable time,
people are much more likely to question the continuance of such
buoyant conditions. Though easy to describe in words, it turns out
that this effect is very hard to include in any simple way, mathe-
matically. A second point is that when confidence does ‘““break,” it
tends to do so sharply, from a high level to a strongly negative lev-
el, in avery short time. Nothing in the statistical assumptions which
we have made, and which are the ones commonly made, permits
this kind of effect to show up in the theory. Yet the effect itself is
only too painfully evident in real panics.

3. Although the stochastic simulation (Table 10.2 and Figure
10.2) shows the general appearance of oscillations which do not
die down, these oscillations are not similar to actual trade cycles.
The oscillations of the model are much too regular and symmetri-
cal for that purpose. In the model, the time taken for an upswing
is equal, on the average, to the time taken for a downswing. In real
life, upswings are slow; downswings go with a mighty rush. In the
words of Galbraith (1975, p. 104):

The usual image of the business cycle was of a wavelike movement, and
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the waves of the sea were the accepted metaphor. Prices and production
rose gradually, then more rapidly, reached an apex and then subsided.
One measured the length of the cycle from crest to crest or trough to
trough; thus again the wave. The reality in the nineteenth and early twen-
tieth centuries was, in fact, much closer to the teeth of a ripsaw which go
up on a gradual plane on one side and drop precipitately on the other.
Or, if a wave, it was the long mounting roll and then the sharply breaking
surf.

There is no “ripsaw” in the Frisch model.

4. From a more fundamental view, the explanation of the trade
cycle by means of the Frisch model is not an explanation at all,
but rather begs the question. The first cause of the cyclical be-
havior is taken to be the series of random ‘shocks’ to the econ-
omy. But what explains the random shocks? Far from having
found, within economic reasoning, a consistent explanation of the
observed cyclical fluctuations of a competitive economy, all that
the Frisch model does (at best, that is, if we ignore point 3 above)
is to explain how random shocks which look not at all cyclical can
give rise to observed behavior which looks like a trade cycle (pro-
vided we do not look too closely). But this leaves the supposed
real cause of the phenomenon, namely, the shocks themselves,
quite unexplained.

C. The Goodwin model

The models of Hicks (1950) and Frisch (1933) are the basis of
most of the published discussion on trade cycle theory. These sim-
ple, schematic models contain the essence of what are usually con-
sidered to be the main competitors in this area; realistic models
must be more complicated, of course, and they will be discussed in
chapter 11. But most, if not all, of the “realistic’’ models studied
to date are qualitatively either of the Hicks type or of the Frisch
type.

It would be misleading, however, to leave the reader with the
impression that these two types are the best available among the
schematic models. This is quite wrong. We now turn to a much less
well-known model, that of Goodwin (1967, 1972). In our view,
Goodwin’s type of model is greatly preferable to the ones studied
so far.

The Goodwin model is “post-Keynesian” in outlook, not neo-
classical.’ As a result, one moves into a quite different world. There

5 Also not Marxist: The “homeostatic mechanism” of Goodwin conflicts di-
rectly with Marx’s claims of progressive immiseration of the workers. In the
Goodwin model, the workers’ share is constant in a long-term average over
many trade cycles.
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is no longer some implication of full employment; and the distrib-
utlve. shares gf output going to capital and labor, respectively, play
a major role in determining what happens. Goodwin’s thesis

is that the very structure of capitalism constitutes a homeostatic mecha-
nism which functions by means of variations in distributive shares but
does so in such a way as to keep them constant in the long run. If real
wages go up, profits go down: if profits go down, savings and investment
lag, thus slowing up the creation of new jobs. But the labour force is con-
tinually growing both through natural increase and through men “re-
leased” by technological progress. The reserve army of labour grows,
vi/ages lag behind the growth of productivity, profits rise, and accumula-
tion is accelerated back up to a high level. This in turn gradually reduces

unemployment, wages rise, and so it goes on, indefinitely (Goodwin
1972, p. 442).

Note how greatly different this economic world is from the one
of Hicks or of Frisch. Investment is tied to profits, not to past
trends in output. Wages are related to the fraction of workers un-
employed, tending to increase if this fraction becomes small, de-
crease when there is a lot of unemployment. ,

Let us now go through the admittedly “‘starkly schematized and
hence quite unrealistic’” assumptions of the Goodwin model, one
by one:

1. There is steady technical progress (in labor productivity, due
to petter machines). That is, the labor productivity, defined as the
ratlo of output Y(t) to the amount of labor used (employed) L(t),
is assumed to go up steadily:®

a(t) = Y(t)/L(t) = a, exp(at)

Here a, i.e., the growth rate of labor productivity, is assumed to be
a constant. (A more. realistic model might relate productivity
growth to wages, but it is quite reasonable to neglect this for a
first exploration).

2. There is assumed to be a steady growth of the labor force N(t):
N(t) = N, exp(ft)

where NO aqd @ are constants. Note that there is no presumption
that this entire labor force N(t) will be employed. Rather, we shall
work with the “employment fraction”

A(t) = L(t)/N(t)

!“ull employment means A = 1; this limiting case is never reached
in the model. The fraction unemployed at any time is equal to

)

0 ; ;
VY<- use our own symbols for consistency, nol the symbols of Goodwin
D) Al x2y (ol " oum | i
(1972). For technical progress in growth theory, compare Kennedy (1972).
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1 — \(t). Assumption 2, though schematic, is entirely adequate for
such a model.

3. There are only two “factors of production,” namely, ’l’abor
and “capital” (plant and equipment). Both these “fact(’)’rs are
taken to be homogeneous and nonspecific. ‘‘Homogeneous™ means
that we ignore differences of skill between workers (or. we assume
that such differences have been corrected for at an earlier sjcage, SO
as to reduce all “labor” to a homogeneous entity), and similarly
for plant and machinery. “Nonspecific”’ means thgt a worker can
shift from production in one area to that in another, 1nstantgne.ously
and without penalty, and the same is assumed, very unreahs.tlcally,
for plant and machinery. Here, then, is the point at which the
model becomes very “schematized” indeed—but no more so than
the models of sections A and B! There also we worked in terms‘of
a completely homogeneous and nonspecific “outpqt” Y(t), with
not even a distinction between output of consumptlon ggods and
output of investment goods. Thus, Goodwin is right within the
mainline tradition in making such assumptions. We Shf'ill 0?111 the
capital stock K(t), as before. The same caution regar.dmg its far-
from-clear definition applies as did before (see Robinson 1954,
Harcourt 1972). _ _

4. All quantities are taken net and “real”; i.e., price changes are
ignored and stocks of capital, for example, are taken net of ‘c‘iepre-
ciation. The wage rate w(t) is therefore a “real wage,” not a nolrri-’
inal wage.” This approach is common to most of the ‘“‘schematic
models. The wage w is a flow variable’ (real claim on output per
unit time per worker employed); hence the flow of product to the
employed workers is given, at any time ¢, py the produc‘t w(t)L(t).
(Unemployed, in this model, receive nothing at all and llYe on air.)
The share of the workers in total output is then the fraction:

Workers’ share = w(t)L(t)/Y(t) = w(t)/a(t)
where the labor productivity a(t) was defined under point 1. Since

this share is of major importance in what follows, we introduce a
symbol for it:

w(t) = w(t)/a(t)
The rest of the output, with only two “factors of productior.l”
present, of necessity goes to “capital,” so that the share of profits
in output is given by 1 — w(t). - . ,
5. Workers consume all their wages; capitalists save and invest a
their profits. Note that the possibility, emphas1zgd by Keynes, of
some profits’ being saved but not invested immediately (but rather

TThis is so because we have defined employment L(t) as a stock.
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held as money or other financial assets) is ignored in this theory.
This is not an arbitrary and artificial assumption, but rather fol-
lows from the nature of these schematic models: In the absence of
any financial sector or of money, a model phrased entirely in
“real” terms has no way of allowing for people’s hoarding money
or financial assets. Note that this picture of the investment
process is entirely different from the one used by neoclassical the-
orists such as Hicks or Frisch. The amount invested in new plant
and machinery is simply equal to the entire (real) profit (i.e., ex-
cess of output over that part of output going to the workers) gained
by the capitalists. There is no pretense that this assumption is
completely realistic. But, also, there can be no doubt that actual
investment outlays are strongly tied to the current net cash flow
of business, much more so than to long-range projections of out-
put trends. Thus, if one wishes to work with a highly schematized
model at all, then a model of the Goodwin type is much better
than the ones we studied before.

6. The capital stock K(t) is related to the output level Y(t) by a
constant proportion: K(t) = vY(¢). This is the by now familiar
“accelerator”” assumption. It is made here for simplicity, mainly. A
more complicated relationship between output and capital stock
could be introduced, but at the cost of greatly complicating the
equations of the model.

7. The rate of real wages w(t) is not constant in time, but rather
is sensitive to the employment fraction A(¢). If there is much un-
employment—i.e., if A\(f) is considerably less than 1—then
wages tend to drop (unions are less able to maintain their bargain-
ing position). Conversely, when A(¢) approaches 1 closely (when
there is nearly full employment), then wages tend to rise. This ef-
fect is commonly known by the name “Phillips curve,” after
Phillips (1958)® but really dates back to Karl Marx (1867) with his
“reserve army of labor.” The resulting model equation appears in
the mathematical appendix.

The mathematical treatment resulting from these assumptions is
in the appendix. The treatment is rather more complex than for
either the Hicks or Frisch models. The Goodwin model is much
more strongly nonlinear than the Hicks model (the Frisch model,
of course, is entirely linear), and highly nonlinear theories are in-
evitably more complex mathematically. As usual, everything has
its price, and the price of a much more realistic and sensible model
is a higher degree of mathematical complication.

Let us now turn to results from this model.

9See also Brunner (1976), Pierson (1968), Van Order (1976), and Perry
(1964).
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First, the model does have the possibility of equilibrium growth,
with constant values of the employment fraction A and of the
workers’ share w. The equilibrium value of \, which we call N, is
slightly higher than the value Ap at which the Phillips curve crosses
the horizontal axis, the more so the higher the rate of growth of
labor productivity. The equilibrium value of w, called w, is given

by a simple formula:

This is below unity, naturally, the more so the higher the acceler-
ator constant v and the growth ratesa and (. If the system is started
off at time ¢t = 0 with A(0) = X and w(0) = w, then these values
never change thereafter.

This equilibrium is neither stable nor unstable, but rather it is a
neutral equilibrium, a term which we shall now explain. Consider a
book resting on a flat tabletop. It is at rest and in equilibrium. But
it would be equally at rest and in equilibrium at any other point
on that tabletop. If we displace the book from its equilibrium po-
sition to some neighboring point, there is no tendency for the
book to return to the earlier position; hence this equilibrium is not
«stable.” But neither is there a tendency for the departure from
the earlier position to increase; hence the equilibrium is not “un-
stable,” either. This type of equilibrium is called neutral.

In the present instance, there is only one equilibrium point, the
one we have described above. If the system is displaced from this
point, for example, if w(0) < w, then there is no tendency what-
ever to return to equilibrium. Rather, the system then proceeds to
carry out a closed cycle in the A\-w plane, returning after some
time T to the point it started from and repeating that cycle indefi-
nitely. The possible cyclical motions are nested inside each other,
with the equilibrium point being the innermost point of all these
concentric cycles. The cycles are by no means perfect circles in the
A-w plane, however. Which of these cycles will be traversed by
the system depends upon the initial values A(0) and w(0). In Table

10.3 we give results for one such cyclical motion, started off with
A 0) = X but w(0) = 0.75, which is less than = 0.895 for the as-
sumed parameters (v = 3.0,a = 0.015, 3 = 0.020).

The following features of Table 10.3 deserve comment:

1. The system returns to its initial point (same values of A\ and
w, exactly), though of course the steady growth in population and
labor productivity means that neither total output nor output per
worker nor real wages per worker return to initial values. (This il-
lustrates the advantage of using the fractional variables N and w.)
Precise repetition in X\ and w is of course unrealistic, but one can

i
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Table 10.3
A Trade Cycle in the Goodwin Model
The parameters are: Rate of growth of labor productivity
a=0.015
Rate of growth of labor force
B =0.020
Accelerator coefficient
V= 3.0
Phillips curve crosses zero at \p = 0.96;
S goes to —0.04 for A= 0.
quilibrium values are: X\ = 0.966 (employment fraction)
w = 0.895 (labor’s share).

Starting values are: A (0) =0.966;w (0) =0.750

) Employment Labor’s
TITB frac}iion share ratecctjfr:‘zrt]fjrn Index of Index of
w (in percent) output real wage

0.00 0.966 0.750 8.33 1.000 1.000
0.50 0.988 0.791 6.96 1.041 1.063
1.00 0.982 1.040 -1.33 1.053 1 .408
1.50 0.957 1.055 —-1.84 1.044 1.439
2.00 0.933 1.038 —-1.26 1.036 1 .426
2.50 0.912 1.015 —0.51 1.031 1.405
3.00 0.896 0.991 0.30 1.030 1 .382
3.50 0.884 0.967 1.11 1.034 1.358
4.00 0.875 0.943 1.91 1.042 1 '334
4.50 0.870 0.919 2.71 1.054 1.311
5.00 0.868 0.896 3.48 1.070 1'287
5.50 0.869 0.873 4.24 1.091 1 '264
6.00 0.874 0.851 4.97 1.117 1.241
6.50 0.882 0.830 5.68 1.147 1.219
7.00 0.894 0.809 6.36 1.182 1.198
7.50 0.908 0.790 7.01 1.222 1.178
8.00 0.925 0.772 7.60 1.268 1.160
8.50 0.946 0.757 8.11 1.319 1.146
8.943 0.966 0.750 8.33 1.368 1 144
Average 0.912 0.895 3.50 -

Notes: ; ‘?Vutput declines for a short period, between t = 1 and ¢t = 3>
. Wages rise rapidly initially and decline steadily after ¢t = (

real wag?ffsTa}r‘e low during prosperity (Bodkin 1969) HEES S e
: e rate of return equals(l—w)/u=(1—.-w)/3 disgi

convenience. It i i i it i pattive ¢ Ly

convent ce. It is negative when w(?) exceeds unity. But it is positive on the

4. Since we start with A (0) = }, the starti i
minimum over the entire cycle. (077 &, the starting value of s the brue
5. The average value of X differs from X but the average of o equals

w.
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introduce random shocks into the Goodwin model quite easily,
just as in the Hicks model; after that, the cycle is no longer pre-
cisely repetitive.

2. The average value of w(t) over one full cycle works out as
w = 0.895, which is exactly equal to the equilibrium value w.
This is a general theorem for this model, proved in the appendix.
No such theorem holds for the employment fraction A. The time
average of A(t) is )\ave = 0.912, whereas the equilibrium value is
higher, A= 0.966. Thus, one effect of the trade cycle is to decrease
time average employment below the equilibrium value.

3. The employment fraction \ stays between zero and 1, at all
times, but not so the workers’ share w. For example, at time { = 1
we have w(1) = 1.040, higher than one. However, this favored po-
sition of the workers is short-lived. On the average, over the whole
cycle, the workers’ share is no more than it would be in equilib-
rium; i.e., w___ = w= 0.895, for the case here.

4. The motion of the system is unsymmetrical between going up
and going down. Looking at the workers’ share w(t), we see that it
increases for the first 1.33 years, then decreases steadily (but
much more slowly) for the next 7.62 years, giving a time T'= 8.95
years for the entire cycle. Not only is the motion unsymmetrical,
but (unlike the Hicks model) the asymmetry is in the right direc-
tion. Since w represents the workers’ share, profits are going down
for 1.33 years, then the subsequent recovery in profits takes 7.62
years. (What is meant by “going up” and ‘“‘going down” depends
on who asks the question.)

In summary, the results are highly encouraging. Without doing
violence to any of our qualitative estimates (for example, of the
accelerator constant v, as well as likely values of productivity and
population growth rates) we have arrived at quite sensible values
for the length of the trade cycle and for the way this divides up
into periods of upward and downward phases. Considering the ex-
treme crudity of some of the assumptions underlying this model,
this success is remarkable.

Of course, the model is far from perfect. In particular, we feel
that the existence of an equilibrium which is not unstable (it is
neutral) is a flaw in this model; so is the possibility of arbitrarily
large cycles. The first flaw can be remedied in several ways:
(1) introduction of more disaggregation in the nature of the out-
put, e.g., separate outputs of consumer goods and investment
goods; (2) introduction of a financial sector, including money and
credit as well as some index of business confidence. Either or both
of these changes are likely to make the equilibrium point locally

unstable, as is desirable.

\A
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. The second flaw, the absence of an upper limit to the overall
size of the set of cycles possible in the Goodwin model may be
rgmgdied by the introduction of a floor level for net in\;estlnent
similar to the one in the Hicks model. In the Goodwin model the,
workers’ share of the product may exceed unity over part oi': the
9ycle. During such periods, the model implies the existence of dis-
1nx{estment, the stronger the more the workers’ share exceeds
unity. If the size of the cycle becomes very large, the necessary
rate of disinvestment also becomes large, larger than the maximum
ra.te of disinvestment attainable by letting capital goods run down
without replacing them. In such a situation, assumption 5 (that
capitalists invest all their profits, positive or negative) conflicts
with the existence of a floor level to net (dis)investment. Thus, as-
S}lmption 5 must then be modified. The effect of this chang,e is
likely to be an upper limit to the size of the cycles possible in the
modified model.

The changes just discussed may suffice to produce a true limit
cycle of defined magnitude, rather than the infinity of possible
cycles in the original model. But, while it is obvious that much
work remains to be done, we have no doubt that the Goodwin
model is the most promising of all the “schematic models’’ of the
trade cycle and well deserves further investigation. A good start in
that direction has been made by Alfredo Medio (1975); there also
can be found further references to the literature on the theory of
the trade cycles.

In concluding this section on schematic models of the trade
cycle, we call attention to the fact that by no means all such
models have been included. We have presented only five models
of which the first four are most prominent in the standard literaj
ture, and the fifth (Goodwin) model is the one we consider most
hopeful. This does not mean, and is not intended to mean. that
f)ther models can or should be ignored. It merely means tha,t lim-
ited space forces us to restrict our coverage much more severely
than we should have liked and forces the reader to consult the vast
original literature, for example, Arrow (1960), Duesenberry
(1958), Goodwin (1955), Harrod (1939, 1948, 1973), Kaldor
(1940, 1954, 1957, 1960, 1961, 1962), Kalecki (193’,7, 1943
1954), Laing (1978a, 1980), Lucas (1975), Lutz (1961), Pasinetti
(1974), and Schwartz (1961).

D. Mathematical appendix

'I‘his appendix is devoted entirely to the Goodwin model. The
Hicks model is rather intractable mathematically, though easy



212 THEORIES OF THE TRADE CYCLE

enough to follow through numerically. _There is, pf course, a g;elat
deal of formal mathematics associated w1th t:,he Frlsch-type1 130‘ : e;: s,
involving a part of mathematical probal?ﬂlty theory, calle ;id;
chastic processes.” It can get very complicated. Eor r.easorlli }:IV -
become apparent in chapter 11, we do not consider it worthw

to enter into this field. ‘ o
° The treatment of the Goodwin model which follows is different

in detail from Goodwin (1972), though of course identical in spilj;
it. The Goodwin paper is rather condensed, and we expand on 1

considerably here. - .
The productivity of labor assumption 1 reads:
a(t) = apexp(at)  a,,a are constants (10.1)
where a(t) is related to output Y(t) and employment L(%) by:
Y(t) = a(t)L(¢) (10.2)

i i tput to employment, not
In this theory, causation runs from ou
the other way round. Capitalists determine hF)w much output téxey
want to produce and then employ thg required number_ 01? labor-
ers. The total labor supply, by assumption 2, grows steadily:

N(t) = Nyexp(ft) N, pare constants (10.3)
We shall be interested particularly in the fraction employed:
\(t) = L(t)/N(1) (10.4)

We note, for later use, that A(t) must lie between zero and 1, al-

_The fraction of unemployed is 1 — A(%). .
walyrf section C, under point 4, we derived the expression for the

workers’ share of the product:
w(t) = w(t)/a(t) (10.5)

where w(t) is the real wage rate, per worlfer per unit tung.t’kll‘:ii
share of the capitalists in output is the fraction 1 — w(t}, an rid
(real) profits are this fraction times the to‘Fal output (}f). -
entire amount is reinvested, the rate of increase of the capi

stock becomes

dK/dt={1— w(®)} Y (1) (10.6)
The acceleration principle assumption, 6, takes the form:
K(t) = vY(t) (10.7)

where the constant v is the usual accelerator. Causation here als;(;
runs from left to right. Capitalists det(%rminel the rate ()f growth o
capital stock, in accordance with their profits—equation (10.6).
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Equation (10.7) then decides how much output there will be; this,
in turn, through equation (10.2), decides employment.

The “Phillips curve” assumption 7 is embodied in the wage
change equation:

dw/dt = f(\Nw (10.8)

that is, the fractional rate of change of real wages (1/w)(dw/dt)
is a function f(\) of the fraction employed. This function is
negative if unemployment is large (if A is small). It increases with
increasing \. For some A in the permissible range 0 < A < 1 the
function is zero, and it becomes positive for higher employment
fractions. Finally, in the limit as A approaches 1 (full employment),
the function f(A\) becomes indefinitely large, so that real wages
start shooting up beyond all bounds at that point. In Goodwin
(1972) this function is approximated by a straight line, but we
prefer (when we need an explicit expression, which is not often)
to use the following schematic assumption:

f(\)=A/(1—\)> —-B A, B positive constants (10.9)

The requirement that f(0) < 0 implies the condition A < B.

Let us now proceed to derive the basic equations of this model.
These will turn out to be two coupled differential equations in the
two unknowns A(t) and w(t). They are differential equations,
rather than difference equations, because we have worked with a

continuous time variable ¢ throughout; for example, see (10.6) and
(10.8).

We combine (10.6) and (10.7) to get:
dY/dt = (1/v)(dK/dt) = { a-— w)/v} Y (10.10)
We now use this, (10.1), and (10.2) to obtain:
dL/dt = d/dt(Y/a) = (1/a)(dY/dt) — (Y/a® )(da/dt) =
dY/dt —aY)/a (10.11)
At this stage, use (10.4) to derive:
d\/dt = d[dt(L/N) = (1/N)(dL/dt) — (L/N? )(dN/dt) =
(dL/dt — BL)/N (10.12)
and now put it all together:
d\/dt = [(dY/dt —aY)/a—BL] N

= [0 —w)v—a)(Y/a) —BL] /N
= [(1—~w)/v—a—B](L/N) (10.13)

where, obviously, the final factor in parentheses is just A itself.
Before writing this equation in its final form, let us derive the

*
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equation for w(t). We combine (10.4) and (10.8):

dw/dt = d/dt(w/a) = (1/a)(dw/dt) — (w/a®)(da/dt)
= (dw/dt—aw)/a
=[fMw— aw]/a (10.14)
from which final form one can obviously extract a common factor
wla= w.

Equations (10.13) and (10.14) provide the basic equations qf
the model; we now write them out in convenient form. For this

purpose, we define the new constant y by:
y=1p)—a—§ (10.15)
With this definition, the final equations become:
d\/dt = (y — w/v)A
dw/dt ={f\) —a} w

We now start to exploit these equations, so as to d_e.rivg useful
results. To begin with, let us decide what are the equzlzb_rzum val-
ues of the variables N and w. In equilibrium, these variables are
constant in time; hence their time derivatives (1_0.16) must vanish.
Setting dw/dt = 0 yields the equilibrium condition:

N =a
where X is the equilibrium value of \. Setting d\/dt = 0 gives:
(10.17b)

(10.16a)
(10.16b)

(10.17a)

w=vy=1—v(a+ p)

If we use the form (10.9) for f(A), then we can solve (10.17a) to
get the explicit value:

A\=1-+A/(B+a) (10.18)

We note that, from the assumed properties of f(\), equation
(10.17a) implies that A always exists and has a Valut_a less than'l,
and greater than the point \, for which f(\p) = 0; this latter point
itself lies between 0 and 1. These predictions are borne out b.y.the
explicit formula (10.18): Since A < B is a necessary condition,
and a > 0, the right-hand side of (10.18) always lies between 0
and 1. Also: A= A\, = 1 — /A/B. o

Next, we derive a conservation law, that is, a first integral of the
equations of motion (10.16). We divide (10.16b) by (10.16a) to

obtain:
dw/d\ = (dw/dt)/(dN/dt) = w { fo\) — a} A (y — w/v) (10.19a)
We can rewrite this in the “separated” form:

{ (v/w) — (1o)} dew = (1) {70 —a} d) (10.19b)

e pm——
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We get our “conservation law” by integrating both sides of this
equation. We define the new functions:

W(w) = [ {(v/w) = (1/v) } dw = 7 log(w) — w/v (10.20a)

P(N) = AN {fN) —a}dn
= (A —B —a)log())
+A/(1—N)—A log(1 —A) (10.20Db)

where the final form of (10.20b) is valid if we use the particular
function (10.9). When we integrate both sides of equation
(10.19b), the two indefinite integrals can differ only by a con-

stant, which we shall denote by the letter E. This gives the conser-
vation law.

VY(w)—PAN)=E (10.21)

This result implies that the “path” of the system in the A-w plane
is restricted to points which satisfy equation (10.21). Given the
initial values A\(0) and w(0) at time ¢ = 0, the value of E can be
calculated from (10.21). The only values of A and w which can be
reached subsequently are such that (10.21) remains true, with the
same value of E. In practice, this means a closed curve in the \-w
plane, that is, a repetitive cycle. The equilibrium values (10.17)
define a point in this plane which lies inside the closed curve.
There is a whole family of such closed curves, one for each value
of E. These curves lie inside one another, and they do not inter-
sect. The same situation occurs in the Volterra theory of the vary-
ing populations of “prey” and ‘“predator’ in an ecological system
(Volterra 1931). As explained in section C, we consider this pic-
ture unsatisfactory in economics and would prefer a true limit
cycle with a strictly unstable equilibrium point enclosed within it.

Next, we establish theorems concerning averages over a com-
plete cycle. Let us write (10.16a) in the equivalent form:

d/dt log(\) = v — w/v

We integrate both sides of this equation over one full cycle, from
t=0to t=T. Since A, and hence also log(\), must return to the
initial values, the integral on the left is zero. We therefore obtain:

0=T—(1/v) ST w(t) dt
0

and thus the average of w over one complete cycle is given by:

)

W, .= T T o) dt=vy= & (10.22)

0
One may be tempted to conclude from this that averages over a
complete trade cycle are always equal to equilibrium values. This
comfortable, and unfortunately quite widespread, belief is entirely
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wrong. Let us write (10.16b) in the equivalent form:
d/dt log(w) = f(\) —a

As before, we integrate both sides over a complete cycle. The same
argument gives:

<) >, = (1/T) {T fia®}dt=a (10.23)

Thus the average value of f(\), not the average v?lue of )\ 1tse}f,
obeys a simple rule. Since the Phillips curve function f(>'\) is quite
different from a straight line—see equation (10.9?-_——1'1: follows
that A is quite different, in general, from the equilibrium vz?l}lloe
\. For instance, in Table 10.3, )\av 5= 0.912 whereas the equilib-
rium value is A= 0.966. .

This merely confirms something we know quite well alrea@y: I‘t
is not possible to deduce, from equilibrium value_s at an equﬂlbr}-
um point, what will happen in a limit cycle which contains this

equilibrium as an interior point.

CHAPTER 11

Econometric models
of cyclical behavior

A. The need for models

Although schematic models of the trade cycle give a considerable
amount of insight, the questions raised by the existence of funda-
mentally different models cannot be decided within the frame-
work of the simple models themselves. Yet these questions, par-
ticularly the question of dynamic stability or instability of the sys-
tem equilibrium, are of crucial importance not only for trade cycle
theory, but for all of economic theory and economic policy.

In section 9B, we derived equilibrium expressions for such
things as the national income Y. The formula for ¥ contained the
“multiplier” factor 1/(1 —m) where m is the marginal propensity
to consume. Such formulas are at the very basis of the Keynesian
policy recommendations for getting out of a depression. Yet, these
formulas hold only in equilibrium. One may employ these formu-
las only on the (all too often tacit) assumption that the system has
a natural tendency to return to the equilibrium state, i.e., on the
assumption that this equilibrium is locally stable. (Note that the
term “‘equilibrium’” here means long-run equilibrium, not the short-
run market balance between supply and demand; the latter is as-
sumed always.)

It follows that the entire range of Keynesian policy recommen-
dations is doubtful if the actual equilibrium is unstable; for then
these policies may lead to entirely unexpected, and usually very
much unwanted, results. The same caution applies to non-Keynes-
lan policy recommendations, for example, to monetarist ones.
These monetarist recommendations also are framed in terms of an
equilibrium analysis and are likely to be profoundly misleading if
the actual equilibrium is locally unstable.

There is a world of difference between controlling a system

277
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which is basically stable around its equilibrium and controlling a
locally unstable system. Policies which work well for the stable
system may be disastrous when applied to the unstable one.

When dealing with a locally stable system, one finds that the
best, or “optimal,” control policy is frequently a control of maxi-
mum permissible strength, applied for a very short time, that is, a
“short, sharp shock.” This kind of control tends to deflect the sys-
tem from its original, presumably undesirable, path into a new di-
rection, with least overall control effort. If the system has a stable
equilibrium, it is not important to be excessively accurate about
the precise strength of the shock applied; once the system is
pushed back into the neighborhood of the equilibrium, the natural
tendency to return to equilibrium takes over, and the desired re-
sult follows automatically.

This control policy, however, is completely unsuitable when
dealing with a system whose equilibrium is locally unstable and
which is subject to unforeseeable disturbances. Most of us are per-
fectly familiar with controlling one such system, namely, an auto-
mobile in motion. To see that the desired path is unstable, all you
need to do is take your hands off the steering wheel; and all
drivers know that they must be ever on the alert for unforeseen,
and unforeseeable, external influences. We know, because we do it
ourselves, that such a sytem can be controlled quite effectively.
But the optimal control policy is quite different from any ““short,
sharp shock.” A good driver does not jerk the steering wheel
sharply. Rather, he makes continuous, slight adjustments so as to
keep the car along the desired path with minimum control effort;
and he slows down deliberately, and keeps a deliberate distance
from the car ahead, so as to have adequate time to react to unfore-
seen disturbances. He does not assume that he can control the car
so finely that he can judge, precisely, its behavior when subjected
to a short, sharp shock. On the contrary, when faced with having
to drive an unfamiliar car, the sensible driver goes through a learn-
ing period so as to acquire a «feel” for this car, that is, a feeling of
how this car reacts to his control.

All this is necessary because a car is both an unstable system
and one subject to unforeseen disturbances. A driver who controls
a car on the assumption that this is a stable system does not stay
a driver for long. Short, sharp shocks simply will not do.

Yet, exactly this type of policy is being advocated, and em-
ployed, in controlling economic systems. In 1974, the Australian
Treasury explicitly advocated that a ‘“short, sharp shock’ be ad-
ministered to the Australian economy, sO as to return this econ-
omy to a preferred path. The government of the day took this ad-
vice. The results have been aboul as desirable as in the case of a
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motor car. Many years later, we are still not out of the ditch. We
are paying bitterly indeed for basing our control efforts on an
incorrect view of the nature of economic equilibrium.!

In recent years, there has developed a considerable literature on
the application, to economic systems, of the mathematical disci-
pline called “optimal control theory.”? In our view, this entire de-
velopment is premature, and highly dangerous. Before one at-
tempts to control any system, to say nothing of controlling it op-
timally, it is first necessary to be quite sure about how this system
?cts in the absence of control. At the present time, this knowledge
is sadly inadequate for dynamic economic systems. Rather than
rughing into optimal control theory, economists should first make
quite sure that they know what sort of system they are trying to
co‘ntrol, in considerable detail. At the very least, they should ascer-
tain whether the system is locally stable, or locally unstable, about
its equilibrium path. ’

To make sure of this fundamental point, the simple schematic
models are not enough. One must make a detailed analysis of data
on actual economies. The conventional way to do this is through
econometric models.

We distinguish between: (1) economic theories, (2) detailed
models, and (3) taxonomic schemes of description. In the trade
cycle area, economic theories provide an explanation of the causa-
tion of cycles: such explanations can be, and usually are, ex-
pressed in terms of the schematic models which we have discussed
already. By contrast, detailed models are systems of equations
containing adjustable parameters, designed to represent actual ecoz
nomic behavior; we explain these in section B. Finally, taxonomic
schemes are purely descriptive—for example, a set of more or less
arbitrary rules to decide when a trade cycle is at its peak position.

The question we wish to investigate, stability or instability of
fche equilibrium state, is a theoretical question, in one sense, but it
is also an empirical question. A theoretical model, such as the mul-
tiplier-accelerator model, may be compatible with either answer:
If, in that model, the accelerator constant v is less than unity, the
equilibrium is stable; otherwise, it is unstable. The question there-
fore becomes an empirical one—what value of v is appropriate for
the actual economy. Or, more accurately (since there is no reason
to believe that something as simple as this model actually applies

1 .
IFor the United States, the “Carter shock” of 1980 might be a similar exam-
ple.

2a " \
See Arrow (1968, 1970), Chow (1975), Garbade (1974), Hadley (1971),

P‘itchf()r'd.( 1977), Turnovsky (1977), and Wells (1977), to mention just a few.
For a eritical view, see, for example, Salmon (1977) and Young (1974, 1976).
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to any real economy), can we find out enough about the real econ-
omy, by building an elaborate model of that economy and fitting
parameters of that model to observed data, to decide whether the
actual economy is stable?

Of course, when we use an econometric model to draw such
conclusions, we must assume that the model is good enough to re-
produce actual economic behavior in the economy being mgdeled.
This does not mean the model must be perfect—mno model is tha.t.
But the model must be pretty good, certainly much more realistic
than the schematic models of chapters 9 and 10. '

In this chapter, we describe the main features of econometric
models and the results obtained from such studies in relation ’Fo
stability of the economic system; we conclude with a critical dis-
cussion of these results.

B. Econometric models

We confine ourselves here to a few words about what such models
look like, and then go straight on to results. However, a critical
discussion of econometric theory is given in chapter 16. ' N

The equations which we have written down for our 51mp11f1ed
Frisch model in section 10B, namely, a consumption equation, an
investment equation, and an output (or national income) equa-
tion, are actually an example of a “baby” econometric mode}.
Each equation describes the time development of an economic
variable, for example, of investment, in terms of:

1. Values of other, or the same, economic variables, either at
the same time t or at earlier times like t — 1 or £ — 2.

9. Certain constants, such as I, and v in the investment equa-
tion. which are called “parameters’” of the model. These are not
kno;vn to start with; rather their values must be “estimated” by
fitting the model to actual economic data. o

3. A “disturbance” or ‘“random shock” term u(t) which is
treated like a random variable in mathematical statistics: Actual
values are unknown; only statistical information is assumed and/or
deduced [for example, we may be interested in the mean value of
u(t) or in its variance, or in correlation coefficients between u(t)
and u(t — 1), say]. _

One feature of our baby model is not typical of econometric
models in general: In our baby model, the economic variables of
the model (consumption C, investment I, income Y) all have equa-
tions associated with them and are therefore in principle deter-
mined by the model. This determination is subject, of course, .to
the influence of the random shock terms which prevent precise

LA
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prediction of the future, but that is not the point here. Rather, in
larger econometric models, there are usually fewer model equa-
tions than there are economic variables. Variables for which there
are model equations are called ‘endogenous” variables; their
values are in some sense predicted by the model. But there are
other variables, called ‘“‘exogenous,’” for which there are no equa-
tions at all within the model. For example, an econometric model
of Australia may treat the level of world prices for wool as an ex-
ogenous variable. This variable affects the Australian economy but
is not determined within that economy. The actual values of exog-
enous variables must be obtained from outside (‘“‘ex0’’) informa-
tion. If we are looking at the past, values of exogenous variables
are taken from historical data. If we wish to say something about
the likely future, the values of exogenous variables at future times
must simply be guessed, by some form of crystal-ball gazing. Clear-
ly, the more exogenous variables there are in a model, the less se-
cure are forecasts of the future obtained from the model.

The equations of our baby model are linear. This is not a neces-
sary feature of econometric models in general; indeed many practi-
cal models are nonlinear in the mathematical sense. However, the
usual nonlinearity is of rather simple type: For example, to obtain
a “real” quantity from the money value of that quantity, the
money value is divided by a “price deflator.” This division of one
model variable (money value) by another (price deflator) makes
the model nonlinear. Or else, the model may be linear in the loga-
rithms of some variables, rather than actual values. It is fair to say
that, with some exceptions, such nonlinearities are not nearly as
complicated, or as important, as the ceilings and floors in the
Hicks model.

The linearity, or near-linearity as described above, of a model
becomes important when we come to parameter estimation. The
actual values of the parameters which enter into the model equa-
tions, for example, v and I, in the investment equation of our
baby model, are not known to start with. Yet these parameter val-
ues can be of crucial importance. A great deal hinges on whether v
exceeds unity or is less than unity. Econometric theory allows us
to “estimate” those parameter values which yield a “‘best fit,”” in
some specific sense, to known historical data. This theory also
claims to be able to tell us how “good” this fit is and how closely
the best parameter values are determined by the data (i.e., by how
much the parameters can be varied without affecting the quality
of the fit significantly).

We discuss these claims later on, in chapter 16. For now, how-
ever, we note that the usual method of parameter estimation in
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econometrics is well adapted to models which are linear, or which
are “nearly linear” in the sense discussed earlier. But econometric
methods of parameter estimation lead to very difficult, and largely
unsolved, computational problems when the model is as highly
nonlinear as, say, the Hicks model. For this reason, it is conven-
tional to avoid ceilings and floors when specifying (i.e., writing
down the model equations of) an econometric model. This does
make the econometrics much simpler. But, if there really are ceil-
ings or floors, or both, in the economy being modeled, then the
model has been mis-specified. Since no model can be better than
its basic specification, the results deduced from a mis-specified
model are highly suspect.

Econometric models come in many sizes. “Small’”” models have
between twenty and eighty, say, endogenous variables. “Medium-
size” models have between one hundred and five hundred. Any-
thing at all goes for ““large” models: Six thousand equations are by
no means unheard of. This is the reason we have called our three
equations a ““baby”” model.

Let us now suppose a model, of whatever size, has been spe-
cified, it is hoped without major specification errors, and let us
suppose that the parameter values in the model equations have
been estimated, by comparison of the model with known histori-
cal data. One may then hope that these model equations, with
these parameter values, provide a reasonably accurate representa-
tion of the economy to which the model has been fitted. We are
then in a position to do several things:

1. We may attempt to use the model to predict the future course
of the economy. This task is made difficult by two things: (a) fu-
ture values of exogenous variables must be guessed in some way,
having nothing to do with the model, and (b) since the model con-
tains random shock terms, whose future values are not known,
predictions from the model are only probabilistic in nature, con-
tingent upon what actual values of the shock terms will be realized
in the future. In practice, forecasts based upon econometric models
have not been notably successful; indeed they are usually only
marginally better than forecasts based upon simpleminded extrap-
olation of present trends. Sometimes they are worse.

2. We may use the model for policy studies: Suppose our gov-
ernment is considering a new type of tax and wishes to know the
likely yield from such a tax. The proposed tax can be incorporated
within the model, and the model can be “run’ on the computer to
answer the question.

3. Finally, and perhaps most importantly, the model can be
used to further our understanding of how the economy itself oper-
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ates. For example, we may ask: Is the economy described by this
model locally stable about its equilibrium path? We cannot experi-
ment with the actual economy; but we can experiment with the
model—say, by trying out different initial conditions at time ¢ =
0. If the model turns out to be locally stable, then the hope is that
the actual economy is also locally stable, and vice versa.

It is this third use of a model which interests us here.

The classic paper on this subject is “The Dynamic Properties of
the Klein-Goldberger Model’”” by Irma and Frank Adelman (1959).3
The Klein-Goldberger model of the U.S. economy is a ‘“‘small”’
model, with a mere twenty-five endogenous variables. The dynam-
ic properties of this model were studied by means of a number of
“simulations,” i.e., runs of the model under various different as-
sumptions:

1. In a deterministic simulation, all random shock terms are set
to zero. In such simulations, starting from a nonequilibrium initial
state, the model solutions approach equilibrium (growth equilib-
rium, of course) rapidly. Thus, this model is stable.

2. If one introduces sudden disturbances in the values of some
of the exogenous variables of the model but still keeps the random
shock terms equal to zero, the system is subjected to ‘“‘type 1
shocks” in the terminology used in Adelman (1959). Such shocks
do produce deviations from the equilibrium path, but these devia-
tions turn out to be small and rather unlike typical trade cycle
behavior.

3. In a stochastic simulation, the random shock terms are al-
lowed to operate; actual values of random shocks are generated by
“random number generators,” in accordance with the assumed sta-
tistical distribution of these shock terms. Table 10.2 is a typical
stochastic simulation. (Random shocks of this type are called
“type 2 shocks” in Adelman (1959), but ‘“stochastic simulation”
is the more usual term.) According to Adelman (1959), stochastic
simulation of the Klein-Goldberger model yielded results which
showed “startling agreement with the National Bureau cycle.”” The
reference is to the U.S. National Bureau for Economic Research
(N.B.E.R.), the main agency for correlation of trade cycle infor-
mation in the United States.

These results provide strong confirmation of the theoretical
ideas underlying the Frisch (1933) type of trade cycle model. In
the absence of ‘“‘shocks” the economy is seen to be stable. The
random shocks force the economy into behavior which looks very
much like the observed trade cycle.

These early results have been confirmed by subsequent econo-

3See also Goldberger (1959), Bowden (1972), and Howrey (1971, 1972).
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metric work, to the fullest possible extent. For example, there ex-
ists a two-volume conference report on “Fconometric Models of
Cyclical Behavior” edited by B. G. Hickman (1972). There is abso-
lutely perfect consensus among the econometricians. We quote
from the discussion by Professor Saul Hymans (Hickman 1972,
pp. 536-541): Either

(i) the models contain extreme specification errors. A more nearly cor-
rect specification would produce endogenous cycles even with smooth
exogenous variables; or (ii) the business cycle is not endogenous; rather it
is the result of a normally stable, or damped system reacting to external
influences.

I suggest that the time has come to admit that the weight of reasoned
evidence is on the side of the latter. There is simply no clear evidence to
support the view that the business cycle results from the endogenous in-
teraction of consumption and investment spending as they are normally
determined in an industrialized market economy free of external shocks.

This is as definite as one can be. The experts have spoken, the
case has been decided. The economy under which we live has a
stable equilibrium path. All wild conjectures to the contrary have
been thrown out of court, by careful, detailed, and repeated analy-
sis of hard empirical evidence. Later work has confirmed this; for
example, see Sims (1977).

One cannot argue against hard facts, and it appears that these
hard facts support conventional equilibrium economic theory and
the (associated) Frisch model of the trade cycle and reject far-out
speculations about instability, limit cycles, and the like.

Nonetheless, we shall now proceed to show that these very firm,
and firmly believed, conclusions are wrong. In this book, we do
not wish to contest the economic data (the “hard facts” or per-
haps the not quite so hard facts) on which the conclusions have
been based. But we do contest, most decidedly, the way in which
these data have been analyzed by the econometricians.

C. Inconsistency of the econometric analysis

In this section, we demonstrate that the method of analysis used
by the econometricians indicates apparent stability even in circum-
stances where we know, for certain, that the “true’” economy is
unstable. The conclusion of stability is merely a consequence of
the method of analysis employed. This method is invalid for this
purpose and in effect gives no information whatever about stabil-
ity or instability of the underlying economic system, to which the
model has been fitted.

In order to establish these assertions it is neither necessary nor
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desirable to consider actual economic data, or to use big, compli-
cated econometric models. The basic logical point is exhibited
most clearly by working with purely artificial ‘““data” and analyz-
ing these by means of a super-simple “baby” model. If this leads
to a clear and obvious inconsistency, then the logical point has
been established: the method of analysis has been shown to be in-
adequate.

We take as our “data” the income values Y(¢) shown in column
2 of Table 10.1 on page 192. These income values are generated
by the Hicks model with acceleration coefficient v = 1.5. Since v
exceeds unity, the “underlying economy” responsible for these
“data” is definitely unstable around the equilibrium point. Also,
this underlying econoiny is deterministic, without any random
shocks.

Following standard econometric methods (Johnston 1972) we
start by postulating a linearized model involving endogenous vari-
ables, their values at earlier times (‘lagged” values), some un-
known parameters A, B, and C, and a “random shock” term u(t).
This assumed model is:

Y(t)= A+ BY(t— 1)+ CY(t — 2) + u(¢)

The random shocks u(t) are assumed to have mean value zero, con-
stant variance, and no auto-correlation (no correlation between u(t)
and u(t') for t # t'). The parameters A, B, and C of this model
must be “estimated”” by comparison with our “‘data.”

Let us compare this assumed model with the simplified Frisch
model of section 10B. This model contains three equations. How-
ever, we can combine these three into a single equation for Y(t).
All we need to do is to substitute the consumption equation for
C(t) and the investment equation for I(¢) into the output equation.
The resulting single equation reads:

Y(t) = (Cy + Iy) + (m + v)Y(t — 1) —vY(t — 2) + u(t)

This is exactly the same form as our assumed econometric model
equation. By comparing the coefficients of Y(¢ —1) and Y (¢ — 2),
we obtain the realationships:

B=m+v and C=—v

0y

These relations allow us to deduce ‘“‘best-fit”” values of the mar-
ginal propensity to consume m and of the acceleration coefficient
v. To avoid confusion, we shall affix an asterisk to such “‘best-fit”’
values; i.e., we shall call them m* and v*, respectively, so as to dis-
tinguish them from the “true” values m and v which were used in
the Hicks model to construct the “data.”” We obtain:
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vk=—-C and m*¥=B+ C

In fitting our “data,”” we are free to choose the time interval T'
over which we perform the fit. The underlying “true’’ economy
has a perfect limit cycle; hence, the ‘“data” simply keep repeating,
with a repetition time of 11 time units, once the limit cycle has es-
tablished itself (see Table 10.1). There is therefore no problem in
generating “data’ for any chosen length of time 7. In Table 11.1,
we show the results of such an econometric analysis for three
choices of the fitting interval, namely, for T'= 30, T = 40, and
T = 50 of our time units.

Table 11.1
Econometric Fits to an Unstable Economy

Values of fitted coefficients A, B, C, of implied marginal
propensity to consume (m*) and implied acceleration co-
efficient (v*), for “data’ taken from Table 10.1. mn,. DW,
and H represent tests of how good the fit is (DW should
be near 2; H below 1.65).

Fitting Fitted coefficients
time » 5
T A B C m v* R DwW H
30 28.5 1.600 —0.887 0.713 0.887 0.92 2,17 0.56
40 29.9 1.561 —0.866 0.695 0.866 0.91 2.25 0.96
50 30.4 1.548 —0.855 0.688 0.855 0.91 2.28 1.23

Let us now draw conclusions from these results.

1. The fits are uniformly ‘“good’’: The Durbin-Watson statistic
DW is acceptably close to the desired value, 2.0. The alternative
Durbin statistic H is well below the danger point, 1.65. Most of
the observed variation of Y(t) is “‘explained” by the assumed econ-
ometric equation, with less than 10 percent of the variation at-
tributable to the “shocks.” There is no doubt that these fits would
be accepted by econometricians as being quite satisfactory, by
their own criteria of goodness of fit. Yet, the econometric model
used is qualitatively different from the “underlying economy”’:
The latter has no random shocks at all!

2. Those parameters which are important for equilibrium prop-
erties of the economy are fitted reasonably well. The true value of
m is 0.75; the fitted values m*, though not equal to 0.75, are not
all that far away. Similarly, the ‘“true’ value of the coefficient A
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should be A = Cy + I, = 25 + 0 = 2b5. The fitted values of A are
in the correct general region.

3. However, that parameter which is all important for the dy-
namic behavior of the economy, namely, the acceleration coeffi-
cient v, is a disaster. The true value of v is 1.5, well above the di-
viding line (v= 1) between stability and instability. The fitted
values v¥ are, one and all, well below unity. If we wish to take
these fits seriously (as, by point 1, we should), then we must con-
clude that the economy described by this model is stable.

This, however, amounts to a reductio ad absurdum of the entire
procedure! We know what the ‘“‘underlying economy”’ is here, and
we know that it is unstable in the neighbornood of equilibrium.
By using the econometric method of analyzing data from this
economy, we have been forced to the conclusion that this econ-
omy is stable, contrary to fact.

This contradiction discredits this type of analysis. An argument
which leads to an utter contradiction in a simple model is invalid
and must not be trusted when used with real data and more com-
plex models.

The method of analysis fails because it amounts to a basically
unfair test. By assuming our simple model equation, at the very
beginning of the analysis, we have implicitly excluded the very
possibility of a limit cycle of the type occurring in the Hicks the-
ory. It is no surprise, thereafter, that the ‘‘test”” shows that there is
no instability and no limit cycle. Exactly this criticism applies to
all the econometric models used for cyclical analysis, such as the
ones reported in Hickman (1972).

We do not agree with, and we reject explicitly and emphatically,
the view that ‘““the time has come to admit that the weight of rea-
soned evidence is on the side of the latter,” i.e., of models of the
Frisch type. The so-called empirical evidence against theories of
the limit cycle type is the result of the faulty method of analysis
used and does not warrant any conclusion whatsoever concerning
the stability or instability of the underlying economic system
which is being modeled (Blatt 1978).

D. An alternative analysis

We now report on a different type of data analysis which was de-
veloped deliberately to distinguish between cycles induced by ran-
dom shocks on a stable system and other kinds of cycles such as
limit cycles (Blatt 1980). We define what we mean by ‘‘theories of

the Frisch type,” and we assert that all theories of this type are ex-
cluded by known economic data on trade cycles.
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Such a strong statement seems surprising. After all, there are in-
finitely many models of the Frisch type. They differ in the num-
ber of endogenous variables, in the structural equations of the
model, in the parameters in these equations, in the postulated
properties of the random shock terms, etc. etc. Suppose we dis-
prove one of these models, or tens of them, or hundreds of them—
there are infinitely many others left, still of the Frisch type.

However, let us suppose that we can find a general feature which
is true of this entire class of models, but is not necessarily true for
models of the limit cycle type. Suppose, further, that this general
feature is not observed in historical data on trade cycles. Then all
models of the Frisch type have been excluded at one fell swoop.

There does exist such a general feature. It is the symmetrical re-
lationship between the upswing and the downswing of the trade
cycle, in all models of the Frisch type. We shall show that all such
models predict that the upswing takes, on the average, the same
length of time and is traversed with the same average slope as the
downswing.

Let us now define Frisch-type models. The actual model used
by Frisch (1933) was extremely simplified; for example, it ab-
stracted from systematic time trends, such as growth, of the eco-
nomic system. The essential idea of Frisch was that trade cycles
are caused by the interaction of a set of random shocks, with a
basic system which would run smoothly and stably in the absence
of these shocks. Our ‘“Frisch-type models” retain this basic idea
but are much more general than Frisch’s own model. Our defini-
tion includes, we believe, all models which have been suggested
and/or tested in the literature and which derive from Frisch’s basic
idea. Our conditions for a “Frisch-type model” are:

1. The time-path generated by the model in the absence of ran-
dom shocks must be locally stable. That is, an initial small devi-
ation from this path must tend to become smaller as time goes on,
so that the system returns to the long-run equilibrium time-path of
its own accord.

2. The time-path generated by the model in the absence of ran-
dom shocks must be ‘“smooth,” in the sense that it does not give
rise to systematic, trade cycle type oscillations in the absence of
shocks. [This requirement excludes the Hicks model and also ex-
cludes models in which oscillations are caused by some external
factor, such as sunspots (Jevons 1884) or systematic fluctuations
in foreign trade. Such models exist, but they are not models of the
Frisch type.]

3. The random shocks must be sufficiently small so that all devi-
ations from the stable path can be treated adequately by an ap-
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proximation linear in these deviations (discussion follows later).

4. The statistical distribution of the random shocks must be
such that the probability of getting a particular series of shocks
wzﬁv, u(2),...,u(l) “ 1s exactly the same as the probability of
getting the reversed series of shocks *l:ﬁv, —u(2),. .., I:Qi.
In the reversed series, every positive shock has been replaced by a
negative shock of the same size, and vice versa.

Let us now discuss these conditions, in particular condition 3.
This condition is more subtle, and much less restrictive of the type
of model permitted, than might appear at first sight. First of all,
condition 3 is not a condition on the structural equations at all.
Rather, it is a condition on the maximum permissible size of the
shocks. Conditions 1 and 2, between them, already ensure that
condition 3 will be fulfilled if the shocks are small enough in size.
By conditions 1 and 2, we can write the actual path of the system
as being the stable path plus a power series in deviations around
this. If the shock terms are small enough, then it suffices to keep
only the leading (linear) terms in this power series; and that is all
we require in condition 3. In particular, we do not require that the
structural equations themselves be linear, or that the stable path
generated by these equations be a simple exponential growth. All
we need is that the system can be linearized in deviations from this
stable path, i.e., that the shock sizes are not excessively large.

Our definition of “Frisch-type theories’” does not exclude all
nonlinear theories with random shocks. Rather, we exclude only
those nonlinear theories which violate our conditions 1 and 2, or
which satisfy 1 and 2 but have enormous shock sizes. This allows
room for a whole host of nonlinear theories with random shocks
to be included in our analysis. In particular, there is no require-
ment that the underlying stable path produced by the model in
the absence of shocks be a simple exponential growth with con-
stant growth rate. On the contrary, the stable path may be of
much more complicated type, including different types for differ-
ent endogenous variables of the system. All that we require is (1)
local stability and (2) smoothness.

The meaning of “smooth” must be understood in relation to
the typical time scale of trade cycle fluctuations, that is, a few
years. Whatever form the underlying trend curve may take, it must
not itself exhibit rapid fluctuations on this time scale. A theory of
the trade cycle must not subtract, as part of some ‘“trend,” the
very phenomenon it is trying to explain. The idea of Frisch is that
trade cycles are caused by shocks, not by the basic system in the
absence of shocks. Having cyclical oscillations within the ‘“‘trend”
curve runs directly counter to that idea.
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Condition 4, the symmetry condition for the shock terms, is
satisfied by nearly all econometric models ever proposed in the lit-
erature. This condition does not exclude auto-correlated shocks,
or other more complicated assumptions about the distribution of
the series of shocks. There may be auto-correlations within the
shocks, of any order. All we require is that the reversal operation
specified in condition 4, for this entire series, leave the probability
of that series’s being realized the same as before.

In addition to these four assumptions about the model, we also
need an assumption about the rules used to identify the peaks and
troughs (the turning points) of the trade cycle. The condition
reads:

5. Let the turning point identification rules, whatever they may
be, be applied, first, to an economic time mmiomiﬁuv, Y(2), ¢ 55
ﬁﬂlmsm, second, to its reversed mmimmwlﬁur —y(2), ... ,I%Gi.
Then the same turning points should be identified, with the peaks
for the first series being the troughs of the second, and vice versa.

Intuitively, this requires that the turning point identification
rules are symmetrical between identifying a peak, and a trough, of
any time series. The identification rules used by the U.S. National
Bureau of Economic Research (N.B.E.R.) have been spelled out in
full detail by Bry and Boschan (Bry 1971). These rules are not
simple, since the actual data show considerable “noise’”” and must
be “smoothed” before one can decide where the turning points
are. But the Bry-Boschan rules are indeed symmetrical between
identification of peaks and troughs, and that is the only property
which we require of such rules.

In the mathematical appendix, we show that assumptions 1 to 5
have as a necessary consequence that the upswing and the down-
swing of a cycle are completely symmetrical on the average. In any
one cycle, the upswing may be faster than the downswing, or vice
versa. But if one takes an average over many cycles, then the aver-
age upswing looks exactly similar to the average downswing. It
takes, on the average, the same time span, and it proceeds, on the
average, with the same slope (positive for upswings, negative for
downswings, of course, but the same numerical value.)

At this stage, we are ready for a comparison with historical data
on the trade cycle. We take our data from the monumental study
by Burns and Mitchell (Burns 1947). We require average values for
the slopes of upswings, and of downswings, for data from which
long-term trend effects have been removed. Just such values can be

*The y(1), y(2), etc. are intended to be deviations from an underlying
smooth trend curve, not actual measured data. Such deviations should be as
often positive as negative.
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Table 11.2

Average Slopes of Upswings and Downswings (Burns and Mitchell)

Numberof Average slope
Quantity full cycles of upswing of downswing
Deflated clearings 13 0.64 1.93
Frickey's clearings 9 0.69 1.65
A.T. & T.index 9 1.12 1.79
Pig iron production 15 2.49 4.02
Electricity output 2 0.48 0.69
Railroad bond yields 16 0.62 0.65

found in Table 97, page 291 of Burns (1947). In Table 11.2, we
«.m@womcom an extract from that table, containing all “correspond-
ing”’ cycles (i.e., cycles which show up both in the raw and in the
trend-adjusted data; this is a severe requirement).

According to the Frisch theory of cyclical fluctuations, the av-
erage slopes of upswing and downswing should be equal, for each
wm these quantities. The observations summarized in this table are
in clear contradiction to this expectation. With the exception of
railroad bond yields (a purely financial quantity) the average slope
om the downswing is much higher than for the upswing. The dispar-
ity is particularly strong in the series of indices of bank clearings;
it is still very pronounced in the (wider-ranging) A. T. & T. index of
general business activity, and in figures for pig iron production.

A particularly interesting case is electricity output (even though
the data are based on only two corresponding cycles). In the United
States, during the period covered, electricity production had a
very strongly rising basic trend. Before elimination of this trend ef-
fect, the raw data give a slope of 0.97 for the upswings, 0.80 (i.e.,
lower) for the downswings. But this effect is due purely to the
long-term trend. When this trend effect is eliminated, the de-
trended data give the figures shown in Table 11.2, i.e., 0.48 for up-
swings, and the larger value 0.69 for downswings.

The summary data shown in Table 11.2 are enough to tonvince
any reasonable person that the difference between the rapidity of
the upswing and of the downswing is a real effect, not just a sta-
tistical fluctuation. But, for those who demand a proof of the sta-
tistical significance of the obvious, such a proof can be, and has
been, provided by a fully detailed study of the original data on pig
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iron production, one of the series listed above. It turns out that
the hypothesis that the difference between the two slopes, 2.49
and 4.02, in Table 11.2 is due entirely to a statistical fluctuation
can be excluded at a confidence level of two percent (Blatt 1980).°

Theories of the Frisch type must lead to symmetry. The data
show that a pronounced lack of symmetry is the rule. We are there-
fore able to assert unequivocally that no theories of the Frisch
type can fit the data on trade cycles. The failure of such theories is
not just a minor matter, but is a fundamental deficiency inherent
in the very nature of these theories.

We have now reached the end of book III, on theories of the
trade cycle. This is a good point for summing up what we have
found.

The standard view of the economic system of competitive capi-
talism is this: The system is locally stable about a smooth balanced
equilibrium growth path. The trade cycle is explained well by the
interaction of a set of random shocks, with a basically stable under-
lying system. Theories which postulate instability of balanced
growth and a limit cycle type of behavior are not only quite un-
necessary, but they are positively excluded by the data.

The actual situation, in our view, is the precise opposite. We
have seen in chapter 7 that there is every reason to believe that the
underlying system has an equilibrium balanced growth path which
is locally unstable. This is true when every one of the usually as-
sumed sources of instability is artificially excluded from our mod-
el and is therefore even more likely to be true when these other
factors are included in a more elaborate model. We have looked
(section 7B and 7D) at the stability literature and have found no
reason to modify these views. The claimed stability is either sim-

5In order to make our analysis more conservative, we have accepted the
N.B.E.R. classification of cycles, which is actually inappropriate for our pur-
pose. In the N.B.E.R. classification, no distinction is made between major
and minor (inventory) cycles. For our analysis, it would be much more suit-
able to adopt an alternative classification in which “cyclical expansions are
measured on a broader basis, disregarding one-year contractions” (Matthews
1959, as quoted in section 9C earlier). In such an analysis, the asymmetry be-
tween upward and downward slopes is very much more pronounced: We
slope upward for, say, eight to nine years out of every ten-year major cycle,
downward for the remainder. We avoided this type of analysis, primarily to
obviate detailed discussion of just how one should define a major cycle in
operational terms. But it is clear that introducing more realism into the analy-
sis makes the rejection of the Frisch type of theory even more decisive.

Note also that the existence of a strong upward trend in output, etc. does
not invalidate the analysis, nor does this trend work in such a direction as to
produce more asymmetry of the type we see. The very contrary is the case, as
we pointed out in connection with data on electricity output: Before correc-
tion for the trend, the raw data give asymmetry in the opposite direction.
Thus the existence of the trend does not produce our asymmetry; it hurts it.
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ply mistaken, or it arises from the introduction of irrelevancies
like a central planning board.

The standard view of the economy, as a stable system, is consis-
tent with the Frisch type of theory of the trade cycle. That theo-
ry, however, is contradicted by trade cycle data.

At this stage, we can lay to rest, once and for all, the conjecture
suggested by Ragnar Frisch in 1933, a conjecture which has be-
come the conventional wisdom of the entire trade cycle literature
since then. There is no doubt that this was a brilliant piece of
work and a very striking idea indeed. But—it is directly contrary
to the data.

Finally, let us return briefly to the discussion in section A of
this chapter. We remarked there that the entire range of policy rec-
ommendations by Keynesians, monetarists, and all other econo-
mists who work from a stable equilibrium model of some sort are
highly suspect if the balanced equilibrium growth state is not lo-
cally stable. With instability extremely likely, everything we said
there about controlling a locally unstable system, as opposed to
controlling a stable system, becomes directly and immediately rel-
evant to our actual situation! It is not surprising, therefore, that
policy recommendations by economists have so often produced
undesirable results. The equilibrium picture, on which these rec-
ommendations have been based, is a profoundly faulty view of the
actual economic system. Trying to make policy on this basis is
closely analogous to driving a car by taking your hands off the
steering wheel and trusting to the car’s inherent tendency to re-
turn to the desired stable path. The results range from disappoint-
ing to disastrous. Perhaps the most frightening thing of all is the
possibility that politicians may start to take these economic mod-
els, with all their faults, entirely too seriously (Bray 1978, 1979).

E. Mathematical appendix

We start by describing the econometric data analysis of the ‘““data’
generated by the Hicks model, as given in Table 10.1. The analysis
starts from the assumed equation

Yt)=A, + A, Yt — 1)+ A Y(t— 2) + u(?) (11.1)

where A, = A, A, = B, and A; = C are the three Umwmgmnmm values
to be determined. Let us use an asterisk for particular assumed val-
ues of these parameters (including, later on, for the ‘‘best-fit”’ val-
ues). The residuals of the fit are given by:

E(t)= Y(t)— |[A* + A*Y(t— 1)+ AXY(t — 2)] (11.2)
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If the chosen bwmam equal to the “true’ values x.:; then ?mmm resid-
uals just equal the random shock values u(t) in m@:mﬁ.ﬂo: (11.1).
But, of course, there is no guarantee that the “best-fit”’ (or any
fit) values bw are going to be precisely equal to .36 true values; to
the extent that they differ, the residuals E(t) differ from the ran-

dom shock terms u(t). -
The usual procedure to get a best fit is to take the sum of

squares of the residuals:
T
S= D [EM]? (11.3)
t=2

which is a function of the hw and to minimize this sum of squares
with respect to the unknown parameters:

Minimize S = S(AT, A3, A%) with respect to
H v the parameters A} (11.4)

(We note, incidentally, that the sum S in (11.3) starts with ¢ = N,
not t = 1; the reason is that, by assumption, our “data’ start in
period t = 0, and we must know Y({ — 2) in order to ooav.cﬁm the
value of the residual E(t) at time t; this means ¢t = 2 is the first one
we are able to compute.) . o

We perform the minimization (11.4) by differentiating A:..wv
with respect to each of the parameters Nﬁ._, in turn and e.rms setting
the resulting partial derivatives equal to zero. The mmmy.mm& way to
write down the outcome is in terms of the matrix equation:

3
M Z_wan b; fori=1,2,3 (11.5)
j=1

We define:
x,()=1 x,(t)= Y(t—1) x3(t)= Y(t—2) w(t)= Y(t)(11.6)

and use this notation to write down expressions for the matrix M
and the vector b in (11.5):

T

M= D, xi(D)xj(t)

T
bi =Y, w(t)xi(t) (11.7)
t=2 t=2

Equations (11.5) to (11.7) give a set of three linear m::.::m:o.og
equations for the three unknown parameter values which mm\:mm%
(11.4). If we start from data values Y(0), Y(1), M‘Amv, o ,:55,
then everything is calculable, and the final result is a set of ““best-
fit>’ values for the three parameters \S.n.
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Having obtained best-fit values of the parameters, let us turn to
the econometric tests for how good this fit is. One simple test is to
compute the root-mean-square value of the residuals

R = [S/(T—4)]*% (11.8)

and compare this with the range of variation of the Y(t) values; R,
we hope, should be considerably smaller than this range of varia-
tion, so that most of the actual variation is ‘‘explained” by the sys-
tematic, rather than by the random, parts of equation (11.1).

The other two tests are for possible auto-correlations between
the residuals E(t). The Durbin-Watson (1950, 1951) statistic is de-
fined by:

T

DW= Q) [E(t) — E(t—1)]?/S (11.9)
t=3

If E(t) are perfectly positively correlated—i.e., if E(t) = E(t — 1)
for all t—then DW = 0. If the E(¢) values are perfectly negatively
correlated—i.e., E(t) = —E(t — 1) for all {—then DW is approxi-
mately equal to 4 (recall that S is defined by (11.3)). If E(t) and
E(t —1) are uncorrelated with each other, then DW is approxi-
mately equal to 2, and a ‘‘good fit” is indicated by DW values
close to 2.

However, in their original paper Durbin and Watson warned
against applying this statistic to evaluate fits in which some of the
explanatory variables are lagged values of the variable which is to
be explained. This is precisely the situation here, since the explan-
atory variables Y(¢t — 1) and Y(¢ — 2) are both lagged values of the
variable Y(¢) which we wish to explain.

In a later paper, Durbin (1970) has proposed a better test. The
test statistic is defined in terms of two other quantities:

T T—1

r= 2 EWE(t—1)Y, [EM)]? (11.10)
t=3 t=2
V=_8[M"1,, /(T—3) (11.11)

where the second quantity, which involves the (2,2) element of
the matrix inverse to M, represents the sampling variance of the
parameter A, which is the coefficient of the singly lagged variable
Y(t —1). In terms of r and V, the Durbin statistic H is:

H=|r {(T—1)/[1—(T—1)V]}* (11.12)

In his paper, Durbin shows that a satisfactory (at the 5 percent
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confidence level) value of H means that H is less than 1.645.

In the chapter, the values of the coefficients A, B, C, of DW and
H were computed from these formulae.

Let us now turn to the analysis of the average slopes of upswings
and downswings, on the basis of the Frisch model, or rather of
models of the Frisch type. Here we shall need to go into a bit
more detail, since the published paper (Blatt 1980) contains no
mathematics at all. Let us start by showing how one separates the
time series from a simple linear econometric model into a “‘sys-
tematic” and a “fluctuating” part, with the latter fluctuating
about zero. We take the basic model equation for the vector x(t)
of n endogenous variables [x, (1), X» (1), ...,xp(t)] in the form:

x(t + 1) = Ax(t) + BE(t) + u(?) (11.13)

where £(t) = [& (1),&2(2), - - - ,£4(t)] represents a vector of exog-
enous variables and u(t) = [u, (t),u2 (1), - - - Jun(t)] represents a
vector of random shocks, A is an n-by-n matrix, and B is an n-by-s
matrix. Any linear econometric model can be written in this form,
if necessary by allowing some of the x;j(t) to be lagged values of
other components of this same vector. In addition to equation
(11.13), we must specify: (a) the initial state, i.e., the vector x(0);
(b) the values of all exogenous variables at all times ¢ of interest;
and (c) the joint probability distribution of all the random shocks.

As an example of specification (c), more restrictive than we re-
quire, let us give the usual specification: The joint probability dis-
tribution of the shocks u;(t) is a Gaussian multivariate normal dis-
tribution, with all expected values equal to zero, with no auto-
correlations in time, and with given variance-covariance coeffi-
cients V;; between different shocks u;(t) and uj(t) at the same time
t; that is:

N_HENANVH =0 alli = Hng...qE\ and all t = OoHqu...qm._ AHH.H&"QV

Efu(tyuj(t)] = 8:¢'Vyj (11.14b)

where §;;' is the Kronecker delta (0ift# t';1ift = t') and V;; is
a symmetric nonnegative matrix. This matrix is usually not posi-
tive definite, since some of the components of the vector u(t) are
often zero by definition (for equations representing identities). We
emphasize that our theorems are not restricted to this specifica-
tion.

Rather, the restriction which we need, restriction 4 in the chap-
ter, is directly on the probability density function of the shock

terms; call it P:
Plu(0), u(1), . .. w(Ty] = Pl—u(0), —u(l),...,~u(m] (11.15)
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That is, we want invariance of this density function under the “re-
<m~,m.m_: operation which replaces every component of every shock
_o.% ;.m negative value. Property (11.15) is certainly true of the mul-
tivariate normal distribution with specification (11.14), but it is
also true of many other distributions for these shocks. ,

Let us now show how one makes the separation into systematic
msa.mcngmzsm part of the time series x(t). We define the syste-
matic part z(¢) as the solution of:

z(t + 1) = Az(t) + BE(¢) (11.16a)

z(0) = x(0) (11.16b)

These two wosawﬁosm determine z(t) completely for all ¢£. There is
no stochastic element in z(t).

We then define the fluctuating part y(t¢) of the time series of
vectors by:

y(t) = x(t) — z(?) (11.17)

w:_om_u;cSo: of this definition of y(t) into earlier equations leads
o:

y(t+ 1) = Ay(t) + u(t) (11.18a)
y(0)=0 (11.18b)

If we now take expected values on both sides of (11.18a) and as-
sume zero expected value for all the shocks [i.e., assume equation

(11.14a) but not necessarily equation (11.14b i
i (1 )], then we obtain

Elyi()] =0  alli=1,2,...,n

andallt=0,1,2,...,T (11.19)

We have therefore separated off, from the original time series x;(t)
Mmm:o_u:mism part y;(t) which fluctuates about a mean <m_5m om.

. Hrmnm. is one minor trouble with the particular form of separa-
tion which we have chosen here, and that is the initial condition
A.:.Hmcvw hence, (11.18b) also. This initial condition selects the
time ¢ = 0 as a very special time. In order to avoid this difficulty
we shall analyze all mathematical time series by starting the m:&%u
sis at a suitably chosen initial time t, > 0, rather than starting at
‘.SBm t = 0. The “suitable choice” of t, depends on the matrix A
in (11.13). We assume (for a Frisch-type model!) that the model is
stable around its equilibrium path z(t); i.e., all eigenvalues of A
have absolute values less than unity. This implies that the “memory”’
of the initial conditions becomes more and more attenuated as
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time goes on, until eventually the time series y(¢) settles down to a
stochastic behavior which is essentially independent of initial con-
ditions. Let g denote the absolute value of the largest eigenvalue of
A. Then the attenuation factor after ¢ time periods is gt. We choose
t, so that this attenuation factor is sufficiently small for our pur-
poses at all times ¢ > ¢,, for example, such that Amvg = 0.1. If we
do our analysis for ¢ > t, only, then turning points, slopes of
ascending and descending phases, and all other quantities become
independent, practically speaking, of the initial conditions on the
vector y at time ¢ = 0.

In the terminology of Adelman and Adelman (1959), their
“type 1 shocks” are sudden variations in exogenous variables m&.s.
With our method of separation, these type 1 shocks change the
systematic part z(t) of the time series, but not the fluctuating part
y(t). Since Adelman and Adelman assert that type 1 shocks are in
any case inadequate to explain trade cycle fluctuations, we shall
simply ignore type 1 shocks altogether and restrict ourselves to the
analysis of “type 2 shocks,” i.e., the effects of the random shock
terms u(t); these effects are purely on the fluctuating part y(t).

So far, we have assumed a strictly linear econometric model,
(11.13). However, there is no need to do so. As long as the shock
terms are sufficiently small so that all deviations from the stable
path in the absence of shocks remain small throughout, we can
linearize the model in deviations y,(t) between the stable path z;(¢)
and the actual path 3.3. Equations (11.16) are changed, of course,
but (11.17) remains the same. In equation (11.18a), the matrix A
may now turn out to be time-dependent—i.e., A = A(t)—rather
than just independent of time; but this affects nothing in what fol-
lows.

Let u(t) be any time series of vectors (not necessarily of random
shocks). We assume that this time series is the result of some
stochastic process—for example, the process (11.18). We say
that the time series has the reflection property if the probability
density of the “reversed” (in sign) time series is the same as for the
original series, that is, if (11.15) is satisfied for the density func-
tion. It is then an easy matter to prove the theorem.

THEOREM
If the time series u(t) of the random shocks has the reflection

property and if the fluctuating part of the model time series y(t)
satisfies (11.18), perhaps with time-dependent but nonstochastic
matrices A(t), then the vector time series y(¢) also has the reflection
property.

Proof: By inspection.

~ o T

%
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Note that this theorem does not depend on (1) the size of the
model, i.e., the number of vector components n of the vector y; or
A.mv the absence of auto-correlations of the shocks, i.e., the mmm:m%-
tion .GH.H%SM or (3) the full linearity of the underlying model;
nonlinear models are allowed, as long as the shocks are mBm:,
enough so that all deviations from the equilibrium path remain
small and nonlinear terms in these deviations (but not in the equi-
librium path itself) can be ignored.

Zoé let us go on to the symmetry theorems. Let y(t) be a time
series of vectors satisfying the symmetry property. We nominate
some specific positive time ¢, as our initial time for analysis. For
wmor owgvo:mi ¥;(t) separately, we determine specific cycle turn-
ing points (peaks and troughs) by using an objective set of rules
for example, the rules of Bry and Boschan (1971). The rules im
use are symmetrical between peaks and troughs. Starting at time
o, we go forward in time until we have identified exactly 2N + 1
turning points for the specific series ¥;(t). This means we have cov-
ered exactly N full cycles, where N is a number nominated before-
hand. Each of these N specific cycles (note that we are not inter-
..mﬁma. in the “reference cycles” defined by the N.B.E.R.) has an as-
cending phase and a descending phase. We denote the slope of the
ascending phase of the k'th cycle in component y.(t) by the sym-
bol m (i, k). Similarly, let m (i, k) denote the mmowm of the de-
scending phase of the k'th cycle in this component, but with the
negative sign ignored.

M:.Z.w.m.w. terminology, these slopes are called ‘“per-month
=52§:Qmm.: Each slope is obtained straightforwardly by con-
cccS:m two adjacent turning points by a straight line and measur-
ing the slope of this straight line (in the case of descending phases
the negative sign of the slope is ignored). .

Our counting of cycles differs slightly from N.B.E.R. practice.
They analyze cycles on a peak-to-peak, or sometimes trough-to-
trough, basis. We, on the other hand, nominate a starting time ¢
for the analysis and consider the N cycles under investigation to vM
those cycles enclosed by the first 2N + 1 turning points reached
no matter whether the first of these turning points is a peak o:M
trough. Our choice is necessary to prove symmetry theorems: we
cannot afford to discriminate in any way between peaks and
Lroughs, but rather we must treat them entirely symmetrically.

Having analyzed our time series of vectors:

Y ={y(0), y(1), y(2), ..., (D)} (11.20)
we can ___:.: determine numerical values for all the slopes m, (i, k)
and m (i, k), for i I, 2,...,n and k 1,2,... N A:J.ﬁ the
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number of endogenous variables; N is the nominated total number
of full cycles being analyzed). Since the underlying econometric
model is stochastic rather than deterministic, the time series
(11.20) consists of random variables, and everything (such as
slopes) determined from that time series is itself a random variable.
Thus, the same econometric model gives rise to many different
realizations of the stochastic process Y and hence to many realiza-
tions of the set of slopes. Let one such realization be:

Set M:m (i, k) = a, m (i, k) = by,
i=1,2,...,n k=1,2,...,N (11.21)

where a;;, and @:N are a set of numbers. Associated with the set M
of slopes is a probability density, which can be deduced from the
model, of getting precisely those slopes. Now consider the reversed
set in which the slopes of upswings and downswings have been in-
terchanged:

Set M': m_(i, k) = by, m_(i, k) = a,
i=1,2,...,n k=1,2,...,N (11.22)

THEOREM

The probability density for the two sets of slopes M and M’ is al-
ways the same, provided only that the time series generated by the
econometric model has the reflection property and that the turn-
ing point identification rules have the reflection property.

Proof: Let the time series of vectors Y defined by (11.20) be realized in such
a way that the slopes of set M, (11.21) result from analyzing it. Now
consider the reversed time series Y':

Y ={-5(0), ~5(1), ~¥(2), . .., —¥(D)} (11.23)

First of all, by the reflection property of the model, this reversed series
occurs with the same probability as the original series (11.20). Second, by
the reflection property for turning point identification rules, the same
actual times are identified as the times of turning points in the two series,
but with peaks and troughs changing place. When we then compute the
slopes of upward and downward phases of each cycle, we get exactly the
same numerical values (apart from signs), but with the meaning of upward
and downward slopes interchanged. Thus, if time series Y leads to the set
M of slopes, then times series Y’ leads to the reversed set M’ of slopes.
Since the two time series occur with equal probability, they contribute
equally to the final probability density function for the slopes. Since all
possible time series can be so arranged into pairs giving equal and opposite
results, the theorem follows. Q.E.D.

This is the basic symmetry theorem for Frisch-type models. The
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particular oo.chamo: in which we are interested is for the average
,.EE@ of .vom;:\m slopes m_ (1, k) and negative slopes m_(1, k) for
i = 1 (first endogenous variable; the numbering is arbitrary) and
averaged overk = 1,2, ... N.

Let s, be the average upward slope, s_ be the average down-
ward slope:

N N
s, = W m (LEIN  s.= D m(1,k)N (11.24)
=1 k=1

If we integrate the probability density function for all the slopes
over w<o~.%§5m except the random variable s +» We get a density
?:o.ﬂos for s, —call it @ +(s,)—which tells the probability of
finding a particular value of s, to be realized. Similarly, if we inte-
mwmam the probability density function for all the slopes over every-
thing except the random variable s—, we get a density function
Q- (s-) for the random variable s_.

THEOREM

HSm probability density functions Q, and Q_have the same func-
tional form, so that the average slope variables s, and s_are gov-
erned by identical probability distributions. ’ i

Proof: By inspection, from the basic symmetry theorem.

From this theorem, it follows in particular that the expected
SEQM of s, and s_are necessarily equal for all Frisch-type models.
This is the comparison which we have presented in Table 11.2 and
which has failed so miserably. .

The facts of the matter are so obvious that we consider it not
worthwhile to waste space describing, in detail, the analysis which
we have carried out to establish that the comparison of Table 11.2
is mﬂ.mamiom:% significant for at least one of the quantities, to wit
pig iron production. Let us just say very briefly what we did. ﬁv,
We took the historical figures for monthly production of pig iron
between January 1877 and December 1929 and fitted a trend
curve to the logarithmic values. This fit was

log T(¢) = 0.71978 + 3.86345X 1073t —2.8816 X 106 2 (11.25)

s&ﬁ.m T stands for “trend’ and ¢ is the time in months, with t = 1
being n_m.:cmq 18717. (2) The logarithmic deviation y(t) for pig iron
production is then defined by:

y(t) = log P(t) — log T(t) (11.26)
where P(t) is actual production and T'(t) is given by (11.25). (3)
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hen performed a “seasonal adjustment” on these figures, using
MMM ﬁEmﬁ%om recommended by Burns and Mitchell (1947). (4) We
next identified all turning points and computed m_ and m_slopes
for each of the fifteen full cycles contained in n:.o @mﬂm from 1879
to 1933. (5) We finally used a standard statistical test to see
whether these two sets of slopes could be the Hm.m:; of .\néo draw-
ings from the same statistical distribution m::o.fo:. This hypoth-
esis could be rejected by the Cramer-von Mises test (Conover
1971) at a confidence level of 2 percent.

BOOK IV

Economics
of Uncertainty

In a system undergoing a trade cycle, the key to its behavior is in-
vestment. This was first emphasized by John Maynard Keynes.

We therefore ask what is known about investment, in particular
about how businessmen evaluate investment projects so as to come
to adecision whether to proceed, or draw back. The overwhelmingly
important fact about investment is that it is forward-looking in
time. The returns, if any, are received in the future. The invest-
ment outlays must be made now.

But the future is unknown, dark and uncertain. Thus any valid
theory of investment must start from the economics of uncertainty.

In chapter 12, we discuss the standard economic theory of un-
certainty, the so-called “‘expected utility theory.” This theory is
shown to have severe faults, as soon as some of the possible fu-
ture outcomes are disasters, such as death or bankruptcy. Since all
neoclassical investment theories either are based on expected util-
ity, or ignore uncertainty of the future altogether, all these theo-
ries are highly suspect.

It is not surprising, therefore, that these theories give very poor
results. On the microeconomic level, neoclassical investment theo-
ries have no place for the method of investment evaluation most
commonly, indeed almost universally, used by practical business-
men: the “pay-back time” method. On the macroeconomic level,
it is well known that the investment equation of an econometric
model is usually the worst equation, or one of the worst, of the
whole model; in many cases it does not even give a fit in a quali-
tative sense, or it gives such a fit only with coefficients of the op-
posite sign to the one expected from theory.

Keynes’s own theory of investment evaluation is contained in
his formula for the marginal efficiency of capital, chapter 11 of

D19
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.

mense amount of muddling and many drafts, the proper definition

of the marginal efficiency of capital linked up one thing with an-

other” (Keynes 1936, Royal Society reprint, page E%. Without
this, the General Theory could not have been oonEno .Eo -
Jmmn Keynes’s formula cannot be moomvﬁmnw, at face va .,Ssm:ﬁ
quires that the «geries of prospective wmgmmﬂw ?oaﬂcwm wﬂ,\mm s
i i e eva :
n to the investor at the time o :
w%:whweﬂmm fully aware of the large c:omi“wi@ mﬁammsma ﬁo« M%
h guesses about the future and allowed for it in his Emwmnwﬁ ol
soni (see chapters 12 and 22 of the Qm:mx&.ﬂtmow? in pa
WMEM& Keynes’s formal mathematical mxﬁnmmm_ow o%ﬂmﬁm ﬁ\ﬂ Mm.m

: i nd i iously deficient.

ion for uncertainty and is therefore seriou i :
Mmmohww is a formula for investment mﬁtﬁmﬁOd é.gor Emwﬂmﬁ M.M :

licit allowance for the fact that the future 1s T:me cﬂmms ?m
M:mﬁ formula, not Keynes’s own, should then be used W1

Theory and elsewhere. . -

Qmﬂm xmwmﬁﬁmn Mw we present a new %moi. of 5<om.e3m3 MM&M%m

tion, allowing for uncertainty and ﬁ:ﬁmw ﬂmw.%m Q%memwm% R

, d utility ideas. -

j but not based on mxﬁmg.m .
Mwwwmﬂwmgog of investment evaluation emerges ?.OB this theory as
a simple special case, in a completely natural mmmgos. -

The themes of book IV comprise new Em.n.mzmr not o W e
ense of not being part of the neoclassical literature, but als
m .
the sense of being strongly opposed to that literature.

CHAPTER 12

The utility of being hanged
on the gallows

A. Risk and uncertainty

All the growth theories discussed in book II, and most of the trade
cycle theories discussed in book III, start from the assumption
that the future is known with certainty. A given set of inputs at
the start of the production period will, at the close, result in a per-
fectly determined set of outputs. The one apparent exception to
this, the “random shocks” theory of Ragnar Frisch (1933), postu-
lates a stable system, so that the shocks, while indeed preventing
perfect forecasting of the future, do not throw the system into
states far from equilibrium, states which might be rather unpre-
dictable. In theories including discretionary demand, all tastes and
preferences are assumed known, not only at present but also at all
times in the future.

All of this is wildly at variance with the real world in which we
live. The ‘“dark forces of time and ignorance” (Keynes 1936)
throw a pervasive shadow: in that shadow we live, we work, we
plan for the future to the extent that planning makes sense, and
we pray or trust to luck where planning makes no sense at all.

The area of economics most affected by uncertainty of the fu-
ture is investment in plant and machinery. We shall present a new
theory of investment evaluation under uncertainty in chapter 13.
But before doing so, we find it necessary, unfortunately, to discuss
the conventional so-called economics of uncertainty. This is the
purpose of the present chapter.

Let us first be clear why some sort of economics of uncertainty
is absolutely indispensable. To see this, consider for a moment the
:aleulation of growth in an input-output model, as done in chapter
7 for the general (not necessarily balanced growth) case. In section

DN
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7B, we demonstrated that the system is c:mﬁm_o_w about :Um bal-
anced growth path and becomes impossible ?mmmw:\m Qcm.sfﬁmm of
some commodities needed) after a number of periods. This was de-
duced from the assumptions of perfect thrift and perfect market

aring. .
o_mmo,\wm,\oﬁ why should producers be so extremely short-sighted
as to insist on markets clearing in each separate annual Emuwﬁw
when the result of this insistence is a predictable, foreseeable di-
saster for everyone? Furthermore, this Em&oﬁmgw disaster can be
prevented at a trivial cost: In Table 7.1, there is, at the mﬁmi; a
very slight excess amount of corn, compared to the available
amount of iron. If the corn producers agree, right at that moment,
to burn up this excess corn (0.1 percent, i.e., H»m.w. quarters out
of a total of 148,250.6 quarters) rather than placing it on the mar-
ket, then they, and everyone else, can calculate EF.S perfect cer-
tainty that the subsequent path of this economy will ._om ﬁ.rm per-
fectly balanced growth path, for ever and ever until Kingdom
come, amen. o

Under these circumstances, the rational thing to do is .Emﬁ. that
—destroy this slight excess amount of corn. The m;mg.mﬁ:\m is the
catastrophe shown in Table 7.1, an outcome from which no one
profits. . L

Yet, the same approach which insists that ‘‘economic man is
rational also makes him close his eyes to predictable Q_mmmﬁ.mi
There is an internal inconsistency in any economic theory which
postulates rationality and perfect foresight of the future, %we
makes an auctioneer clear only the current market. If ﬁ.mov:.w did
have perfect foresight of the future, they should m?.m quite m;..mmw-
ent instructions to their auctioneer (assuming that highly mythical
individual to exist, just for the sake of the argument). The neo-
classical theory under the assumption of certainty of Sm future is
not only wildly unrealistic; it is not even internally no:.maﬁm:w

Of course, this pretense of foresight of the future is utterly at
variance with the real world of men and affairs. The future cannot
be foretold with mathematical precision; indeed not with any pre-
cision at all. No matter what the economic system, our .m:acmm is
uncertain. To have any claim to realism at all, an economic theory
must come to grips with the economics of uncertainty.

Sometimes, in certain contexts, uncertainty of the future can vm
compensated for. This is true when the future, though uncertain
for the individual, can be predicted accurately for a large group of
people. An example is life insurance. Any one person does not
know how long he will live. But given a group of, say, one hundred
thousand persons of similar age and state of health, the mmsurance
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company can predict, with only a small error, the fraction who
will still be alive ten years from now. If the events themselves (the
deaths) are independent of each other,! fluctuations tend to can-
cel for a sufficiently large group. The insurance company is there-
fore able to calculate an economic premium to charge for a life in-
surance policy.

In his classic treatise Risk, Uncertainty, and Profit, Frank H.
Knight (1921) distinguished sharply between that type of situa-
tion, which he called “risk,” and another situation altogether, to
which he gave the name “uncertainty.” Let us take Knight’s own
illustration for the latter (p. 226 of the reprint):

A manufacturer is considering the advisability of making a large com-
mitment in increasing the capacity of his works. He “figures’” more or
less on the proposition, taking account as well as possible of the various
factors more or less susceptible of measurement, but the final result is an
“estimate” of the probable outcome of any proposed course of action.
What is the “probability’’ of error (strictly, of any assigned degree of
error) in the judgment? It is manifestly meaningless to speak of either
calculating such a probability a priori or of determining it empirically by
studying a large number of instances. The essential and outstanding fact
is that the “‘instance” in question is so entirely unique that there are no
others or not a sufficient number to make it possible to tabulate enough
like it to form a basis for any inference of value about any real probabil-
ity in the case we are interested in.

This is what Knight labels uncertainty and distinguishes sharply
from risk. In both cases, the actual future outcome is not pre-
dictable with certainty. But in the case of risk, the probabilities of
the various future outcomes are known (either exactly mathe-
matically, or from past experience of similar situations). In the
case of uncertainty, the probabilities of the various future out-
comes are merely wild guesses, if that. As Keynes says in his Gen-
eral Theory (Keynes 1936, p. 149):

The outstanding fact is the extreme precariousness of the basis of
knowledge on which our estimates of prospective yield have to be made.
Our knowledge of the factors which will govern the yield of an invest-
ment some years hence is usually very slight and often negligible. If we

"This proviso is important. If the entire group lives in one city and this city
contains a nuclear reactor which blows up, the resulting deaths are not at all
independent, statistically speaking, and the insurance company will go bank-
rupt. This is the reason that private insurance companies are not prepared to
underwrite the risk from nuclear reactors. The economic comparisons, so-
salled, between nuclear power and other forms of power would look very dif-
ferent indeed if nuclear power stations had to bear the realistic cost of their

insurance, rather than being able to throw that cost onto the taxpayer, unlike
Ltheir competitors.
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speak frankly, we have to admit that our basis of w:oé_o.mmm for mm.s.
mating the yield ten years hence of a railway, a oovvmn.BEm, a ﬁﬁ.;m
factory, the goodwill of a patent medicine, an Atlantic liner, a w_.:_&:m
in the City of London amounts to little and sometimes to nothing; or
even five years hence.

In his book, Knight (1921) makes an excellent case for concen-
trating on the effects of true uncertainty, on the m.wo_..:am that
cases of mere “risk,” in his sense of the word, are so similar ﬁo. mww.,
solute certainty as to make little practical Qmmmnm:o.m. Zm.m.m “risk
can be insured against, such risks can be pooled, Q:.Nmnm_bmmv.ﬂo.
etc., to the point that the effects of such risks on _ocm.Emmm.QmSEoz
making are very minor indeed. The insurance premium is one of
the costs, a perfectly well-known cost at that, and that is all there
is to it. . .

But true uncertainty, in the sense of Knight, is something else
again. According to Knight, the main function of the “entrepre-
neur” is to bear the brunt of this uncertainty of ﬁ:m. future. The
profits of enterprise (‘“pure profits”” over and above interest pay-
ments on debt capital and/or dividend payments to shareholders)
can be traced to being a reward for facing uncertainty. One does
not need to accept this argument (we do not) in order to be
convinced that true uncertainty is an extremely important, fun-
damental factor in economics. .

The importance of uncertainty in this sense was umoo.mENmQ very
early by Keynes (1921) and has been mSm.mmoQ UE.S.nEmE% by
Shackle (1967, 1974). However, the &mmoc_Sm.m of BmWEm.m: ade-
quate treatment of true uncertainty in theoretical economics rmﬁw
proved daunting, and, while Knight’s classic is often quoted with
approval, it is seldom followed up in practice.

B. Expected utility theory

Quite another strand, at present the dominant strand, in the eco-
nomic theory of uncertainty was started as _wmm ago as 1738, not
by economists, but by professional mathematicians. It is a truly re-
markable spectacle that economists have moomv.ﬁmav for over two
centuries, the superiority of the economic 5_“590.: .Om pure Bwe,rm-
maticians, accepted it with a faith which is positively touching,
but in our opinion entirely unwarranted.

In 1738, the mathematician Daniel Bernoulli (1738) mcmmmmeom a
solution to the “Saint Petersburg paradox.” The c.mwmmox involves
a gambling game with bets on the throws of a coin. The ﬁmu\omm
are arranged in such a way that the mathematical expectation of
the return from the game is infinitely big. Thus, a gambler should
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prefer playing this game to receiving some amount of money with
certainty, no matter how big the amount of money in question. In
fact, however, few gamblers could be induced to make that choice
if the certain money sum is really big.

Bernoulli suggested that it is the utility of a sum of money, not
the sum itself, which matters. One extra ducat means a great deal
when added to a base amount of only two ducats. It means much
less (relatively) to a wealthy man who already owns a million
ducats. Thus, Bernoulli said that one should work out the mathe-
matical expectation, not of the sum of money, but rather of the
utility of that money. By making a rough, but reasonable, assump-
tion about U(M), the utility of an amount of money M as a func-
tion of M, Bernoulli showed that the Saint Petersburg game has a
finite, not an infinite, expected utility of the returns. Thus the al-
ternative of a definite sum of money promised with certainty will
be selected by the gambler if the utility of this money sum ex-
ceeds the expected utility of the returns from playing the game.
The paradox therefore disappears (for details, see the mathematical
appendix).

In classical economics, utility considerations tended to be pushed
aside. After the rise of the neoclassical school, utility became im-
portant, since one of the “two blades of the scissors,”” namely de-
mand, was correlated with utility.

There is a distinction between “‘cardinal utility’’ and ‘“‘ordinal
utility.” In “ordinal utility,” we are allowed to say that two events
are equally ‘“‘utile,”” or that event A is more utile than event B, or
vice versa. But we are not allowed to ask whether event A is twice
as utile, or three times as utile, as event B. It can be shown that a
restriction to ordinal utility makes almost no difference at all to
the effects of utility maximization under conditions of certainty
(see chapter 15). But the situation changes radically once there is
uncertainty (or risk: we shall ignore the distinction for the time
being, and shall return to it later). If we wish, with Bernoulli, to
work out the mathematical expectation of the utility of the re-
turns from a gamble, ordinal utility is not enough. We must be
able to assign actual numerical values to the utilities; i.e., we re-
quire what is called ‘“‘cardinal utility.”

Once more, a pure mathematician entered the scene. In 1944,
John von Neumann (the same one responsible for the growth
theory of chapter 4), working in collaboration with the economist
Oskar Morgenstern, published a book Theory of Games and Eco-
nomic Behavior (von Neumann 1944). In the second edition (von
Neumann 1947) they set up certain initial assumptions (axioms)
which are claimed to apply to all reasonable men. Starting from
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these axioms, they then prove mathematically that one can .mmmﬂms
a cardinal utility to every event, or “gamble.” Qm«s._o_m G is @M%-
ferred to gamble G’ if and only if the expected :ﬁ‘:_e% of mmgm e
G is higher than the expected utility of gamble G'. e:.m EMO is
given in the mathematical appendix. Here we merely list the ax-
ijoms. in the form given by Borch (1968). ) .
wm«o: describes the axioms in terms of a mmEEm or 6@9@ G,
in which a prize x, of money can _wm won with Eo_.om_o_:g D, ‘Uw
prize x, can be won with probability Pas--s a prize um.; oms.Em
won with probability p,. There is a finite :cadmw.:. of possi M
outcomes. All the prizes x;, X,,...,%p are positive sums 0
xcept that x, may be zero. . .
BoMmmu\mmem_ mmmm, of WE@ogmsg, is the “binary lottery,” 5:4,55”
there are only two outcomes: x; = 0 and x, = M, alarge .mwms.
prize.” With these concepts understood, here gm:. are the mxﬁosmwv
1. To every lottery G there exists a “certainty equivalent,
which is a sum of money for which we are prepared to mw: our lot-
tery ticket (or, equally, the largest sum of money which we are
ay for a ticket).
@wm%mmwam o_o%:mw.% lottery éwﬁ: probability p ow éwsism the mumzw
prize, the certainty equivalent is zero ifp = 0; it is M (the value o
the grand prize) if p = 1. For M:Hmwﬂ.umgmwm values of p, the cer-
i i t is an increasing function ot p. .
ﬁm_wwweﬂﬂmcwwﬁwwswiog is hard to state in <<.9.Qw alone (it is stated
mathematically in the appendix). The Emm. is that a general lottery
with n prizes, the lowest beingx, = 0and Emwmma being x, .HSE, can
always be converted to an “equivalent”’ U:.Hm«% E.gmm% wit wzwmm
0 and M, only. This conversion is quite Qm.m::,nm (i.e., the UHM a mw
ity p of winning the grand prize in Em binary wo.g.mm% can be cal-
culated from the prizes and probabilities of the m.v:m_sm_ _ogmav. _
Given these three axioms, it is possible to Qmﬁ&o Bmarmﬁm?om_ y
the existence of a utility function, a cardinal utility function :C&m
such that the “expected utility” of every lottery om:.dm compute
once and for all by a simple formula (in the appendix). If the _OM
tery tickets for lotteries G and G’ cost g.m same, then _OSMQ
is preferred if and only if the expected utility of G exceeds the mw
pected utility of G'. Any one person .Emuw Bm.%m the ovvoﬂm
choice; but if he does so, he is simply being irrational. The mathe-
i asoning is exact. .
Ewﬁomm_mﬂw, the Moo:oawom profession was reluctant E accept this
contention. Hicks, for one, had argued oOmmsz.% mmmimﬁ the ows-
cept of cardinal utility in his Value and Qmﬁ:&t (Hicks 1939).
There seemed to be no reason that cardinal :.E;% should vm ﬂmmcm
rected in the context of uncertainty, when it had been dismisse
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so firmly in the presumably simpler context of full certainty. The
fact that expected utility cannot be computed from ordinal util-
ity, and needs cardinal utility to work at all, may be a reason why
one might prefer to be allowed to work with cardinal utility, but
hardly a reason to introduce cardinal utility by the back door
through cleverly chosen axioms.

Rather surprisingly, though, this (in our view entirely justified)
initial hesitation did not last.? At present, expected utility theory
is the accepted, conventional wisdom in the entire standard liter-
ature of the economics of uncertainty; for example, see Borch
(1968), Arrow (1965), and Hirschleifer (1970). According to
Borch, the three axioms listed above are ‘“‘conditions which the
rule [of preference] ought to satisfy if it was to be acceptable to
intelligent logical people.” Also, ‘“there may exist persons with
more or less ‘perverse’ preference orderings who do not fit our
model, but we can ignore them as long as we do not set our level
of aspiration too high.”

These are strong claims indeed. Anyone who has a scale of pref-
erence not in accordance with these axioms is, by that very fact,
declared to be unintelligent, or illogical, or both.

C. Criticism of expected utility theory: a first look

We cannot agree with these assertions of expected utility theory
and devote the remainder of this chapter to its criticism.

First of all, the proponents of the theory themselves have doubts.
For example, Borch (1968) gives a simple instance to contradict
the theory he supports:

Consider a set of market baskets each containing a number of
dollar bills and a number of tickets in the Irish Sweepstake. A per-
son may always prefer more cash to less cash, independently of
the number of lottery tickets in the two baskets. Only when the
two baskets have exactly the same amount of cash in them will he
opt for the one with the larger number of lottery tickets.

This kind of preference ordering is called ‘‘lexical ordering” for
the following reason: In a lexicon (dictionary) words are ordered
by the first letter if the first letters differ. When the first letters are

2Friedman (1948) and Marschak (1950) were early converts to expected util-
ity. Ellsberg (1954) argued that the von Neumann notion of utility is basical-
ly different from the neoclassical (he called it ““classical’’) notion of utility,
and thus cardinal von Neumann utility is not in conflict with strictly ordinal
neoclassical utility. However, this is not an argument for accepting von Neu-
mann’s axioms, since the argument starts from these axioms. Ellsberg makes
no attempt, even, to justify the axioms themselves. He merely elucidates the
meaning and consequences of these axioms.
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the same, the words are ordered by the second letter. When first
letters and second letters are the same, the words are ordered by
the third letter; and so on. This type of ordering can be shown to
be inconsistent with expected utility theory.

Now, by what peculiar process of reasoning is a man with this
preference ordering declared to be “unintelligent’” or ¢illogical”’?
All of us have met such people who prefer hard cash to any num-
ber of lottery tickets. We may think of them as being cold fish, un-
imaginative, excessively hardheaded (and perhaps hardhearted as
well). But what makes them “irrational”’? Here, then, is a first in-
stance of perfectly rational people not ordering their preferences
in line with the axioms of expected utility theory.

The second example comes from deliberate experiments of
Allais (1953, 1979), designed precisely to test these axioms. Bus-
inessmen were presented with certain imaginary choices between
“projects” and were asked to state their preferences. Let us look
at two of these choices:

1. Project A gives a certain return of $1 million. Project B
has an 88 percent chance of giving 1 million, an 11 percent chance
of giving 5 million, but also a 1 percent chance of utter failure (re-
turn = 0). Faced with this choice, the overwhelming majority of
the businessmen chose project A.

2. Project C has a 12 percent chance of returning 1 million and
88 percent of returning nothing. Project D has an 11 percent
chance of returning 5 million and an 89 percent chance of return-
ing nothing. Here, the overwhelming majority of the businessmen
opted for project D.

In the appendix, we prove that this set of preferences is incon-
sistent with expected utility theory. From this theory, it can be
deduced that a “rational” person must either opt for projects A
and C, or for projects B and D. The actual choice of the business-
men, A and D, contradicts expected utility theory.

From the point of view of expected utility theory, there are
two difficulties here:

1. These businessmen, whose judgments disagree with expected
utility so consistently, must be “perverse’’ or ‘‘irrational.” But on
what grounds are they perverse? The respondents are practical
men who have proved their ability to survive in the hard world of
business reality. In that world, anyone who is truly irrational or
perverse is likely to go pbankrupt before long. These men have not
gone bankrupt.

9. But let us suppose that, on some grounds or other, these peo-
ple can all be called irrational. How does this help? The theory of
expected utility is put forward as an economic theory, as a descrip-

l
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tion of how ‘‘economic man” makes his decisions in the face of
:domﬁm?&ﬁ If a representative sample of successful businessmen
disagrees with this form of decision making, what good does it do
to brand them as ‘““irrational”’? These are our “‘economic men’’ par
m.xom:m:om. If they are irrational, then it should be our concern to
.mE@ out the precise nature of this irrationality and to incorporate
it EE economic theory. It is no answer at all to call our economic
men irrational and leave it at that. If an economic theory of de-
cision S&:.:m is not applicable to typical successful businessmen

then it is no good. Rationality or irrationality does not come m:ﬁm

it. A bad theory cannot be revived by magical incantations or
name calling.

D. Criticism of expected utility theory: the gallows

bm.a. us now present a ‘““gamble’ in which the axioms of expected
utility theory turn out to be inapplicable.

. Our gamble is an illegal venture, say importing heroin into
Singapore, which is highly profitable if undetected, but leads to
the mmm.; penalty upon discovery. Let us use the symbol p for the
probability of being caught, and hence swinging on the gallows
The probability of not getting caught is then equal to 1 — p.3 .

Let us ask what are the preferences of people concerning this
gamble? Clearly, this depends upon the person. There are some
(we hope, many) law-abiding people who refuse to consider such a
venture, because it is illegal. But we all know that there exist other
_mmm. law-abiding individuals. It is well known that the death wo:&u
ty is by no means an absolute deterrent to crime.

Next, given that the person’s respect for the law is somewhat
less than perfect, how does he react to such a prospect? For the
::.z.dmi, assume the money gain M is unchanged, but the prob-
ability p of getting caught varies. When p = 0, there is no risk, just
a o.ﬁwﬂmus gain of M. Let u(M) be the degree of Emmoum:om,?wm
“utility’’) of the sum of money M, for our person.

If p is not exactly zero, but quite small, we expect such a per-
son will still take the gamble, even though he might lose his life. It
Is a rare criminal indeed who is deterred by the gallows when the
chance of swinging on them is, say, less than one in a million.

Equally true, however, most criminals are deterred by the gal-

u
:S:. ~_:.c fully aware of Borch’s caveat: “Questions of life and death <<ocE
Lhen be considered as . . Lhe narrow subject of economics proper.”

We shall return to th > e i i
e s 1e end of this section, but we ignore it for
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lows when they reckon that the probabilty p of hanging is too
high; that is, oncep becomes large enough (larger than some Pmax)»
then no amount of money M will induce them to take the gamble.
People differ in their degrees of recklessness, when the promised
gain is really high. For some people, Pmax MaY be 1/2. For others,
the gamble is still accepted (given sufficiently large incentive M)
for p up to 0.9; even more reckless ones might be induced to gam-
ble their lives even when p is as large as 0.99. But sooner or later,
the probability of survival, 1 — p, becomes too small for the game
to be worth the candle.

Let us define a class of persons called «“greedy but cautious
criminals,” abbreviated GCC, by the following properties:

1. A GCC is “greedy” in the sense that his utility of money u(M)
increases without any upper bound as M is made larger and larger.
Not all people are greedy in this sense, put many are. We all know
wealthy people who assign a positive, nonzero utility to doubling
their current wealth, no matter how much money they own already.

2. A GCC is “cautious” in the sense that he will not accept our
gamble, no matter how large the promised gain M, if the probabil-
ity p of being hanged exceeds some maximum value Pmax < 1.

3. A GCC is “criminal” in the sense that he accepts the gamble
for small enough, but still positive, p.

For our subsequent argument, we need not assert that all ration-
al people are GCCs, or even that many are. All we shall require is
that some, perhaps only a few, perfectly rational people are GCCs.
This can hardly be denied, from common observation.

Let us draw, from common sense, a rough schematic plot of our
GCC’s degree of preference for this prospect, for fixed M but vary-
ing p. This is shown as Figure 12.1. For p near zero, the degree of
preference is u(M), the utility of M. The curve goes downward as
p increases, first gradually, then more and more rapidly. For large
enough p, the degree of preference becomes infinitely negative.
The prospect is refused for all p such that the degree of preference
is negative (i.e., for p larger than the value at which our curve
crosses the horizontal axis). This value of p depends on M, of
course. But there is a larger value of p (where the curve tends to
minus infinity) for which the gamble is refused absolutely, no mat-
ter how big the promised money gain M.

You or I may disagree with the details of this curve; but some
such curve appears to be a reasonable schematic representation of
the preference scale of our GCC.

Yet, every such curve, as opposed to a straight line, is incon-
sistent with expected utility theory. For the venture in question,

this theory gives:

1A
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Figure 12.1

A mowmgm_“.ﬁ. plot of the degree of preference (‘‘utility”’) of a pros-
m.mow promising the sum of money M if successful, but the gallows
WJ unsuccessful, as a function of the probability p of getting caught
orp = 0, the mewmm of preference is u(M), the utility of the .
money sum M with certainty. As p increases, the degree of pref
erence drops, slowly at first, then ever more rapidly. When ws -
curve crosses the horizontal axis, the degree of Emm.mnm:om t ;
:m.mmw:\m, Yo} @m_u the gamble is refused. The value of p at Swwm.mm
this happens is likely to depend somewhat on M. However, there i
a larger value of p for which the curve cuts off altogether mnwmmﬁwm :
gree of Emmowo.:om becomes minus infinity), and for probabiliti i
in excess .Om this the gamble is always refused, no matter how %m g
the Eo::mm& money sum M. This curve is wmmma upon oOBBo:_m
sense, ._05 disagrees with expected utility theory, because the lat-
,n.E. Em_mem. that only a straight line dependence <<m= accord s;rm
:.:c:.m_;%.: Yet, no straight line can represent the E.ommwow 5
scale of a “greedy but cautious criminal’ who is _:,m:;.z% 3%%.5_



256 ECONOMICS OF UNCERTAINTY

E(U) = (1 —pu(M) + pu(G)

In its dependence on p, this is a straight line, not a curve. We now
assert that every straight line of this form is incapable of represent-
ing the preference scale of our GCC.

Proof: Either u(G), the “utility of being hanged on the gallows” Jig cer-
tainty, is finite, or else it is negatively infinite. Take the two ommo.m in turn.
1. u(G) finite (though possibly strongly negative). The m»BU._@ is accepted
when E(U) is vom:n:\m,» and an easy calculation shows that this leads to the
condition:

p <p* = u(M)/[u(M) — u(G)]

Now increase M; by property 1 of the GCC (his “greediness”) u(M) in-
creases without bound, and therefore p* also increases, as close to 1 as we
please. This violates property 2 of the GCC (his “caution”). .
2. u(G) negatively infinite. In this case, E(U) as given by the formula is
negatively infinite for all positive values of p, no matter how small. This
violates property 3 of the GCC. The proof is complete.

At this stage, expected utility theory is in dreadful trouble. If
this theory is to apply to all rational people, then either GCCs do
not exist or GCCs exist but are not rational people. The first asser-
tion is wrong, by common observation. The second mmmowﬁw: is ut-
terly without basis. Persons satisfying the three conditions for
GCCs may be unpleasant, dislikable, etc.—but they are oE%. too
depressingly rational. We conclude that it is untrue that all 2.::0:&
persons must have preference orderings in acoo&.aznm with ex-
pected utility theory. Some may; others, equally rational, Qo not.

What has broken down here is axiom 1 of expected utility the-
ory, the axiom which asserts that ‘“everything has its price.” If the
prospect contains a high probability of being hanged on the .m&-
lows, then no amount of money makes it acceptable. Thus axiom
1 is not universally true for all rational persons. We are equally
doubtful about axiom 3, but one axiom suffices for our argu-
ment.

To close this section, let us return to the objection that “ques-
tions of life and death [are] outside the narrow subject of eco-
nomics proper.” A businessman who stays within the _msw is .:o.e
threatened with the gallows, only with bankruptcy. This, it is
claimed, is hardly such an ultimate catastrophe.

4This i initi n by zero utility level. The argu-
This is merely a definition of what we mean by zero utl

ment does :o%aovm:& on what level of expected utility is taken to corre-
spond to acceptance of the gamble. Note also that the proof Cmmm.os_u\.;o
three defining properties of a GCC; it does not depend on accepting Figure
12.1 as realistic.

A
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But if you think so, listen to Adam Smith (1776, p. 325):
«“Bankruptcy is perhaps the greatest and most humiliating calamity
which can befall an innocent man. The greater part of men, there-
fore, are sufficiently careful to avoid it. Some, indeed, do not
avoid it; as some do not avoid the gallows.”” The analogy between
the gallows and bankruptcy is not our invention—it dates all the
way back to Adam Smith.

When Charles Dickens was a child, his father became bankrupt.
Young Charles’s education was terminated instantly, and he was
sent to work in one of those dreadful sweatshops where children
were forced to work fourteen hours a day under utterly inhuman
conditions. Young Charles survived, though he was marked for life
by the experience. How many other children, in similar circum-
stances, failed to survive?

Throughout the nineteenth century, bankruptcy continued to
be an utter calamity. It was not always a physical death sentence
(though it was that often enough) but it spelled death as a capital-
ist. The bankrupt lost his standing within his social class. No credit
was extended to him. He had to go to work in some despised,
menial occupation, for years and years, until such time (if ever)
that he had repaid his creditors.

The analogy between bankruptcy and the gallows is by no means
farfetched. For what matters here, they have this in common:
Both are disasters from which it is extremely hard (or impossible)
to recover.

E. Avoiding irrationality

The most striking difference between Figure 12.1 and the result
from expected utility theory is that the former is a curve, the lat-
ter is a straight line, as a function of the probability p of getting
caught. Expected utility always leads to a linear dependence of its
choice criterion E(U) on the probabilities p; of all possible events
i. Indeed, from a mathematical point of view, this is the only sig-
nificant statement made by expected utility theory: The theory
does not tell us what the separate utilities u; of the various events
are; indeed, these are subjective matters which differ from one in-
dividual to another.

Thus, the essential claim of expected utility theory is that the
criterion for choice of preferences in the presence of uncertainty is
linear in all relevant probabilities. Only an irrational person, it is
claimed, could ever arrive at a curve such as is shown in Figure
12.1. Let us investigate their argument (Bernstein 1981)!

Consider a2 man who has a choice between several “projects,” in
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the sense of being able to trade his ownership of shares in these
projects on the organized money market. Let us suppose that each
project is characterized by two numbers: .

1. the expected money return from the project, mc;m_oq aver-
aged over all possible outcomes from the project; for project num-
ber k, this is denoted by Ep; and

2. the probability of ‘“‘disaster”” (meaning no return ms&._.omm of
the principal) for project number k. We denote this probability by
Wwﬁ us also suppose that our investor is ordering his preferences ac-
cording to the following figure of merit @:

Qr = (1 —Dg)*Ep

For example, if the average expected return from project 1 isE, =
9,112,500 dollars, and the disaster probability is D, = 1/3, then
Q, = (2/3)* X 9,112,500 = 6,075,000. We note that Q = Er, .»,oH
a project with disaster probability zero, and Q = 0 for a Eo._moa
sure to end in disaster (D = 1). In between, however, this figure
of merit is not a straight line function of the probability of disaster
Dy, but very much a curved function. It should therefore lead to
“irrational” results.

We now list four projects. The first three can have only two out-
comes each. One outcome is disaster, with probability Dy ; the
other outcome is success, with probability 1 — Dj and money re-
turn Ry. The expected (averaged) money return is then given by:
Ep = (1 — Dy)Rf. All these values are listed in Table 12.1, along
with the figure of merit @ for each of the projects.

Table 12.1
Project Return if Disaster Expected _ummc_‘w

numbers successful probability return of merit
k Ry Dy Eg Qg
1 9,112,500 1/3 6,075,000 1,200,000
2 1,610,510 1/11 1,464,100 1,000,000
3 32,000,000 1/2 16,000,000 1,000,000
4 - 13/44 8,732,050 2,151,554

We shall discuss the nature of project 4 shortly. First, however,
note that our investor, with this preference scale, is rmvcx to pay a
money fee to convert one share in project 1 to one share in project
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4. He is indifferent between owning shares in projects 2 and 3, but
is willing to pay a money fee to convert either one of those shares
to a share in project 1.

Now let us state how project 4 has been constructed. The project
consists of a fair coin which is thrown once. If it comes up heads,
project 2 is undertaken forthwith; if it comes up tails, project 3 is
undertaken. It is easily checked that the values of D, and E, have
been constructed correctly for this interpretation, namely: D, =
(D, + D;)/2 and E, = (E, + E,)/2. There is no unique value
of R,, since there are now two successful outcomes: R, with
probability 5/11, and R, with probability 1/4.

Now comes the “rationality’” argument: On Monday, our in-
vestor starts with one share in project 1. He trades it in, for a fee,
to obtain instead one share in project 4. On Tuesday, the coin is
thrown, so that it is now known which project, 2 or 3, will ac-
tually be carried out in practice. It does not matter which way the
coin falls, since both these projects have the same figure of merit,
Q, = Q; = 1,000,000. On Wednesday, our investor trades once
more, paying a second fee to convert his share (which is now a
share in either project 2 or project 3) to one share in project 1.

But now he has wound up holding, after payment of two se-
parate fees, the very same share (in project 1) which he held at the
beginning! Since the same process can be repeated, week after
week, our investor has become a ‘“money pump.”’ This is clearly ir-
rational behavior and therefore invalidates our claim that the fig-
ure of merit @ used here is consistent with rationality.

Exactly the same argument can be made, using appropriately
constructed projects 1 through 4, for every figure of merit Qp
which is a curve, rather than a straight line, function of Dj,. All
figures of merit based on curves make the investor into a money
pump. Only the straight line behavior avoids this, and it is thus the
only rational behavior. We are indeed back at expected utility the-
ory!

At first sight, this argument may appear irrefutable. Yet, let us
have another look.

Two quite distinct activities are often called “‘investment’”:

1. Trading pieces of paper, called ‘“‘shares,” on the money mar-
ket. This activity is called ‘“‘placement” by Joan Robinson (1956).

2. Erecting factory buildings, installing machines théerein, etc.
We shall call this “investment proper.”

The money pump argument is concerned with placement, not
with investment proper. Anyone who believes that these are equiv-
alent must also | ve that a rational man will use exactly the
same criteria for choosing a mistress as for choosing a wife. One
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commitment can be altered without major penalty; the other can-
not. The money pump argument requires trading in shares, and
therefore applies quite properly to evaluation of placements. For
placement, a preference scale nonlinear in the probability of dis-
aster D may be suspect.®

But the money pump argument cannot be used for investments
proper. Any attempt to trade out of the latter, say to sell the
machines on the open market, may lead to catastrophic losses.
Thus, a preference scale for investments proper need not be linear
in the disaster probability.

Still, there remains a degree of uneasiness about this rebuttal.
Suppose we now consider the projects as investments proper, not
as placements; the figure of merit @ is being used by a business
management to decide whether to undertake an investment proper,
not by a wealthy man to decide which shares to buy. Even then,
though, the following question arises: How can projects 2 and 3
rate 1,000,000 each on the preference scale, and yet project 4,
which is merely a 50-50 superposition of projects 2 and 3, rate
more than twice as much? Is there not something inherently irra-
tional about such a preference ordering, even if we never do any
trading at all?

The rationale behind this depends on two things: (1) un-
certainty of the future, and (2) the desire of management to
take a longer view than merely the outcome of the very next
project.

Suppose that management desires to stay in business for at least
the next four projects, to be carried out sequentially. Suppose also
that exactly the same projects (not in the material sense, but in
the sense of having the same values of E; and D) will be available
for choice at each choice point, the one now and the three choice
points in the future. We can then compute, for each choice cri-
terion, the probability of survival for four projects, and the money
return (total) in case we survive. For example, for project 1,
four times over, the survival probability is (2/3)* = 0.1975, and,
if we do survive, the total money return is 4 X 9,112,500 =
36,450,000. Exactly similar calculations can be done for choice 2
and choice 3. The calculation for choice 4 is a bit more compli-
cated and is given in the appendix. The outcomes are listed in
Table 12.2.

SEven for placements, the “money pump”’ argument is not airtight. It de-
pends upon the probabilities’ of the various outcomes of any one project
being known, with certainty, to the ‘“‘investor.” In the context of gambling on
the share market, this is a most unrealistic assumption.
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Table 12.2

Effect of Various Policies for Four
Investment (proper) Projects

Expected

Survival return

) probability if we

Policy adopted over full time survive
A. Project 1, four times 0.1975 36,450,000
B. Project 2, four times 0.6830 6,442,040
C. Project 3, four times 0.0625 128,000,000
D. Project 4, four times 0.2464 49,575,000
E. Projects 2 and 3, alternately 0.2066 67,221,020

Looking at this table of outcomes (Table 12.2) who could assert
with conviction that management is irrational in giving the same
figure of merit to policies B and C, or in giving a higher figure of
merit to policy D? Policy B is safe but with very low return. Policy
C promises high return, but is exceedingly unsafe. Policy D is a not
unreasonable compromise between these two requirements of safe-
ty and return upon success. Furthermore, policy D is superior to
policy A on both counts.

But how is it possible that the wealthy man who makes place-
ments can be turned into a “money pump” by a figure of merit
nonlinear in probabilities, while that same figure of merit now ap-
pears to be quite reasonable for investment proper?

The answer is simple: The business management has to see each
project it starts to its conclusion, and its policy must be such that
it retains a reasonable chance of surviving in business for longer
than just the very next project. The man making a placement is
under no such obligation. He can trade his shares the day after he
has bought them. The very existence of a financial market makes
it unnecessary for him to take the long view. To quote Keynes
(1936):

It might have been supposed that competition between expert profes-
sionals, possessing judgment and knowledge beyond that of the average
private investor, would correct the vagaries of the ignorant individual left
to himself. It happens, however, that the energies and skill of the profes-
sional investor ilor are mainly occupied otherwise. For most
of these persons : , largely concerned, not with making superior
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long-term forecasts of the probable yield of an investment over its whole
life, but with foreseeing changes in the conventional basis of valuation a
short time ahead of the general public. They are concerned, not with
what an investment is really worth to a man who buys it “for keeps,”
but with what the market will value it at, under the influence of mass
psychology, three months or a year hence. . . . It is not sensible to pay 25
for an investment of which you believe the prospective yield to justify a
value of 30, if you also believe that the market will value it at 20 three
months hence.

There remain two questions: (1) Intuitively, how does it come
about that project 4, four times over, is not just a simple average
of projects 2 and 3? (2) If the rationale behind management’s fig-
ure of merit is such a “look-ahead” criterion, why don’t they just
evaluate a “lifetime expected utility”” of some sort, and maximize
that?

Question 1 can be answered by looking at policy E, strict alter-
nation between projects 2 and 3; i.e., the four projects undertaken
are 2, 3, 2, 3, in that order. The survival probability is (1—D; )* (1 —
D,)?* = 0.2066 and the return in case of survival is 2R, + 2R3 =
67,221,020. This policy is rather close, in its ultimate outcome, to
policy D and could well be judged, by management, as superior to
either of policies B or C. The merit of throwing a coin to decide
the next project is not the uncertainty so generated, but rather the
merit arises from avoiding the two extreme choices of policies B
or C and opting for a compromise instead. The coin throwing is
merely one way (not necessarily the best way) of achieving such a
compromise.

The answer to question 2 is uncertainty of the future. The proj-
ects available for choice now are known, and management can
make some not unreasonable guesses about disaster probability
and expected return for each project. But substantially nothing is
known about choices which management will face after this proj-
ect has been completed, or the one after, or the one after that!
Our simple assumption, that exactly the same number of projects,
with the same values of D and Ep, will be the ones we must
choose between, at each future choice point—this simple assump-
tion has enabled us to make a calculation for our various policies
A to E; but it flies in the face of all reason and probability to take
such an assumption seriously.

Thus, lifetime expected utility cannot be calculated. The best
management can hope for is some figure of merit Q(Rp,Dr) which
depends on the characteristic of the projects to be chosen now,
but which also has the property that it gives reasonable results for
best lifetime utility if the simple assumptions about future choices
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should happen, by an almost incredible coincidence, to be not too
far from the truth. A figure of merit nonlinear in the disaster prob-
ability Dy, is then entirely appropriate.

We conclude that placements are quite different from invest-
ments proper. In particular, if the probabilities of all short-term
outcomes for a placement are known to the “investor,” then his
Em?wmbnm scale should be linear in all these probabilities, includ-
ing the probability of disaster. By contrast, a reasonable prefer-
ence scale for management in looking at investments proper not
only can be, but almost certainly should be, highly nonlinear in
the disaster probabilities Dp. No wonder that businessmen in
real life pay very little attention to share market values when
deciding between alternative projects for investment proper. The
criteria which are reasonable in the share market are most unrea-
sonable for business management.

F. Criticism of expected utility theory:
summary and conclusions

For choosing between investment projects proper, rather than
placements, a preference scale which is nonlinear in the probabil-
ity of striking disaster is eminently rational. The constraints which
must be imposed upon rational behavior for placements make no
sense for investments proper.

It is the mathematical axioms of pure mathematicians, such as
John von Neumann, not the behavior of real businessmen, which
must be declared to be ‘““irrational’’ whenever the two conflict. In-
deed, the mathematical axioms only appear rational at all because
the discussion is restricted to ‘“‘prospects where all gains are non-
negative and finite”’ (Borch 1968). By this proviso, ‘“‘for simplicity,”
all true disasters are excluded once and for all. Would that we
could do so in real life!

Let us return to the Allais example in section C to see whether
we can make rational sense of the expressed preferences of the
businessmen. Suppose a return of zero is considered to be a “di-
saster,”” in the sense of leading to bankruptcy. When we compare
gambles A and B, project A gives certainty of a modest return,
while project B contains a small, but definitely nonzero, probabil-
ity of disaster. Hence our businessman prefers A to B. Now look at
projects C and D. Both are dreadful prospects, 88 percent disaster
probability for C, 89 percent for D. No sensible businessman
would touch either of these projects with a ten-foot pole. But
when he is forced Lo express a choice between these two awful
prospects, he concludes, quite rationally, that he may as well be
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hung for a sheep as for a goat, and thus opts for project D, which
offers a much larger gain in the unlikely event of success. The
mathematical expectation of that gain (or of the utility of that
gain) is of no interest at all: The overwhelming expectation is not
of gain, but of disaster, bankruptcy, and being thrown out of the
game altogether.

Far from having to explain why businessmen answer Allais’s
questions irrationally, we should ask ourselves what makes theo-
retical economists so irrational as to fail to see the obvious consid-
erations which move perfectly sensible men to give the reasonable
answers which they do give.

Until now, we have presented, and discussed, the conventional
economics of uncertainty largely in its own terms, as an assign-
ment of a preference ordering between gambles or lotteries in
which the available prizes, and the probabilities of getting them,
are fully known in advance. This, however, is entirely too kind and
forbearing toward this so-called ‘‘economics of uncertainty.”
Let us now recall Frank Knight’s distinction between ‘‘risk’’ and
“uncertainty.” A lottery in which all prizes and probabilities are
known in advance is a risky prospect, but it is not an uncertain
prospect.

The entire standard economic theory of uncertainty is irrelevant:
it deals with risk and ignores true uncertainty. To understand the
importance of this neglect, let us listen to Keynes (1937, his italics
throughout, our italics on the final sentence):

By “uncertain” knowledge, let me explain, I do not mean merely to
distinguish what is known for certain from what is only probable. The
game of roulette is not subject, in this sense, to uncertainty. ... The
sense in which I am using the term is that in which the prospect of a
European war is uncertain, or the price of copper and the rate of interest
twenty years hence. ... About these matters there is no scientific basis
on which to form any capable probability whatsoever. We simply do not
know. Nevertheless, the necessity for action and for decision compels us
as practical men to do our best to overlook this awkward fact and to be-
have exactly as we should if we had behind us a good Benthamite calcula-
tion of a series of prospective advantages and disadvantages, each multi-
plied by its appropriate probability, waiting to be summed.

How do we manage in such circumstances to behave in a manner
which saves our faces as rational economic men? We have devised for the
purpose a variety of techniques, of which much the most important are
the three following:

1. We assume that the present is a much more serviceable guide to the
future than a candid examination of past experience would show it to
have been hitherto. In other words we largely ignore the prospect of
future changes about the actual character of which we know nothing.
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2. We assume that the existing state of opinion as expressed in prices
and the character of existing output is based on a correct summing up of
future prospects, so that we can accept it as such unless and until some-
thing new and relevant comes into the picture.

3. Knowing that our own individual judgment is worthless, we en-
deavor to fall back on the judgment of the rest of the world, which is
perhaps better informed. That is, we endeavor to conform with the
behavior of the majority or the average. The psychology of a society of
individuals each of whom is endeavoring to copy the others leads to what
we may strictly term a conventional judgment.

Now a practical theory of the future based on these three principles
has certain marked characteristics. In particular, being based on so flimsy
a foundation, it is subject to sudden and violent changes. The practice of
calmness and immobility, of certainty and security, suddenly breaks
down. New fears and hopes will, without warning, take charge of human
conduct. The forces of disillusion may suddenly impose a new conven-
tional basis of valuation. All these pretty, polite techniques, made for a
well-panelled board room and a nicely regulated market, are liable to col-
lapse. At all times the vague panic fears and equally vague and unrea-
soned hopes are not really lulled and lie but a little way below the sur-
face.

Perhaps the reader feels that this general philosophical disquisition on
the behavior of mankind is somewhat remote from the economic theory
under discussion. But I think not. Though this is how we behave in the
market-place, the theory we devise in the study of how we behave in the
market-place should not itself submit to market-place idols. I accuse the
classical economic theory of being itself one of these pretty, polite tech-
niques which tries to deal with the present by abstracting from the fact
that we know very little about the future.

Following Keynes, Keynesians have placed heavy emphasis on
uncertainty (Shackle 1940, 1967, 1974). Indeed, the attitude to-
ward this issue is one of the touchstones by which one may dis-
tinguish between Keynesian and neoclassical economists. To quote
Shackle (1974, p. 38), concerning the passage from Keynes quoted
above:

Keynes’ expositors, commentators and critics either contrive, for the
sake of their peace of mind, to leave this passage unread, or else they
turn aside as men who have looked over the edge into the abyss and must
endeavour to blot this dreadful vision from their mind. For this passage
pronounces the dissolution of the view of business conduct as rational,
as the application to men’s affairs of fully-informed reason. Yet it is the
assumption that men act by fully-informed reason that underlies the
whole of value-theory; that underlies what, until forty years ago, was vir-

tually the whole of economic theory. ... “Equilibrium is blither” he
| Keynes| once orally remarked.
No wonder neoclassical economists feel uneasy about the con-
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cept of uncertainty; it is destructive of their whole way of looking
at, and analyzing, the world of men and affairs! Some have criti-
cized uncertainty as being poorly defined (Arrow 1951), or have
tried to reduce it to compound probabilities (Hart 1942). Many,
following a line of thought suggested by Savage (1954), have
denied the very existence of uncertainty. For example, Milton
Friedman (1976) is prepared to reject, outright, the concept which
made the fame of his own teacher, Frank Knight: “I have not re-
ferred to this [risk vs. uncertainty] distinction because I do not
believe it is valid. I follow J. L. Savage in his view of personal
probability, which denies any valid distinction along these lines.
We may treat people as if they assigned numerical probabilities to
every conceivable event.”

A clear discussion of the ‘“personal probability’’ idea can be
found in Hicks (1980). It is, of course, just another of these ““pret-
ty, polite techniques” scorned by Keynes. Maybe Professor Fried-
man does assign numerical (!) probabilities to every conceivable (!)
event. The rest of us are well aware of the difficulty of even enu-
merating all possibilities (how often do we fail to include the ac-
tual eventual outcome?), to say nothing of assigning numerical
probabilities to each and every one of them. This is merely playing
children’s games, as reliable as divining from tea leaves or the en-
trails of birds. Milton Friedman, and prophets of God, may be ab-
solutely certain of their own estimates of the future; more usual
men and women know quite well what real uncertainty is and have
no difficulty distinguishing it from the risk in a charity lottery in
which ‘“all gains are nonnegative and finite.”

To a Keynesian, a particularly interesting development is the re-
surgence, in the late 1970s, of the ‘“theory of rational mxvmoamao.:m:
(Muth 1960, 1961). “Rational” expectations are expectations
which are based on the fullest available information, including a
fully developed economic model, and which turn out to be cor-
rect, at least on the average. With economic agents anticipating, in
such a perfect fashion, everything that will happen in the future,
government economic policy becomes largely ineffective since
every move by the government in the economic sphere will be
anticipated, and counteracted, by interested private agents (Lucas
1980, 1981, McCallum 1980, Fellner 1980).

Clearly, “rational” is a misnomer; “prophetic’’ is what is meant.
Equally clearly, men and women, even the smartest and best-in-
formed business people, are far from being prophets. As for the
prophetic propensities of economic models, a horselaugh is the
only proper response (Smyth 1975). Economic expectations are
very frequently mistaken in fact, individually as well as on the
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average (think of the 1929 crash!). Apart from Professor Fried-
man, perhaps, human beings are well aware of their fallibility and
hence do not place unduly heavy weight on their own expecta-
tions.

There is therefore no basis whatever for this “theory of rational
expectations.” The fact that such a peculiar hypothesis could be-
come so fashionable among economic theorists may be related to
two factors: (1) any theory which predicts that government in-
tervention in economic life is useless and self-defeating pleases
those rich and powerful interests whose activities might be af-
fected by such intervention, and (2) economic theorists who are
wedded to neoclassical ideas of the perfection of the free market
are only too eager to grasp at every straw, no matter how frail and
shaky, which might pull them out of the torrent of the river of un-
certainty, so destructive of their theories.

There have been attempts at experimental work in this area, for
example, Ellsberg (1961), MacCrimmon (1968, 1977), Becker
(1964), and Stone (1979). But the results are in dispute. Real un-
certainty, practically by definition, is difficult to capture within
any controlled laboratory experiment; as it is difficult to capture
within any formal theoretical or mathematical framework (Samuel-
son 1952, Laing 1978).

When there is true uncertainty, expected utility theory is useless,
since it is then impossible to calculate the expected utility. For
this calculation, one must know not only the (cardinal) utility of
each possible outcome, but one must also know the probability
of getting that outcome. But the very definition of true uncertain-
ty asserts that these probabilities are not known, in fact are inher-
ently unknowable.

One reaction, sometimes encountered in the literature, is to say
this: If we do not know the probabilities of the various outcomes,
let us simply assume that all outcomes are equally likely. This is a
possible rule, of course. But it is a fools’ rule. Fools who follow
that rule are soon parted from their money.

The sensible man does not react to true uncertainty by invent-
ing “personal probabilities” when the actual probabilities are un-
known and unknowable. Rather, he reacts by ordering his affairs
so that he survives no matter which of the outcomes actually
comes to pass. This is the ideal, and a prudent man will accept
much lower profit to attain this ideal, if at all possible. The golden
rule is “safety first” (Roy 1952).

Note that “safety first” is quite different from “‘avoid all risky
projects.” Rather, if a project is risky and you want to go into it
nonetheless, make sure that someone else gets stung if it fails.
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The expansion of the U.S. railway system in the mid-nineteenth
century was a highly risky proposition, and plenty of people got
stung; but not the promoters of the major railway companies. It
was common practice to form two companies: (1) a railway com-
pany proper, which issued and sold shares, mostly in London, and
(2) a railway construction company, in which the shares were
closely held by the promoters. The railway company, having raised
capital in London, commissioned the railway construction com-
pany to construct a railroad. By no accident at all, the construc-
tion turned out to be extremely expensive, so the railway com-
pany paid out huge sums to the railway construction company. In
due course, the railway company went bankrupt, the shares were
worthless, the English investors had lost their money; the Ameri-
can promoters had their railroad and the money.

Speculative builders who put up blocks of flats for future sale
commonly set up a new limited company for each new building.
This company borrows money and/or sells equity shares. If the
building fails to make a profit, this particular company goes bank-
rupt. But the builder survives the disaster, because his many other
companies are unaffected. He can view the bankruptcy of the one
company with considerable equanimity, since little, if any, of his
own money is tied up there.

It is a good general rule that the prudent man reacts to true un-
certainty by attempting to make others bear the consequences. To
a sensible businessman, the effects of uncertainty are not some-
thing to be calculated by some theory. They are something to be
avoided like the plague. Safety first and survival under all eventual-
ities—these are the name of the game. Risk taking is for suckers.

Let us now turn to the argument of Frank Knight (1921) con-
cerning the relationship between true uncertainty, in his sense, and
pure profit, in the sense of neoclassical economics. According to
Knight, the origin of profit is its function as a reward for facing
uncertainty. The entrepreneur is the fearless hero who dares to
stare uncertainty in the face, and pure profit is his just reward.

The truth, we believe, is considerably less heroic. The success-
ful businessman is one who knows how to shift the burden of un-
certainty onto others, investors and/or creditors, in such a way
that he himself will survive without going bankrupt, no matter
what happens.

It is not always true that the burden of uncertainty can be so
shifted. There are inevitably times when share market and lender
confidence are so low that nothing can be floated on the ex-
change, and money cannot be borrowed at any reasonable rate, for
new enterprise. The “investors” and lenders have lost heavily not
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so long ago and are ‘‘running scared.’” Under such conditions, does
our heroic businessman assume the burden of uncertainty Embmm:..
with his own cash? No fear! Extreme caution now becomes gm
rule, even more so, much more so, than under boom conditions
OE.. hero pulls in his horns, crawls back into his shell, and Qmmmﬁw
all investment projects to a better, more propitious uSBo when
others may again be persuaded to take chances with their mdo:mw
for his benefit. u

.E._ this is, or should be, so obvious as to preclude the need to
say it. .wcﬁ economic theorists have accepted untenable axioms
concerning uncertainty, as well as blatantly incorrect views of
common business practice, to such an extent that our detailed
and lengthy argument against these views seemed unavoidable. The
theory of investment evaluation under uncertainty, presented in
the next chapter, requires departure from expected utility theory
The &Bom& automatic reaction of theoretical economists is to oJN”
“Irrational!” It was necessary, therefore, to establish that the mx“
pected utility theory, not a departure from it, is irrational.

G. Mathematical appendix

We start with the ““Saint Petersburg game’ of Bernoulli. In one run
o.». the game, a oo.m: is thrown until it comes up heads for the first
SEm.. Suppose this happens at throw number k. Then the player
receives a prize of xp = 2k ducats.
The probability of this event is, f fai i i =
A, s, for a fair coin, given by pp =
The mathematical expectation of the return from this game is:

E@)= 2 axppp= 2 26(1/2k=1+1+1+.. .= e (12.1)
k=1 k=1

Im:om., ﬂ. a gambler is given a choice between playing this game
m.:g receiving a large sum M of money with certainty, he should ra-
tionally ovoomm to play the game, no matter how big the sum of
money M is. However, actual gamblers do not make that choice.

Now suppose that the utility of a sum of money x is given by
some function u(x) which increases, for large x, less rapidly than x
itself. If a gambler looks at the utility of money to him, rather

than at the money sum itself, he will compare the expected utility
from the game

o0

Bu)~ 20 u(xp)pr (12.2)
k=1
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with the utility u(M) of receiving the sum M with certainty. To see
how this can alter the situation, take a particular function, namely

u(x) = log x (12.3)

The rationale for this function is that doubling your money, from
whatever base level, produces the same increase in utility; but we
use (12.8) primarily for illustration. Then the calculation of E(u)
goes as follows:

By = O log(2k)(1/2)k = log 2 20 k(1/2)k
k=1 k=1

But:

S hak = x(djdx) 2 xk = x(dfdx)(1—x)"t =x(1 —x)
k=1 k=0

Put x = 1/2 in this to get
E(u)= 2log 2= log 4

This is the (now finite, not infinite) utility of the gamble. This is
to be compared with the utility u(M) = log M of a sum of money
M to be received with certainty. The gambler [with this particular
utility function (12.3)] therefore accepts the gamble in preference
to the money if M is less than four ducats and accepts the money
sum M if it exceeds four ducats.

This is the essence of Bernoulli’s resolution of the Saint Peters-
burg paradox. Note, however, that some questions are left open by
this. For example, suppose the prize xp is not 2k but exp(2k);
then the expected utility (12.2) with (12.3) turns out to be infi-
nite, and the paradox is still there.

Next, let us define an integer gamble G as follows: There are
prizes available of values 0, 1, 2, 3, ..., M dollars, where M is a
very large number, and there is a given set of probabilities of get-
ting each of these prizes, namely, p, is the probability of getting 0,
p, is the probability of getting 1, . . ., pg is the probability of get-
ting k,..., py is the probability of getting M. Some of these
probabilities may be equal to zero, in which case this particular
prize is not actually available; we allow this for the sake of conven-
ience in notation. In what follows, we shall consider the maximum
prize M fixed and unchanging.

To each such gamble there corresponds a unique vector of prob-
abilities:

G: p= (PoL1sP2s - - - sPM) (12.4)
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with

M
P=1
Wo k (12.5)

A special case of this definition is the binary gamble B(n) in which
n:wn.m.mum only two possible outcomes, namely 0 and M, with prob-
abilities 1 — 7 and 7, respectively.

B(r):py=1—7 py=n prp=0 forl<k<M-—1 (12.6)

:é%:ww,\mu MMMWQ E a position to state the three axioms of expected

1. To every gamble G there exists a certainty equivalent x(G)
m:.o: that the sum of money x (which need not be an integer) re-
ceived with certainty is considered a fair exchange for the chance
to enter the gamble.

. 2. The certainty equivalent of the binary gamble B() is a func-
tion x(m). This function is zero if 7 = 0, it is M if 7 = 1 (for then
we are certain to win the money sum M), and in between it is a
continuous and monotonically increasing function of 7.

. 3. Let k be one of the prizes in gamble G, and let B(nj) be that
binary gamble which has certainty equivalent equal to k; that is:
x(mp) = k. By axiom 2, such a 7 exists for each k in the range
1 .A .w A M — 1. Now let G* be the gamble obtained from G by
w:BEmS:m the chance of getting prize k (i.e., pf = 0), and instead
increasing the chances of getting prizes 0 and M in z,:w right pro-

portions to accommodate the equivalent binary gamble B(n},); this
means: .

G*:p5 = po + (1 —mp)bs
pp=0
va = PpM + TRDE
p} = p; for all other values of i

H:m: gambles G and G* have the same certainty equivalent: x(G) =
x(G*). .

We :o.am“ (1) In spite of contrary assertions in the literature
these axioms are by no means so “obviously true’’ that .25% omm
be taken as being self-evident. In particular, axiom 3 tends to be
obscure, rather than self-evident, to ordinary people. And, while
:.:, meaning of axiom 1 is clear enough, its truth is not mn,w: ob-
vious, particularly if we permit outcomes which are disasters, ra-
ther than desirable prizes. What is the certainty equivalent c_.‘ the
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certainty of swinging on the gallows? Its meaning is a sum of
money which we would be prepared to accept in exchange for this
outcome. With most people, no such sum exists.

(2) This whole set of axioms makes sense if and only if the gam-
ble G can be repeated many times. Then, and then only, does the
replacement process in axiom 3 appear reasonable at all. If one
thinks of these axioms in the context of a “once only’’ gamble,
or (even more so) of a gamble in which one of the ““prizes’ is be-
ing hanged on the gallows, then there seems to be no reason what-
ever to accept axiom 3.

THEOREM 12.1
If these three axioms are accepted, then there exists a set of num-

bers ug, U; , - - -, UM, called the utilities of the outcomes 0, 1,...,
M, respectively, such that the preference ordering between differ-
ent gambles is given by the mathematical expectation of its utility,
formula (12.2) with u(k) = mg.

Proof: Take any gamble G, with probabilities as in (12.4). Apply axiom 3, in

turn, to the prizes k = 1, k=2 ...,k=M—1 The result is an equiva-
lent binary gamble B(I) in which
M-1 M
M=py+ 2, mpe= 2 TPk (12.7)
k=1 k=0
The second equality comes about as follows: By axiom 2, m;, = 0 and
= 1.

Now let us compare the desirability of this gamble G, and some other
gamble G'. By the axioms, G is equivalent to the binary gamble B(')
with 11 given by (12.7); by exactly the same reasoning, G' is equivalent to
the binary gamble B(11") with

M
= 2, ml (12.8)
k=0

But, as between two binary gambles, the only thing that matters in a
comparison is the probability of getting the prize M. Thus G is preferred to
G' if and only if the probability I of its equivalent binary gamble B(IT)
exceeds the probability 1’ of the binary gamble mA:J equivalent to G

Our theorem then follows by making the definition: up = 7. In words,
the utility of a prize k is defined as the probability Tk for a binary gamble
B(mp) considered to be certainty equivalent to this prize k.

Q.E.D.

Note that this utility up = u(k) is not only cardinal, but severe-

ly restricted in range: u(0) = 0 and u(M) = 1, by axiom 2, and all
other u(k) lie between these limits.
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We continue this appendix with a discussion i

. : i : of the Allais exper-
EE% mentioned in section C. All the ‘“projects’ are integer mMB-
bles in the sense of (12.4), with M = 5 (the unit being 1 million

dollars). T g s :
Tl swmv he probabilities for his projects A, B, C, and D are as

Values of probabilities

Project Po P Pa B B g
A 0 1 0 0 0 0
B 0.01 0.89 0 0 0 010
C 0.89 0.1 0 0 0 P
D 0.90 0 0 0 0 0.10

me up be m_.bm utility (so far unknown) of outcome number &, k =
Most respondents prefer project A to project B. Hence the ex-

ected utili o .
M&:m:ﬁ%:n ility of A must exceed that of B, giving the following in-

u, > 0.01u, + 0.89u, + 0.10u; (12.9)

In comparing projects C and D, most of
. the respondents pre-
ferred D. Hence the expected utilit j i
. y of project D
of project C, leading to: = st exceed that

0.90u, + 0.10us > 0.89u, + 0.11u, (12.10)

Let us now add these two inequalities to obtain:
0.90u, + u, + 0.10us; > 0.9u, + u, + 0.10u,

This, however, is self-contradictory: i

A 2 y: a quantit i

hlicndeigtud q ity cannot be strictly
H::mw ;. mxvmoga. utility is the mark of a rational man, then the

,.Em».B&oEe% of Allais’s respondents must be irrational. Conversely

m.._ his wmmvo:ww:ﬁm are normal rational people, as we believe armm
e axioms of expected utility theory do not apply t ‘o1

to most, rational men. i
m_:mzw. let us present the calculation of the effects of policy D

.:‘qo_ocﬁ 4 omz._o.m out four times in succession, in section E. HL

I'able HN...W,.,\.S, list each possible outcome from throws of the coin

the probability of that outcome, the return from that ocnco:_m.
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and the contribution this makes to the expected return upon suc-
oomm«m recall that any one project can end in one of three ways:
(1) Disaster, with probability 13/44; (2) successful mgm:wwﬁ %e%ﬂm..
ject 2, probability = 5/11, money return R, = .H.vmuwvmu | OOMM ;
and (3) successful attempt at project 3, v.mo_omgrg = /4, M: BmM
return R, = 32,000,000 dollars. We o_mmmﬁu\.gm no:nk o:.ooﬁ
for nondisaster cases (none of the four Eﬁ.u._moem ends in disas ﬁmwﬁw
by the number of times project 2, and E.Qm.oa 3, were mgmwsw mo
successfully. Call these n, and nj, respectively. We Bﬂm A m<g
n, + ny = 4, since four projects are attempted. For f IN mmw
n, = 1, there are four ways this can come m_ﬁ.x.u:ﬁ. Awr., ,3),
(2,2,3,2), (2,3,2,2), and (3,2,2,2). Thus the probability of this Mmmm
is vmoE. times the basic probability Am\H:wﬁ.\& of each oﬁe mmo
four separate outcomes. We assume that a disaster, happening mH
any one of the four attempts, is enough to knock managemen

out of the game altogether.

Table 12.3
ibution to
bilit Return from Contri
QOutcome of n__‘\_w“uwcr._uo,\q:m this outcome expected return
13 a B
Disaster 1 H.AI._MWM-.Iv.lllillt.llo ||||||||||||||
Whﬂo‘mlm with
ny n3
4 0 5AN* 4R, ﬁmbom.m
3 1 4(5/11)%(1/4) 3R, + R, w.»%.mmo.m
7 2 6(5/11)2(1/4)? 2R, +2R; m.mowomm.@
i 3 4(5/11)(1/4)° R, +3R;3 2,773,025.
0o 4 (1/a)* 4R, 500,000.0

The sum of all success probabilities is [1 — (13/44)1% =
0.24639737. The sum of the expected values for all successful
cases (last column) is 12,215,275.3. ,E.Hm expected value on the as-
sumption of success is therefore the ratio:

12,215,275.3/0.24639737 = 49,575,510.0
is i i s i tion E, for “policy D:
This is the number which appears In sec , ;
Project 4, four times.” In Table 12.2, on the effect of various pol-

icies for four investment (proper) c«ou.o.oﬁm.. the mcnwomm probabil-
ity has been rounded to four figures and is given as 0.2464.

CHAPTER 13

Investment evaluation
under uncertainty

A. Introduction

As Keynes (1936) has emphasized, investment is a crucial variable
in macroeconomics. This variable is tied to the ‘“state of long-term
expectations’ by the influence of the latter on the “marginal effi-
ciency of capital.” The “extreme precariousness of the basis of
knowledge on which our estimates of prospective yield have to be
made” ensures that this marginal efficiency of capital is a very
volatile quantity indeed, subject to sudden and unexpected
changes associated with the ebbs and tides of confidence.

This is a serious dilemma for economic theory. On the one
hand, investment is clearly important, so that a theory of invest-
ment evaluation under uncertainty is needed badly. On the other
hand, such a theory appears to be almost impossibly difficult to
develop. We quote Solow (1963, p. 15): “The fundamental diffi-
culty of uncertainty cannot really be dodged; and since it cannot
be faced, it must simply be ignored.”

In spite of this surprisingly frank admission of utter defeat,
there is a considerable literature on this subject, both by economic
theorists (Arrow 1965, Borch 1968, Hirschleifer 1970, Kemp
1976, Long 1975, and Meyer 1959, to mention just a few) and by
management theorists (Banz 1978, Bower 1973, 1975, Pogue
1974, Robicheck 1965, Weston 1973, and many others). To the
extent that uncertainty is allowed for at all, this is done by means
of expected utility theory. Often uncertainty is modeled by chang-
ing the “price of capital,” i.e., correcting the actual interest rate r
to a modified, larger value r* (Fisher 1930, Carmichael 1975), em-
ploying for this purpose certain money market valuation theories
such as the Modigliani-Miller theory (Modigliani 1958, 1961,
1963, Brennan 1978, Stiglitz 1972) and the option pricing model
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(Black 1973, 1976, Galai 1976, Merton 1973, 1974, 1976, Smith
1976). The outstanding fact is that there is no m.m_..mmama .évmﬁgmn
on how this “price of capital” is to be determined (Arditti qu T
Ben-Horim 1979, Boudreaux 1977, 1979, Ezzell 1979, Linke
1974, Nantell 1975, Shapiro 1979); we shall return to the reason
for this at the end of section C. L
Another set of theories is concerned with macroeconomic “'1n-
vestment equations,” including the Jorgenson model (Jorgenson
1963a, 1967, 1967a, 1968, 1968a, 1969 and Thurow 1969) and
its critics (McLaren 1977, Nerlove 1972, Rowley qu.o, 1972,
Wong 1975) and the ‘“adjustment cost Somowm.:. (Brechling 1975,
Eisner 1960, 1963, 1974, Gould 1968, Nadiri 1973, moruﬁdﬁ
1970, Treadway 1969, 1970, 1971). Junankar G.wqmv and mozm
well (1976) give surveys. The outstanding fact is .ﬁ:mﬁ none o.
these investment equations works (Blatt quwm,. Higgins 1976):
“the results of asking firms what their short-term E<mwﬁ5mse Em:m
are, perform vastly better than any of the models” (Worswick
: mo P . . .
mew%@mumwzo_% few investigators pay attention to the distinction
between risk and uncertainty (Nickell 1977, .w.ovm Hw.qm, W.ow
1952, Shackle 1949). Post-Keynesians, in addition to including
true uncertainty, also allow for the existence of monopoly or
oligopoly (Eichner 1973, 1974, 1975 1976, Harcourt 1976). ]
Thus, one could hardly complain of a shortage of theoretica
in this area of economics. .
So%ﬂmsows,\osio:m_ neoclassical academic Swmaonw on 5<mmﬁ5.m:a
evaluation has, however, been given a cool reception by Emmwﬁ&
businessmen. We quote a complaint by Eisner ﬁwmm.. p. wov.“ The
prevalence of formulas which involve annual operating mnog.mm and
ignore prospective life of assets is frequently perplexing, if not
mxwwvm%“smrmgmﬁ we present an alternative ﬁrm.oJ\ of invest-
ment evaluation under uncertainty (Blatt 1979) Er_ww makes con-
tact between theoretical economics and the go::ﬁ:mm used by
practical businessmen. We are not interested in om:im these men
“irrational.” On the contrary, we start from the premise that nm.or-
niques which have proved themselves over a century oH.. practical
business have a prima facie case for being accepted as wmﬁ_o:&..ﬂro
people using these techniques may not be able to explain ﬁrm% ra-
tionale to a theorist, at least not in language that e:m”,erm.o:ma is
prepared to listen to. However, theorists incapable of mmﬂ:m the
fundamental difficulty of uncertainty’”’ might be well maimoa to
show a bit of modesty and not just brush aside ?.o practical men.
Theorists should try to understand what lies Um:.::_ the decision
rules used by practical men, not ignore these decision rules.
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The investment decision we have in mind is “investment proper,”’
rather than “placement” of money in the share market (Robinson
1956). The difference has been discussed in section 12E.

Next, we wish to avoid the complications arising from monop-
oly or oligopoly in an industry. This is not to say that these are
unimportant—far from it. But let us concentrate on one (very
major) difficulty at a time. The influence of monopoly or oligop-
oly on investment evaluation has been discussed elsewhere (Eich-
ner 1973,1974, 1975, 1976, Harcourt 1976, and references quoted
there). Here we wish to focus on the effects of uncertainty. Since
uncertainty is clearly important in competitive conditions, with
small producers who are price-takers, it is quite legitimate to study
that case first, and that is what we propose to do. It follows that
the theory given here must be modified before being applied to
oligopolistic industries; in its present form, it should be applied
to nineteenth-century, rather than twentieth-century, conditions.

Indeed, it can be argued that uncertainty is of more importance
under truly competitive conditions than it is under oligopoly. The
big advantage which men like John D. Rockefeller saw in working
toward a ‘“‘controlled market” was precisely the decrease in uncer-
tainty under such an arrangement. Defeat of uncertainty, as much

as immediately tangible monopoly profits, was a major aim of the
movement toward conglomeration (Eichner 1969).

For simplicity, our “investment project”” will be assumed to re-
(uire just one initial capital outlay of I, dollars, all of which is
spent in the very first period. Thereafter, we anticipate cash flows
x(t) in each future period ¢.

Let us start with certainty of the future. Then all the x(t) are,
by assumption, precisely predictable. However, money received
in the future is worth less than money right now. One dollar, avail-
able right now, can be placed into risk-free paper (say, government
bonds) at a rate of return r, the current risk-free rate of interest,
This dollar will therefore grow to 1 + r dollars one period hence,
(1 + r)* dollars two periods hence, and so on. Conversely, one dol-
lar one period hence is worth only 1/(1 + r) dollars now; one dol-
lar two periods hence is worth 1/(1 + r)? dollars now; one dol-
lar ¢ periods hence is worth 1/(1 + r)t dollars now. We may now
multiply each future cash flow x(t) by the ‘“discount factor”
1/(1 + r)t and add the results for all future periods so as to get a
total. This total is called the ‘“‘discounted present value” of the
future cash flow stream in its entirety. We shall denote this total
by C(x) where x is shorthand for the set of all x(t). This discounted
present value C(x) is “gross.” The “net discounted present value”
Ling the initial (in the present) outlay I,

and is therefore equal to ((x) 1, .
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An investment project is considered profitable if C(x) — I, is
positive, unprofitable otherwise. Among a set of proposed invest-
ment projects, the one to go for is that one yielding the highest
net discounted present value (at least, if the initial investment I, is
the same for all projects (we shall assume that, for simplicity).

In a world of certainty of the future, or if “the fundamental dif-
ficulty of uncertainty ... must simply be ignored” in the actual
world, this theory is the only possible result.

But this result is clearly unacceptable. It produces a vast overes-
timate of the true worth of a set of future, uncertain, cash flows.
A company management using this formula for choosing its in-
vestment projects is not going to survive in business for long.

The conventional response to this difficulty, that is, to “the
fundamental difficulty of uncertainty,” is to use the same formu-
la, but with a “risk-adjusted rate of discount” r* which is higher
than the risk-free interest rate r. Sometimes r* is equated to the
“cost of capital’’; indeed it is quite common to see ‘‘cost of capi-
tal”” used as just another name for this r*.

Since the conventional theory is not able to handle uncertainty
directly, there is neither a rationale for this procedure for includ-
ing uncertainty—why, for example, should we have a constant r*
rather than a time-dependent r*(t)?—mnor is there any agreement
on how the actual value of r* should be chosen.

The discounted present value C(x) depends very strongly on the
value of the discount rate r* used in calculating C(x). It is there-
fore a very serious matter that there is no agreement on how r* is
to be chosen. Without adequate theoretical guidance, all the busi-
nessman can be sure of is that r* should be higher than the risk-
free rate r, and should be higher for more “risky”’ projects than for
less risky ones. For the rest, he is left to make his own guess, and
guess is all it can be, concerning the value of r* to be used for each
of the proposed investment projects.

Not surprisingly, such a “theory” has found little acceptance
among practical men. We quote from Bower (1973, p. 336): “For-
mal measures for risk-screening seldom have been put to use in the
capital budgeting process. The reason for this may be that simple,
useful measures which reflect risk and can be matched with ac-
ceptance criteria have not been available.”” And (p. 324): “the de-
velopment of formal, operational, frequently used measures for
risk-screening in these firms is not being held back by available
data, complex calculations, or lack of sophistication in the organi-
zations. It waits upon the development of measures and matching
criteria which, however complex to assemble and calculate, trans-
Jate into simple, straightforward concepts that senior executives
can match with their intuition and experience.”

LA
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This is the point of view of a theorist, clearly. Practical men
cannot wait for some future theoretical developments; they need
practical answers, and they need them today. What is more, they
have them today. They do in fact use a “formal, ovmnmﬁo:,& s wis
measure for risk-screening,”” one which ‘“‘translate[s] into simple
mewm._mgmowéma concepts that . . . match with . . . intuition and ex-
perience.”’ This measure is called a ‘“pay-back time limit.”’ It is
used not merely frequently, but practically universally; it has all
the properties desired by Bower (1973).

But this measure, the pay-back time limit, does not follow from
ﬁ_o conventional theoretical ideas. Hence the conventional theo-
ﬁmnm either ignore it altogether-—for example, it is not even men-
tioned in Bower (1973)—or argue strongly against its use.

What is this pay-back time limit? Suppose the expected cash
ﬂoi. from a project is a steady $200,000 per annum, and the ini-
tial investment is I, = $800,000. Then it takes four years to ‘“pay
.Umow: the initial investment. More generally, the pay-back time 0
is m:os.ﬁwmﬁ the sum of all (undiscounted!) cash flows from time
t=20 H.E time ¢ = 0 just equals the initial investment I, . The pay-
back time limit 6p, is a permissible maximum value of 0, set by
Bm:m\WmEm:d. Projects with 6 > 0, are rejected out of mm:& as
being too risky; projects with § < 0,, are considered mmio:,&%
We note: .

1. HEm simple definition of the pay-back time involves no dis-
counting of future cash flows. In practice, maximum allowable
pay-back times are short, so this does not make much difference

2. Cash flows expected to occur at times t > 0 are simply _m
:.o?d by this criterion. In Professor Eisner’s words, the pay-back
time criterion ‘“ignores prospective life of assets.”

3. The actual value of the maximum pay-back time 6,, varies
from one businessman to another, and varies with time M<m: for
one businessman. We shall quote some survey values in section E
But for any one man, at any one time, the value of 6,, is @:#m
clear in the businessman’s mind. It is a highly ::coi&:%:m:a high-
ly confidential, factor in the conduct of his business. ,

B. Some basic concepts

In n:mwﬁ.m« 12, we observed that the threat of disaster, i.8., bank-
::;Q, Is a very important factor. The future is too ::nmmﬁmE to
predict at all well, but a businessman wants to have a reasonable
chance of avoiding disaster, not merely for the next project, but
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the poorhouse or the debtors’ prison at retirement age.

For any one project, we define its “downside risk”” D as the
probability that the project will strike disaster. The precise mean-
ing of “‘disaster’” can vary considerably: to a businessman, itisa
loss so great that it drives him bankrupt; to a manager, employed
by a firm, a much smaller loss than that can result in his being dis-
missed, without much of a chance of finding alternative employ-
ment as a manager. For the sake of simplicity and definiteness, we
shall take “disaster” here to mean that the project fails to pay
back its initial investment; but this should not be taken as an ab-
solute definition, but rather as one adopted for convenience of dis-
cussion and easily altered in accordance with the actual situation
of the business. The event “disaster’” is defined “‘ex post,” after
the results are in: The project has failed to pay back if the dis-
counted present value of the actual future cash flow is less than
the initial investment. By definition, D is the probability that this
sorry event may happen. Note, however, that D is an “ex ante”
probability, an estimate which must be made at the time the
project is under consideration. Following Knight (1921), we rec-
ognize that any such ex ante estimate of D is at best extremely
crude, much more in the nature of a stab in the dark than a true
mathematical probability.

If the downside risk is D, then the probability that we get
through this one project without ultimate loss is equal to 1 — D.
If the entrepreneur can oversee only one project at a time, and ex-
pects to be able to oversee n projects before his retirement, then
his probability of reaching retirement safely is (1 — D)~ if proj-
ects of similar D are chosen each time.

Apart from this D, we shall suppose that our entrepreneur is
interested mainly in the expected present value E(C) of a project.
This quantity E(C) is not the discounted present value C(x) for
the “most likely” future cash flow x(t), but rather E(C) is a
weighted average of C(x) for various cash flows x(t) which might
happen, each C(x) being weighted by the ex ante probability of ac-
tually getting this particular cash flow. Since all such probabilities
are only crude guesses, it is highly desirable that our final invest-
ment evaluation formula should not depend too closely on details
of such guesses. This will turn out to be true.

One can think easily of other measures which could well be of
importance. For instance, the expected present value E(C) aver-
ages not only over successful outcomes, but also over unsuccessful,
disastrous outcomes. If E(S) is the expected present value averaged
only over successful outcomes and, —E(L) the (negative) average
over unsuccessful outcomes, then we have:

E(C) = (1 — D)E(S) — DE(L)
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A businessman may well consider the separate averages E(S) and
E(L) as more useful measures than the grand average E(C).

Very general formulas containing all these things are given in
the mathematical appendix. But here, we shall restrict ourselves to
a figure of merit @ which depends only on the two quantities D
and E(C); that is, @ = Q[D, E(C)]. In a choice between two or
more projects, management prefers the project with the highest
value of Q. We expect Q to be an increasing function of E(C), but
a decreasing function of D.

Note that this specification differs from one often postulated in
the literature, where @ is taken to depend on the mean value and
the variance of the returns. E(C) is the mean value, all right. But
D is not equal to, or related simply to, the variance of the returns.
The variance is associated with the “width of the peak” of the
probability distribution for the returns, whereas D is the ‘““area un-
der the lower tail” of the distribution, that is, that part corre-
sponding to zero or negative net returns. The relationship between
D and the variance can be worked out if the precise probability
distribution of the net returns is known. But of course, we have no
such knowledge. The usual specification concentrates on events
(outcomes) in the neighborhood of the most likely outcome. In
that region, and only in that region, can one deduce things directly
from the mean and the variance. Our specification includes the
mean, but instead of the variance concentrates on the downside
risk D, that is, the events (we hope far removed from the most
likely outcomes!) corresponding to very bad, disastrous results.

As an example, admittedly oversimplified, of what such a figure
of merit might look like, let us suppose our entrepreneur assigns a
“utility” u(My) to his final amount of money at retirement, unless
he is then sitting in the poorhouse as the result of a disaster some-
where along the line. In that case, he assigns a large negative utility
—X to the event. If he expects to oversee n projects, all of similar
downside risk D and similar expected present value E(C) before
retirement, his figure of merit might be:!

Q= Q[D,E(C)] = (1—D)"u[nE(C)] —[1—(1—D)"]1X

. .: is clear that this expression is highly nonlinear in the proba-
bility D and therefore inconsistent with expected utility theory.
This was discussed in section 12E. d

. For D = 0, this formula gives Q = u[nE(C)], the utility of this
final amount of money with certainty. But as D increases from

1 o it " .
Actually, this is not too sensible: F(S) should appear here, instead of E(C)
)

newhat on /(L). Such com-

Lions are handled in the appendix,
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zero, the figure of merit @ drops, first slowly, and then very
sharply indeed.

For purposes of exposition, only, we shall replace this, or some
similar realistic figure of merit formula, by a much cruder assump-
tion, namely, @ = E(C) if the downside risk is less than some max-
imum acceptable downside risk D,,, and @ = —X, a very large neg-
ative value, if D > D,,. This extreme choice is not reasonable, and
the full theory (in the appendix) is not limited to this extreme
choice. But the literary explanation becomes much less compli-
cated, and easier to understand, if this choice is made.

This extremely simplified choice of @ leads to the following
two rough and ready rules of thumb for investment evaluation
under uncertainty:

Rule 1: If the downside risk D exceeds the maximum tolerable
risk D,, , reject the project.

Rule 2: Rank the acceptable projects in order of the expected
returns E(C).

The literary discussion in the remainder of this chapter will be
based upon these two rules. We emphasize, however, that the
theory is not restricted to these rules; the full theory is in the
appendix.

C. Types of uncertainty: the survival probability

Let us now classify the uncertainties concerning future cash flows
into three main types:

1. Windfall gains may happen. But a conservative management
using a “safety first”” approach tends to ignore them in project
evaluation. If windfall gains are realized, then the evaluation has
been wrong. Management can then cry over their “misestimate’’
all the way to the bank.

9. Moderate deviations from estimated cash flows, in either di-
rection, are bound to occur. These can be, and should be, handled
by means of using ‘‘certainty equivalent” cash flow estimates y(t)
rather than the “most probable” estimates x(t). The formal defini-
tion of certainty equivalence is irrelevant here, since it is in terms
of essentially unknown probability distributions for future cash
flows. But we can instruct the engineering and sales staff to pre-
pare cash flow estimates y(t) on the basis of “reasonable minimum
under conservative assumptions,” rather than estimates x(¢) on a
“most likely” basis. We shall assume, henceforth, that this has
been done, and we shall use y(t) rather than x(¢) in the subsequent
theory, throughout.

3. Disasters to a project, however, are not allowed for in such a
procedure. Disaster may strike any project, in a number of ways,
for oxamble:
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(a) The product, a new drug, turns out to have dangerous side-
effects.

(b) The competition brings out a rival product at much lower
sales price.

(c) There is a business cycle downturn, resulting in a slump of
sales below forecasts.

(d) The investment, in a foreign country, is nationalized after a
revolution.

This list can be extended quite a bit, but this will suffice. One
or more of these contingencies may occur to any investment
project, no matter how well planned.

Of these three types of uncertainty, by far the most important
to a businessman is the third. Let us quote from Roy (1952,
p. 432):

A valid objection to much economic theory is that it is set against a back-
ground of ease and safety. To dispel this artificial sense of security, the-
ory should take account of the often close resemblance between econom-
ic life and navigation in poorly charted waters or manoeuvres in a hostile
jungle. Decisions taken in practice are less concerned with whether a lit-
tle more of this or of that will yield the largest net increase in satisfaction
than with avoiding known rocks of uncertain position or with deploying
forces so that, if there is an ambush round the next corner, total disaster
is avoided. If economic survival is always taken for granted, the rules of
behaviour applicable in an uncertain and ruthless world cannot be dis-
covered (our italics).

In full agreement with these views, the main thrust of our meth-
od of investment evaluation is to make explicit allowance for the
risk of disaster to a project.

We start by introducing the idea of the survival probability q(t),
defined as the probability that the project will not strike disaster
prior to time t. Clearly the definition implies that g(0) = 1 and
that q(t) is a decreasing function of ¢.

Next, suppose a disaster occurs at time ¢t = s, say. Then for
times t > s, after the disaster has struck, all initial bets are off: the
estimated cash flow y(t) is no longer relevant. We shall suppose
that there is a postdisaster cash flow function z(t — s), most likely
strongly negative, with argument ¢ — s, the time that has elapsed
since the disaster struck. Only the crudest guesses can be made
about this function z. t

In the appendix we derive, from these assumptions, a rough for-
mula for the expected present value E(C). This formula differs
from the certainty case as follows:

1. In place of the simple discount factor 1/(1 + r)t there ap-
pears the expression ¢(t)/(1 + r)t. The reason for the factor q(¢)
i1s this: In calcul 1w an expected value of returns, returns at time
{ are counted onlv if the protect survives Lo this time t.
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2. There is an additional, negative, term which comes from sub-
tracting, from the modified formula of step 1, the discounted pres-
ent value of future postdisaster losses, averaged over the time s at
which the disaster strikes.

In order to use such formulas, it is necessary now to derive
some estimate of the survival probability function g(¢). In the ap-
pendix, it is shown how this g(¢) is related to the (simpler to talk
about) concept of a ‘“‘hazard rate’” u(t), defined as follows: On
condition that the project has survived to time ¢ inclusive, the
probability that disaster strikes in the small time interval between
t and t + dt is given by u(t)dt (Barlow 1965).

The simplest assumption about the hazard rate isu(f) = a, a con-
stant value. This corresponds to an ‘‘act of God” disaster, which
may happen at any time with equal probability. It turns out that
disasters of this type can be allowed for by the simple process of
altering the discount rate in the ordinary present value formula
from the risk-free value r to the ‘“risk-adjusted” value r* = r + a.
This is a justification, we believe the first, of this very common
procedure.?

However, it is shown in the appendix that this procedure gives
unreasonable results, no matter what value we use for r*. If r* is
taken to be high, this means high hazard rate ¢ and amounts to an
overestimate of the chance of disasters in the early life of the
project. If r* is only slightly above r, the low value of a amounts
to an overestimate of the chance of survival of the project into the
distant future.

The trouble arises from the nature of the actual hazards facing a
project. These are not equally likely to occur at all times ¢. Rather,
the hazard rate depends on the length of time that the project has
been underway. If our drug has been tested for safety before being
thrown onto the market, it is most unlikely that dangerous side ef-
fects can be established immediately. But as time goes on, such ef-
fects have an increasing chance of being seen and established.
Thus, initially at least, the hazard rate increases with time ¢. This
trend does not persist forever, of course. If no side effects show up
in the first ten years of use, the hazard rate thereafter tends to go
down, not up; the drug has been tested for a significant length of
time in common use. We conclude: (1) The hazard rate is a func-
tion of time t; and (2) for small values of ¢, it is an increasing func-
tion of t. The same conclusions are reached when considering the
other examples of disasters listed at the beginning of this section.

Since the behavior of g(t) for small ¢ is of most importance for

2The justification is only partial, however. Changing r to r* allows for correc-
tion 1 above—introduction of the factor q(¢{)—but not for correction 2,
postdisaster losses.

INVESTMENT EVALUATION UNDER UNCERTAINTY 285

investment evaluation, we deduce q(t) from the simplest expres-
sion for the hazard rate which has the property that it increases
with increasing t, namely a straight line function of ¢. The result-
ing formula is given in the appendix. Its salient property for us,
now, is that this new formula cannot be represented by use of any
risk-adjusted discount rate r*, or, if you wish, r* must now itself
be a function of the elapsed time r* = r*(¢). In our view, this ex-
plains fully why there is so much controversy about how to
choose an (assumed constant, independent of t) appropriate value
of r*: no appropriate value exists! The entire controversy about
the “cost of capital’’ is a debate over an empty box (Arditti 1977,
Ben-Horim 1979, Boudreaux 1977, 1979, Ezzell 1979, Linke
1974, Nantell 1975, Shapiro 1979).

D. The pay-back time in relation to the downside risk

We have reached a rough and ready approximation for the survival
probability q(t). Let us now show how this g(¢) is related to the
downside risk D, as defined in section B.

Let us assume, for simplicity, that estimated cash flows are
never negative. Then the position of the project gets better and
better, the longer disaster is delayed. If the time at which the di-
saster occurs, s, is early in the life of the preject, then the dis-
counted present value C(x) will be less than the initial investment
I, ; i.e., we are in the downside risk region. But a disaster occurring
for large s, late in the expected life of the project, has no such ex-
treme consequence. The discounted present value will be less than
hoped for originally, but will still exceed the initial investment I, .

There is a clear dividing line between these cases. This occurs at
a time 0 such that, if disaster strikes precisely at s = 6, the dis-
counted present value of the cash flow (including an allowance for
discounted postdisaster losses!) is exactly equal to I, . We shall call
this time 6 our modified pay-back time. Its precise definition is in
the appendix. It has the same intuitive meaning, exactly, as the
pay-back time concept used by practical businessmen, but it al-
lows for two effects which are usually not included: (1) estimated
postdisaster losses, and (2) discounting of cash flows, positive or
negative as the case may be, which occur in the future. The second
of these effects is of minor importance, but the first should, we
feel, be included at least roughly in any realistic business calcula-
tion.

What, then, is the relationship between the downside risk D and
the survival probability function q(t)? The downside risk is the
probability that the project fails to return its initial investment
cost, and we have now seen that this means the probability that
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disaster strikes before the modified payback time 0 has elapsed.
The alternative event, no disaster before time 6, has probability
equal to q(0). One or the other of these two events must occur,
and they are mutually exclusive events. Thus their probabilities
must add up to unity:

D+q)=1 or equivalently D=1—q(9)

We are now in a position to invoke rule number 1 from the end
of section B: D must not exceed a maximum allowable downside
risk D,,. It can be shown easily that this is equivalent to the state-
ment that § must not exceed a maximum allowable pay-back time
0 (the proof is in the appendix). The relationship between maxi-
mum risk D,, and maximum pay-back time, or pay-back time lim-
it 0,,, is simple: D,, = 1 — q(0,,). Thus, if the value of D,, is
known for this management (say, D,, = 0.1, or 10 percent, for a
“‘conservative’’ management which dislikes risky projects), and if
we have, as we do, a simple, though rough, formula for the func-
tion gq(t), we can deduce the value of the pay-back time limit 0,
used by this management, and vice versa.

We have therefore established a theoretical basis for the pay-
back time limit. Note that we have not assumed such a limit. We
have derived it from a more basic assumption, our rule 1 of section
B.> The pay-back time limit has been criticized by theorists be-
cause it ignores profits which might accrue at later times. This crit-
icism is unjust. The practical men are completely right. In a risk-
less world of certainty, future profits are precisely predictable and
can be counted on. But in the real world of uncertainty, the pay-
back time limit is a necessary precaution for survival. It is a direct
consequence of the ‘‘safety first”” maxim. No wonder, then, that
nearly every responsible management uses this criterion (Carter
1971, Eisner 1956, Gole 1968, Harcourt 1968, 1972, 1976, Kal-
dor 1962, and innumerable other references).

E. The horizon of uncertainty

Since we have now understood the intuitive basis for the pay-back
time limit 0,,, we can proceed to work backward from known,
typical values of 6,, to deduce information about the so far un-
known parameters which appear in our rough formula for q(t).
There are two such parameters: (i) a constant a, which is the value

3of course, this rule itself is very rough. More subtle, and realistic, assump-
tions about the figure of merit @ can be used with the theory, but one then
loses the simple intuitive connection with a pay-back time, taken by itself.
But even then, the results are rather similar, though not identical, with what
one gets from a pay-back time limit.
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of the hazard rate u(t) at time ¢t = 0; and (ii) a positive constant b,
which is the slope of u(t) as a linear (assumed) function of ¢. [If
the hazard is an ‘“‘act of God,”” then b = 0.] The analysis is done in
the appendix, with the following result: To a good first approxi-
mation, one may consider the constant a to be so small that it can
be replaced by zero. We are then left with only one adjustable con-
stant, the constant b. This has the dimension 1/(time)?. Hence we
set b = 1/T* where T has the dimension of a time. We call this
time T the horizon of uncertainty. Intuitively, its meaning is this:
Beyond time T, i.e., for t > T, the ‘veil of uncertainty’’ has be-
come so thick that no prediction can be taken seriously any more.
This includes, in particular, predictions of future cash flows.

The simple interpolation formula for the survival probability
q(t) under these assumptions is:

q(t) = exp[—0.5(¢/T)* ]

This equals 1 for t = 0 (as it must), then stays fairly high until
t = T, and thereafter drops extremely sharply. Once the horizon
of uncertainty starts to close in, it is soon complete night. This
formula is completely different from the one for an “act of God”
hazard with constant hazard rate a, namely q(t) = exp(—at). There
is no easy way to get from one to the other.

In terms of investment evaluation, i.e., the expected value E(C),
one can say it as follows: We may introduce a time-dependent
“cost of capital” r* = r*(t) by means of:

r*(t) = r+ 0.5¢/T?

where r is the risk-free rate and T is the horizon of uncertainty. To
the (severely limited) extent that postdisaster losses can be ignored,
this gives an appropriate estimate of E(C) when inserted into the
usual formula.* But it is clear that the “adjustment for risk,” i.e.,
the difference r*(t) — r, is not at all similar to a constant inde-
pendent of time.

The horizon of uncertainty 7' would normally be the same for
all projects under contemplation. To the extent that different
projects have different degrees of ‘‘risk,” the risk in question is as-
sociated with the variance of actual cash flows from predicted
ones in the absence of disaster. This can be, and should be, al-
lowed for by adjusting the ‘‘certainty-equivalent’ cash flows y (%)
for these projects. This has nothing to do with the horizon of un-
certainty, which refers to truly uncertain, unpredictable, future
contingencies which may befall either project.

For this same reason, all projects are subjected to the same pay-

4 Usual formula with continuous discounting, i.e., exp(—r™t) rather than
1/(1+ r¥)t.
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back time limit 0,,. The relationship between 0,, and the survival
probability was worked out in section D. Letting D,,, be the max-
imum allowable downside risk, as set by management, we then see
that the relation is:

Dy =1—q(0m)=1—exp[—0.5 Om/T) 1]

The values of Dy, and of T are the same for all projects; hence so
is the value of the pay-back time limit 6, . This accords with usual
business practice.

But while a businessman normally uses the same pay-back time
limit for all projects under consideration at a given moment, this
pay-back time limit is by no means an invariable absolute constant.
First of all, it varies quite significantly from one businessman to
another, at a given moment of time. Different people set their
maximum allowable risk D,, differently, and they also have differ-
ent subjective estimates of the horizon of uncertainty T. We pre-
sent in Table 13.1 the results of two surveys of U.S. businesses,
quoted in Carter (1971, p. 45). One survey was made in 1947, the
second in 1948.

Table 13.1
1947 survey 1948 survey

Pay-back time (560 companies) (51 companies)
limit (years) percent percent

1 4 14

2 13 41

3 23 19

4 22 8

5 24 8

Over 5 14 10

The wide spread of these pay-back time limits is noticeable. Un-
like “hard” quantities like labor costs or the interest rate, the pay-
back time is a psychological quantity to a large extent, and such
variability should not be overly surprising.

However, there is another kind of variability as well. The 1947
data are quite different from the 1948 data. Our source suggests
that the difference is ‘““apparently due to differences in the form of
question asked” (Terborgh 1949, quoted in Carter 1971). This is
possible, of course, but we can suggest another reason as well. The
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year 1947 was a postwar boom year in the United States. In 1948,
there was apprehension that the postwar boom was about to break,
leading to a sharp depression similar to the downturn of 1921,
three years after the end of World War I. In such circumstances,
businessmen would be less confident of the future, more inclined
to suspect disasters just round the corner. The decline in “busi-
ness confidence’ shows itself through systematically lower values
of the pay-back time limit imposed on acceptable new projects.

An extreme case of this is reported, informally, from Hong
Kong. It is said that Hong Kong businessmen, at the time of the
communist takeover of China, had such low confidence in the fu-
ture of the Crown colony that pay-back time limits sank down to
half a year!

Volatile though the pay-back time limit may be in its function
as an indicator of business confidence, and variable as it is between
different businessmen, it is just one thing for any one businessman
at any one time, a single criterion which is used for all projects un-
der contemplation by this man at that time. As a result, the invest-
ment evaluation theory presented here is valid for true uncertainty
in the sense of Knight (1921), not just for what Knight calls “‘risk.”
The value of the horizon of uncertainty 7', from which everything
else can be deduced, is the one ‘“‘stab in the dark’” which the bus-
inessman must make. Quantities, such as cash flows, referring to
times t in excess of this horizon of uncertainty T then have sub-
stantially no influence on the investment decision. This is just
what one should expect when there is true uncertainty in the pic-
ture. No formal rule or mathematical formula is available for this
T. Under true uncertainty, the ‘“‘dark forces of time and ignorance”’
(Keynes 1936, p. 155) forbid any such mechanical procedure.

Yet, this shakily known, almost purely guessed, horizon of
uncertainty has the most significant effect on the evaluation of a
new investment! In Table 13.2, we quote some theoretical results
for the expected present value of a proposed investment project
which promises constant cash flow y(¢) = y for all times ¢t > 0 in
the future. The quoted results allow for riskless discount rates
r =0, 0.04, and 0.05, and for horizons of uncertainty T = 4 years,
T = 5 years, and infinite T' (meaning certainty of the future).

This table shows that the horizon of uncertainty 7, not the in-
terest rate r on risk-free placements, is the main determinant of
realistic investment evaluation. A huge change in the rate of inter-
est, from r = 0.04 to r = 0.05 (this is a 25 percent change in r),
produces very little effect, compared to an equally large change in
T, from 4 years to 5 years. The table shows that full certainty is
not a sensible ‘‘first approximation’ to the real world, not at all. If
one wants a very rough first approximation, one should retain the
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horizon of uncertainty T and ignore (set to zero) the rate of inter-
est r, not the other way round. The influence of uncertainty is the
main effect; the rate of interest is the minor correction.

No wonder that surveys of businessmen find, with monotonous
regularity, that these men pay very little attention to the money
rate of interest r but very much attention to the state of ““business
confidence” in their evaluation of investment projects. This be-
havior is mysterious if one accepts the ordinary (under certainty)
present value formula. According to this formula, for a project
promising constant cash flow y in the entire future, we get E(C) =
y/r. That is, r is all-important, and the state of confidence never
even enters the formula. But this (the last column of the table) is a
hopelessly misleading formula. It comes from ignoring uncertainty
of the future.

The preferred evaluation, for finite and not very large horizon
of uncertainty T, does indeed ignore the “prospective life of as-
sets.” What matters to a businesman is not the predicted life of his
assets, but the extent to which he is prepared to trust this, or any
other, prediction into the dark and unknowable future. If the pre-
dicted life of the assets exceeds the horizon of uncertainty T
which limits all such predictions, then it is 7, not the predicted
life of the assets, which matters for our evaluation of the project.
This is not “perplexing” at all, it is just common sense. The the-
oretical men are wrong; the practical businessmen are gloriously
right.®

In closing, let us turn from the microeconomic to the macro-
economic implications of the new theory of investment evalua-
tion, particularly in relation to the General Theory of Keynes
(1936). Keynes’s own formula for the marginal efficiency of cap-
ital in his chapter 11 cannot be accepted, since this formula makes
no explicit allowance for uncertainty of the future. The formula is
based on a ‘“‘series of annuities @, @,, ..., @ which are ‘“the
returns expected from the capital-asset during its life.”” Uncertain-

SThere is a flavor of high irony in all this. The main thrust of the neoclassical
revolution in economics has been the increased attention paid to subjective fac-
tors such as utility. Yet, now that we have unearthed a subjective factor, the
horizon of uncertainty T, of really major importance in economics, it turns out
that this very factor is ignored in conventional neoclassical capital theory and
valuation theory! Neoclassical theory which places so much emphasis on sub-
jective factors in, say, the theory of consumer demand has nothing whatever
to say about the much more important subjective factor in the theory of in-
vestment evaluation. This theory has failed to come to grips with “‘the funda-
mental difficulty of uncertainty.”” As a result, it is well and truly removed
from contact with reality in the area of investment. It is merely “‘one of these
pretty, polite techniques which tries to deal with the present by abstracting
from the fact that we know very little about the future” (Keynes 1937).
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Table 13.2

Risk-free

&_Mnoci Value of E£(C) for horizon of uncertainty
rate r T =4 years T =05 years T=0o
0.00 5.01y 6.27y oo
0.04 4.43y 5.27y 25.0y
0.05 4,22y 5.19y 20.0y

ty enters, of course, but only indirectly through its effect on these
expectations. What is missing from Keynes’s expression is the con-
cept of the “horizon of uncertainty’ which distinguishes between
short-range expectations held with considerable confidence and
more long-range expectations which are so uncertain that they are
ignored for the purpose of investment evaluation. In his literary
reasoning, particularly in his chapter 22, Keynes is very much aware
of such factors. But his formula in chapter 11 makes no allowance
for them and therefore tends to overemphasize the importance of
the long-term rate of interest (the main other factor).

Now that a new formula has been derived which allows for un-
certainly explicitly, it should be possible to rework Keynes’s Gen-
eral Theory using this new formula in place of his expression for
the marginal efficiency of capital. The effect would be to give
more immediate and direct prominence to ‘‘business confidence’’
(measured by the current economy-wide average value of the hori-
zon of uncertainty) as a major causal factor in investment behavior,
and correspondingly less prominence to the long-term rate of in-
terest. We have not attempted this task here, first, because it is
such a major project that it would have delayed publication of this
work considerably, and second, because a mere substitution of an
altered expression for the marginal efficiency of capital would still
fail to come to grips with the difficulties pointed out in section
11A, in connection with the dynamic instability of the state of
economic equilibrium.

In our view, real progress in theoretical macroeconomics requires
not only the explicit inclusion of the effects of uncertainty (in the
sense of Knight and Keynes), but also allowance for the essentially
dynamic, nonequilibrium behavior of a competitive economy per-
forming a limit cycle. This research program has not yet been com-
pleted.
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E. Mathematical appendix

In this appendix we use a continuous time variable ¢, and hence
continuous discounting, rather than period analysis; this is done
for convenience, since the period analysis (though possible) turns
out to be a bit more complicated. The standard expression for dis-
counted present value of a future cash flow x(t) is:

C(x)= | exp(—rt) x(t) dt (13.1)

If the cash flow function x(t) is not certain, but has probability
P(x) of occurring, then the expected present value is:

EOVHMQA&E& ﬁw.mv
{x}
The “sum over x” in this formula is actually a very complicated
functional of the function x(t), but since the probability P(x) is in
any case very poorly defined, this does not matter. We shall have
to approximate rather roughly, anyway.
The “downside risk” D is:

D = probability that C(x) < I, (13.3)

where I, is the initial investment for the project. We assume that
projects are ordered in rank by a ‘‘figure of merit’”” @ and take as
our first approximation a figure of merit which depends only on
the values of D and of E(C):

Q@ = Q[D, E(C)] (13.4)

As mentioned in section B, it is desirable to define conditional
expected values:

1. E(S) is the expected value on the condition that the project
does not run into a loss, i.e., on the assumption that C(x) = I,

2. —E(L) is the expected value of the loss if the project does
make a net loss.
These quantities are not independent of E(C) and D, but rather
the following relationships hold:

E(C)= (1—D)E(S)—DE(L) (13.5)
E(S) = [E(C) + DE(L)] /(1 —D) (13.6)
E(L)= [(1—D)E(S)—E(C)]/D (13.7)

Thus, if D and any two of E(C), E(S), and E(L) are known, so is
the third.

We now turn to the possible cash flow functions x(t) in the
presence of disasters. To allow for possible variations apart from
disasters, we replace the “most probable” cash flow x(¢) by the
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“certainty equivalent’ (lower) y(t), from the start. Suppose that a
disaster occurs at time ¢ = s; then the actual cash flow can be rep-
resented by the certainty equivalent one till time ¢t = s, and by a
“post-disaster cash flow” (probably largely negative) z = z(t — s)
thereafter:

x(t)=y(t) for 0<t<s (13.8)
x(t)=2z(t—s) for t=>s

We assume that there is a probability P(s, z)ds for the following
event: The disaster strikes in the time interval s < t < s + ds, and
the postdisaster cash flow is given by the particular functionz(t — s).
To make the mathematics tractable, we now assume that there is
statistical independence between these two factors, ie., we as-
sume:

P(s, 2) = p(s)w(z) (13.9)
where p(s)ds is the probability of the disaster’s striking in this time
interval, and w(2) is the probability of getting the particular post-
disaster cash flow function z. Assumption (13.9) is at best a very
rough approximation, but it is no rougher than all the other ap-
proximations which must be made in any case, particularly when

we allow for true uncertainty of the future.
Probabilities must add up to unity, hence:

(e e}

B wizg)=1 J p(s)ds=1 (13.10)
(2) 0

The survival probability g(t) of the project to time ¢ is equal to
the probability that the disaster occurs at some time s larger than ¢;
that is:

q(t) = f p(s)ds (13.11)
t

and therefore:
p(s) = —dq/ds q(0)=1 q() =0 (13.12)

Let us now substitute (13.8) into (13.1). We define two integrals
as follows:
S

C(s) = J exp(—rt)y(t)dt (13.13)

B(z) = | exp(—rt")z(t")dt' (where t' = t —s) (13.14)

0
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to obtain the result, from (13.1) and (13.8):
C(x) = m?v + exp(—rs)B(z) (13.15)

Next, we substitute (13.15) and the assumption (13.9) into the ex-
pected value formula (13.2), to obtain:
EC)=[ ds T E&SAN:@@ + exp(—rs)B(?)] (13.16)
0 (2)
We define the “postdisaster expected cash loss’ (discounted to the
time at which the disaster occurs, not back to time ¢t = 0) by:
F=— % w(2)B(z) (13.17)
(2)
It is that quantity, only, which needs to be estimated in some
rough way by management. Actual postdisaster cash flows z or
their probabilities w(z) need not be estimated at all. >.: extremely
simple, but we feel highly overoptimistic, estimate is of course
F = 0; but management ought to be able to do a bit better than
that, in our opinion. When we use (13.17) and the sum rule (13.10)
for w(z) in (13.16), we obtain:
E(C)= | dsp(s) C(s) — FH

0

where

H= [ exp(—rs)p(s)ds=1—r [ exp(—rs)q(s)ds (13.18)

0 0

—the second form follows from (13.12). In the first 8.5: n‘_,sm 5
tegral, of E(C) above, we really have a double integral, since OA.mv is
itself an integral; see (13.13). We change the order of the two inte-
grations to obtain (after a bit of work) our final expected value
formula:

E(C) = J exp(—rt)q(t)y(t)dt— FH (13.19)
0
This expresses the expected present value of the @«o_.onﬁ &mmm.ﬁmw-
prone as it is, by means of: (1) the survival @HOUmE:S\ QQV.S _:Em
t, (2) the risk-free discount rate r, (3) the “certainty equivalent
estimated future cash flow (in the absence of disaster) y(t), and
(4) the expected (estimated) value of the postdisaster loss F.
Conventional valuation formulas are of the form:

(e e}

V= w(t)y(t)dt (13.20)

0
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where w(t) is some “weighting function” applied to future cash
flows at time ¢; for example, we might take w(t) = exp(—r¥t),
where r* is a “discount rate adjusted for risk”” or a “cost of cap-
ital.” We see that such an evaluation is equivalent to our expres-
sion (13.19) if and only if:

1. Postdisaster losses are ignored; i.e., we put F = 0.

2. There is an implied assumption about the survival probability,

namely:
q(t) = w(t)exp(+rt) (13.21)
For example, if the choice is w(t) = exp(—r*t), then (13.21) gives
the implied survival probability:
q(t) = exp[—(r* —r)t] if w(t)= exp(—r¥t) (13.21b)

Next, let us define what is meant by the “hazard rate’> which
we shall call u(¢). Consider the time interval from time ¢ to time
t + dt. Then u(t)dt is the conditional probability that the disaster
occurs in just this time interval, conditional upon survival of the
project to time ¢ inclusive. Simple probability arguments yield the
relationship:

q(t +dt) = q(t)[1 — u(t)dt + Order (dt)? ]
hence:
dq/dt = —u(t)q(t)

This is a linear homogenous differential equation for g(¢) which
can be solved by standard methods; when we take into account
the condition q(0) = 1, the result is:

t
q(t) = exp[—/ u(s)ds] (13.22)
0

The simplest assumption about the hazard is that it is an “act of
God,” which may happen at any time with equal hazard rate;

hence u(t) = a, some constant value. Substitution into (13.22)
then gives:

q(t) = exp(—at) for u(t)=a (13.23)

Comparison with (13.21a) shows that this corresponds exactly to
a risk-adjusted rate:

r¥=r+a for uw(t)=a (13.24)

This, therefore, is the way one might hope to derive, properly, the
conventional method of allowing for risk. With the choice (13.23),
the integral I7 (13.18) is evaluated to:

Haf(rta) 1 (/r*y for u(t) a (13.25)
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and hence (13.19) gives the evaluation:

oo

E(C) = [ exp(—r*t)y(t)dt — [1— (r/r¥)]F (13.26)

This is, in essence, the conventional approach, improved by allow-
ance for expected postdisaster losses F. At first sight, then, the sit-
uation appears quite satisfactory.

However, a second look proves disturbing. Given conventionally
used values of r*, the survival probability (13.21b) turns out to
make no sense. Take r* = 0.25 (a fairly low value) and r = 0.10 (a
high value for a risk-free rate, in the absence of inflation). Then
r¥ —r = 0.25 — 0.10 = 0.15, and for two-year survival (13.21b)
yields g(2) = 0.74. We are thus to believe that responsible com-
pany managers will embark willingly upon a project which has, in
their own opinion at time ¢ = 0, only a 74 percent chance of sur-
viving the first two years. This is hard to accept, and the situation
gets even worse if the value of the risk-adjusted rate r* is made a
bit more realistic (i.e., larger).

Conversely, suppose the managers insist that, in their own
estimation, the project must have at least a 90 percent chance of
surviving the first two years, or else they are not interested. They
then insist upon projects for which the value of ¢ in (13.23) is no
higher than about 0.05. Quite apart from the fact that such projects
may be quite hard to find, let us see what such values of @ imply
for survival to, let us say, 15 years into the future. Putting t = 15
and a < 0.05 in (13.23), we get q(15) > 0.47, i.e., a nearly 50 per-
cent chance of the project’s surviving for the next 15 years into
the future. There may be managements with such a rosy view of
their ability to predict the future and avoid disasters—but it is
safe to ignore them, since they are bound to go bankrupt before
long.

At this stage, we have struck a contradiction: No matter what
value we pick for the constant a in (13.23), and hence for the risk-
adjusted discount rate r*, (13.24), we get unreasonable results:
Either survival to time t = 2 is unreasonably improbable, or else
survival to time t = 15 is unreasonably probable. What is wrong is
not one or another choice of r*, but the formula (13.23) itself,
and the hazard rate u(t) = ¢ on which this formula is based.

In the chapter, we gave arguments to show that, for small times
t at least, the hazard rate may be expected to increase with time.
The simplest function which does this is the straight line:

u(t)=a+ bt (13.27)

where both @ and b must be nonnegative—-u(t)dt is a probability
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and hence can never be negative. Substitution of (13.27) into
(13.22) yields:

q(t) = exp(—at — 0.5bt?) (13.28)

Because of the ¢* term in the exponent, such an expression is not
equivalent to any risk-adjusted discount rate r*, no matter what
(constant) value of r* is chosen.

Next, turn to consideration of pay-back times. The conventional
definition, which we shall denote by 6* to distinguish it from ours,
is given by:

0* s
J y(®)dt=1, and [ y(t)dt<I, for s<@% (13.29)
0 0

That is, the project just manages to pay back for the initial invest-
ment I, at time 0*, but at no earlier time s < 0%,

Our preferred definition of a “modified pay-back time,”” which
we denote by 0, is in terms of the discounted present value of the
project as given by formula (13.15), on the assumption that disas-
ter strikes exactly at time s. However, since B(z) is impossible to
determine, or even guess at, we replace it by its expected value
—F; see (13.17). This yields our pay-back time definition:

m\ugv — F exp(—rf) =1, and
C(s) — F exp(—rs) < I, for s< 0 (13.30)

This is equivalent to (13.29) if we ignore discounting (set r = 0)
and postdisaster losses (set F' = 0); but otherwise, it is an improved
formula which we recommend to practical businessmen in spite of
its apparent complexity (it is easy enough to write a computer
program to evaluate 6 for a wide range of assumptions concerning
y(t), r, I, and F, and such a program has been written).

If cash flows, on a certainty equivalent no-disaster basis, are al-
ways positive, then the downside risk D is given by:

D=1—g(0)=1— exp(—ab — 0.5b0%) (13.31)

..__:m condition D < D,,, of a maximum acceptable downside risk,
is then equivalent to a pay-back time limit 6 < 0, where

Dy =1—q0p)=1—exp(—ab,, — o.m%w:v (13.32)
We may solve this equation for the constant a to get:
a=(1/0,,)log[1/(1 —Dy)] —0.500,, <
A_\Q:;~CE_H\AH|USZ (13.33)

Now, conventional pay-back time limits 0,, range from 2 to 5
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years, mostly. If the management is ““conservative,” it is unlikely
that it will be prepared to tolerate a high downside risk. Let us
take D, = 0.1, a maximum 10 percent downside risk, for such a
management. Then the inequality in (13.33) gives a < 0.053 for
ms = 2 years, and a < 0.02 for QS = b years. These are upper lim-
its on a, which must not be approached closely (for then b be-
comes close to zero, and we are back to the ““act of God’’ hazard
which we know is faulty). We conclude that the constant a is al-
ways very small, rather less than conventional risk-free discount
rates r. Since r and a always occur together in the combination
r + a, it is a good first approximation to ignore a altogether; i.e.,
we propose, as a practical rule of thumb, to set a = 0 in (13.27)
and (13.28), henceforth. The intuitive meaning of this approxima-
tion is that the managers feel that they are sure enough of the
immediate future of the project (prior to its actual start!—this
estimate may be unduly optimistic, in retrospect) that they can
ignore the immediate hazard rate at time ¢ = 0.

The parameter b has the dimension of 1/(time)?, since bt? isin
an exponent and therefore dimensionless. We define the ‘“‘horizon
of uncertainty” T by T = H\@_\m and thus (13.28) with a = 0
becomes:

q(t) = exp[—0.5(¢/T)* ] (13.34)

This must be substituted into (13.18) and (13.19), as well as into
(13.32). The latter can then be solved for the horizon of uncer-
tainty T in terms of the pay-back time limit 6 and the maximum
permissible downside risk D to get:

T=0, [—2log(l —D, )™ (13.35)

Let us now show how the theory can manage more complicated
figures of merit @ than the ones discussed in the chapter. Let @
depend, in any way desired, upon the following factors: (1) the
initial investment I,, (2) the expected present value E(C) of the
future cash flow, (3) the downside risk D of the project, and (4) the
expected money loss on those projects which do strike disaster
too soon to get into the black; we call this E(L). Let, then,

Q= QI[l,, E(C),D,E(L)] (13.36)
be any function of these four quantities. An example might be:
Q= (1—D)*IE®S)—I,] —[1—(1—D)"1glEL)] (13.37)

where n is the number of projects before retirement and f as well
as g are monotonically increasing functions, g(0) = X is large, and
E(S) is defined by (13.6).

No matter what the functional form chosen (by management)

CRU
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for ﬁ.w..wmv, the figure of merit can be evaluated once the four
quantities are known individually. I, is known by definition. For
E(C) we have, from (13.18), (13.19), and (13.34):

E(C) = % exp[—rt — 0.5(¢/T)* 1y(t)dt — FH

(13.38)
H= “ (t/T?) exp[—rt — 0.5(¢t/T)? ] dt (13.39)

For D we have, from (13.31) and (13.34):
D=1—exp[—0.5(0/T)*] (13.40)

Finally, we present, without proof, the formula for the expected

money loss E(L) conditional upon the project losing money. This
is:

0
E(L) = (1/D) [y — [ expl—rt = 0.5(¢/T)* 1y(t)dt +

FG(r,0)]

0
G(r,0)=1— w% exp[—rt —0.5(¢/T)* ] dt

(13.41a)

(13.41b)

The integrals in (13.38) to (13.41) are nonelementary but can be
...5::@;8 easily in terms of tabulated functions (the so-called error
integral) if y(¢) can be approximated by a piecewise linear func-
tion (which need not be continuous); this is quite good enough for
practical use. B

. ‘_.;.;m shows, in the most explicit fashion possible, that our analy-
815 1s not restricted to the super-simple rules 1 and 2 of the chapter
but can accommodate without difficulty almost any figure of
merit @ that a businessman might care to choose.

Finally, we state, again without proof, the result for E(C) when
..i: is set equal to a constant value y and the postdisaster loss F is
ignored. We refer to Comrie (1949) for the definition of the prob-
nbility area function a(x). Then:

E(C) = (1/2)% Ty exp[0.5(°T)? | [1 — a(rT)] (13.42)

This is the formula which we used for constructing Table 13.2.
_,.:v.cq e._:; (13.42) reduces to E(C) = y/r in the limit as T goes
inity is best done by going back to (13.38) and (13.39) and




BOOK V

Deferred Topics

In order to expedite the flow of the argument, we have deferred
several topics until later; all these topics could have been included
earlier, but at the cost of slowing down the development. In this
book, we return to these deferred topics.

Chapter 14 takes another look at the historical evidence on the
behavior of an uncontrolled free enterprise system, something we
did rather briefly in section 8C. We are particularly interested in
the predictions of David Ricardo concerning the long-term future
of the British economy and the relative position of landlords and
industrialists within that economy. It is well known that these pre-
dictions turned out to be wrong. But the usual explanations for
this do scant justice to Ricardo’s insight and undoubted ability as
an economic theorist. In our view, Ricardo’s predictions failed be-
cause he based his theoretical analysis on the assumption of basic
stability, which assumption allowed him to reason in terms of eco-
nomic equilibrium. The actual economy was not stable, but rather
cyclical. This factor completely altered the relative position of
landlords and industrialists in the long run (averaged over many
cycles).

Chapter 15 belongs very much earlier, logically as well as his-
torically. The cyclical flow concepts of Dr. Francois Quesnay’s
Tableau Economique dominate our entire analysis. While we have
mentioned this earlier, we have left it until now to give Quesnay
the chapter which is very much his due. Our analysis of the physio-
cratic system is not just a rehash of the existing literature, nor
merely an exposition of the physiocratic writings. Rather, we pro-
ceed analytically and algebraically, keeping prices and quantities
separate throughout, so that we are able to develop a “‘physio-
cratic theory of value,” something the physiocrats themselves did

2 )
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not do. As a by-product, we gain some insight into the neoclassical
marginal utility theory of value and into what is known as “‘wel-
fare economics” (see section 15E).

The third deferred topic, left to chapter 16, is econometrics. We
used econometric concepts in chapter 11, after a very brief de-
scriptive explanation. Now we take a fully critical look at the
foundations on which econometric theory is constructed. These
foundations are shown to be desperately weak. The material in
this chapter is new and controversial.



CHAPTER 14

Notes on the nineteenth-century
trade cycle

A. Introduction

From one point of view, it needs no apology 6 &mmsmm the nine-
teenth century experience. Economic history is of Eﬁwmmmﬁ in its
own right, but it is not, however, the reason for this chapter.
Rather, we wish to look at the nineteenth-century trade cycle for
reasons of economic theory, for what this experience can teach us
about economic analysis. N . o

In many respects, nineteenth-century oos.a_ﬁosm in Britain were
very different from those of today. It is mmu.. wo say, though, that
most of these differences mean that nosma_.o:m ﬁ.rms were less
complicated, more amenable to simple theoretical discussion, then
are conditions now. The differences include: .

1. The currency was based upon a metallic memsa.ﬁd Am...%mw, m#
the beginning of the century, gold at its end). Thus :EEmSo.P 5.
its recent sense of depreciating value of a paper currency without
metallic backing, simply did not exist.’ .

2. There was very little government regulation of, or interfer-
ence with, free private enterprise. By Emmow_w-am% standards, what

i ion there was hardly counts at all.
:ﬁ% Mﬂm“ﬁ«?mm no income tax at all between 1816 and 1842.
Thereafter, income tax was levied, but at the rate of seven pence

: ion in another guise, namely, a rise in the value of o.&.:w. ooggo.m;_om.
nw_m.ﬂwwww the value om mo_m, could and did rmEWo: on occasion. moqmrgmwﬂ.
could be traced to the discovery of new mo_.m mines; at other times to <§M=o:
scarcities of other commodities. But excessive printing of paper “MOSmWw .
as in the German hyper-inflation of the meoﬁ. was not, w:.m com. not be, :
factor in the nineteenth century. We do not wish to enter into ~mosmm._m=:”, ]
the meaning or definition of inflation of n:o. ﬁéo:r.oer.oo:e:_.u\ type;a at
concerns us is that no such thing happened in the nineteenth century.
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in the pound! There were few taxes by our standards, and none of
them even approached present-day levels. The government did not
provide anything like the present amount of employment.

4. For a large part of the nineteenth century, commercial enter-
prises were generally small scale and competitive. The world of
monopolies, oligopolies, advertising, strong trade unions, etc., only
started to develop in the last quarter of the century.

5. If by a “major war’> we mean one which interferes seriously
with the normal commercial life of a nation, then Britain was not
involved in a major war between 1815, the end of the Napoleonic
wars, and 1899, the start of the Boer war.

No economist writing today maintains that all of the five fac-
tors listed above can be ignored in our day. Indeed, most econo-
mists tend to think that all, or nearly all, of these five points must
be allowed for in any realistic theory. There can be little doubt
that a theory in which these factors can be omitted as unimpor-
tant is easier and simpler than one which must take them into ac-
count,

Some economists of our day are convinced, or at least pretend
Lo be convinced, that the root of all evil is interference with the
working of a free market. The ““interference” may come from the
government, or from labor unions, or from environmentalists, or
from a cartel of oil producers—but, wherever it originates, it is a
bad thing. If only the free market could be left to operate undis-
turbed, all our troubles should be over.

In such a view, mid-nineteenth-century Britain should have been
an economic paradise. The government of the day, from the Duke
of Wellington to Mr. Gladstone, took freedom of the market prac-
lically as an article of faith. Labor unions were very weak by con-
lemporary standards. The horrors of Victorian industrial towns
Lestify to this day to the absenge of all concern for the environ-
ment of ordinary people. There was no cartel of oil producers, be-
cause no oil was being produced; the fuel of the time was coal, not
0il, and coal producers were as fully competitive as anyone could
have wished.

To please monetarists, the “money supply” of nineteenth-
century Britain was tied closely to gold. Peel’s Bank Charter Act
of 1844 was as tight a nondiscretionary rule as even Milton Fried-
man could have wished. It was so tight, in fact, that it had to be
suspended by the British government in three separate panics
(1847, 1857, and 1866) to prevent complete disaster and national
bankruptey!

To those who may think that a money supply rule is bad, not
pood, the United States is worth looking at. President Andrew
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Jackson conducted, and won, a bitter fight against Nicholas Biddle
of the Bank of the United States, which was attempting to set it
self up as a central bank similar to the Bank of England. Ever since
that victory (in 1836) and well beyond the end of the century, the
United States exercised substantially no control at all over the is
sue of bank notes.

Thus, if a money supply rule can prevent panics, it should have
done so in the United Kingdom. If an entirely free and uncon
trolled money supply can prevent panics, it should have done so
in the United States. If a free market in goods and labor can pre-
vent panics, it should have done so in both countries.

It did not. The first lesson from the nineteenth century, there
fore, is that panics occur, in a nearly regular pattern, when the
market is entirely free and untrammeled; and no matter what is
done about the money supply. Interference with the free market
may, and probably does, affect the course of the trade cycle, mod-
ifying it here and there. But this interference does not cause the
trade cycle. Tightly controlled money, or completely uncontrolled
money, are in the same category: possible modifying influences,
but not causes in any fundamental sense. If only economists werc
more prepared to look at well-known economic history, much cur-
rent controversy should become moot.

B. Long-run predictions of Ricardo

In his original preface, Ricardo (1821) said: ‘““The produce of the
earth—all that is derived from its surface by the united applica-
tion of labour, machinery, and capital, is dividled among three
classes of the community, namely, the proprietor of the land, the
owner of the stock or capital necessary for its cultivation, and the
labourers by whose industry it is cultivated. . .. To determine the
laws which regulate this distribution is the principal problem in
Political Economy.”

Ricardo’s personal predilections were with the ‘“owners of the
stock or capital,” and against the ‘“proprietors of the land.”” On
page 225, we read “the interest of the landlord is always opposed
to that of the consumer and manufacturer. ... The dealings be-
tween the landlord and the public are not like dealings in trade,
whereby both the seller and buyer may equally be said to gain,
but the loss is wholly on one side, and the gain wholly on the
other.”

In spite of this, Ricardo’s logic led him inescapably to conclu-
sions which he must have disliked intensely, concerning the long-
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run tendency of the economic system. The three classes should
fare as follows in the long run:

1. The laborers are subject to the ‘“‘iron law of wages,”’ getting
nothing but bare subsistence.?

2. The capitalists, however, do not manage much better. As the
population increases, more land must be taken into cultivation to
feed this population. The marginal land, on which (according to
Ricardo) no rent is paid, is ever poorer land as time goes on. The
rent on all the other land correspondingly increases, thereby
squeezing the profits of the farmers, and, by equalization of profit
rates in different enployments of capital, the profits of all other
capitalists as well.

3. The landlords emerge as the winners (pp. 224-225) ““all extra-
ordinary profits are in their nature but of limited duration, as the
whole surplus produce of the soil, after deducting from it only
such moderate profits as are sufficient to encourage accumulation,
must finally rest with the landlord. . .. All the advantages would,
in the first instance, be enjoyed by labourers, capitalists, and con-
sumers; but, with the progress of population, they would gradually
be transferred to the proprietors of the soil.”

Precisely because Ricardo himself disliked these conclusions in-
tensely, they deserve additional respect from us. We may presume
that he looked for fallacies in his own reasoning, which might
make it possible for him to arrive at more palatable (to him) ans-
wers from his theory; and that he failed to find such fallacies.

Yet, the conclusion turned out to be wrong in fact. According
to Ricardo, the proprietors of land should have gone from strength
to strength in nineteenth-century Britain, collecting more and
more of the surplus product of an increasingly prosperous econ-
omy, gaining all the time in wealth and power. This did not hap-
pen. When Ricardo wrote, the proprietors of land ruled Britain.
Fifty years later, individual landed proprietors were still wealthy
—but the real wealth and the real power had gravitated to the
“owners of stock or capital.”

Why did Ricardo’s predictions fail? What was wrong with his
reasoning?

The conventional answer is this: Ricardo underestimated the in-
fluence of technological improvements in agriculture, as well as
the effect of opening up large areas of virgin land in the United
States, Argentina, Australia, etc. These factors combined to keep
land rents low, thereby invalidating Ricardo’s predictions.’

2Ricardo suggested, though, that what is called a minimum subsistence stan-
dard might improve slowly with time. This is not important for our argument.
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In our view, this explanation is superficial and does scant justice
to Ricardo. The evidence does not support this explanation.?
According to E. A. G. Robinson (1954), the population of Britain
in 1820 was 20.9 million, and six-sevenths of their food was pro-
duced internally, the rest imported. By 1870, the population was
31.5 million, with Britain supplying three-quarters of the food
needed. Thus British agriculture was feeding 17.9 million people in
1820 and 23.6 million in 1870, a very substantial increase. Far
from agriculture’s being restricted more and more to the very best
grades of land, some very poor tracts of land were being brought
into cultivation.

As for technological improvements, it does not take much
imagination to suggest Ricardo’s answer to this argument: Im-
proved technology can bring down the price of a quarter of corn,
but not the rental of an acre of good land, as long as bad land is
still being used, and as long as the technology does not decrease
the proportions of the corn yields of good and bad land. The de-
tails are hard to know, and rents may have gone up, or down,
somewhat as the result of technological factors; but the effect
could hardly be very big, on rents.

There is no need to rely exclusively on such indirect reasoning.
Direct evidence exists concerning the economic situation of land-
lords in normal times, in conditions of good trade. Walter Bage-
hot’s Lombard Street (Bagehot 1873) appeared fifty years after
Ricardo’s Principles. On page 289, we read:

Notwithstanding other changes, the distribution of the customers of
the bill brokers in different parts of the country remains much as Mr.
Richardson described it sixty years ago. For the most part, agricultural
counties do not employ as much money as they save; manufacturing
counties, on the other hand, can employ much more than they save; and
therefore the money of Norfolk or of Somersetshire is deposited with the
London bill brokers, who use it to discount the bills of Lancashire and
Yorkshire.

It is clear that our landed proprietors were not suffering from
inadequate rents. On the contrary, they had excess money to in-
vest, and they did invest it; either directly, or more usually indi-
rectly, through the London money market.

C. The trade cycle as a transfer device

What, then, was the mechanism in nineteenth-century Britain

3The author is not, and does not claim to be, an economic historian. Thus, the
evidence quoted here is from secondary sources and is presented as suggestive
and illustrative of the conclusions, not as firm proof. A full investigation by a
properly trained and qualified economic historian is very desirable.
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which acted to deprive the landed proprietors of the golden fruits
promised them by Ricardo? In our view, it was the trade cycle:

1. In normal, prosperous times, the landed proprietors did reap
the golden harvest predicted by Ricardo.

2. They then proceeded to invest their wealth through the Lon-
don money market, so as to obtain a good rate of interest on their
money. The investment—more properly, “placement,” in the
language of Joan Robinson (1956)—was made either by the landed
gentleman himself, or by his local banker; it makes little difference.

3. As long as good trade continued, the landlords did obtain a
good rate of interest, much better than by placing their money
into Consols, and of course very much better than by hoarding
gold or Bank of England notes.

4. But, for the reasons outlined in chapter 8, good trade did not
last forever. Sooner or later, on the average once every ten years or
so, it all ended in a panic. In the panic, creditors as a group lost
not merely their interest entitlement, but their principal! Thus, av-
eraged over the trade cycle, investment (placement) proved coun-
terproductive for the landed proprietors, who were the main credi-
tors. They would have done far better for themselves by hoarding
gold!

A full proof of this hypothesis, and hypothesis is all this is, re-
quires proper investigations in economic history, to draw up con-
solidated accounts for the landed class in Britain over at least one,
preferably several, full trade cycles in the mid-nineteenth century.
We have neither the ability nor the knowledge nor the time to do
this, and can only hope that economic historians can be persuaded
to look into the matter. Until then all we can do is to present
some plausibility arguments. These, however, may be of some in-
terest in their own right.

1. It may be objected that capitalists also lost in a panic, not
merely their creditors. This is very true for individual capitalists.
In the year 1826 alone, 3,300 businesses failed in Britain, with
most of their former proprietors losing all they owned in this
world. But the capitalist class as a whole did not lose; it gained! A
bankrupt business with usable assets could be, and was, bought up
for a song by some other capitalist, who thereby gained what the
first capitalist had lost. The business was not bought up by a landed
gentleman, who after all would not have known what to do with a
bankrupt enterprise. In this way, the landed class as a whole lost;
the capitalist class as a whole gained. The effect of every panic was
a major transfer of wealth from the creditor (landed proprietor)
class, to the capitalist class.

2. It may be objected that our hypothesis requires that investors
were being fooled systematically for several generations, contrary
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to Abraham Lincoln’s view: “You can fool all the vo.ov_m some of
the time, you can fool some of the people all the time, but you
can not fool all the people all the time.”” We have several answers
is objection:
wo %N% %oﬂ all investors were fooled, :.Oe by a long shot. >sﬁ.wm..m€
Carnegie boasted of building his steel EEm.me half cost, by waiting
until after the next panic before commencing moa:m._ construction.
But it is highly unlikely that these smart investors included Bws%
landed proprietors—a few of them, undoubtedly; but these few
ur conclusions. .
° sﬁ%uwm%ﬂowam is some evidence that investors @E remember earlier
panics, and tried, unsuccessfully, to avoid being caught the m..&.sm
way. Matthews (1959) argues that the Esgwm.ses-om:gw% wzﬁw
cycle was not a simple cycle, but a mcv.owvom;_o: of two separa M
cycles, each of roughly 18 years’ duration, out of phase ssﬁu mm%
other. One 18-year cycle was for foreign investment Ad.m.. railroa mm
Argentinian farms and mines, etc.), the other for home investmen
within Britain. We accept Matthews’ data, .dcﬂ mcmmoma an m;mgm.
tive interpretation. Consider a landed proprietor with money ﬁo. _”-
vest in, say, the year 1861. He is likely to EE@EUQ that his :M_md -
bor, or his uncle, lost all he had in the panic of .Hmmﬂ caused by
ﬁ:mvonmms of American investments. mo,.:m decides to place M:m
money in a safe, sound British enterprise, .mou. mxmz%_m. a:Hm mw
broking house of Overend and Q:Em%'éiuﬁr crashed in m._w% .
(If the placement is made by the mm:ﬁm?ms s rural wm:wﬁ., rather
than by the gentleman himself, the :::Bmam mmmwoe is the same.)
Another landed gentleman with money to E<mmﬁ in, say, 1870, re-
calls the 1866 crash distinctly, so he places Em money into the cur-
rent U.S. “growth industry,” the ?m:moo:e_sm:.ﬁ& wm:womam. Wm _M
then wiped out in the crash of 1873. In our view, #:w anm ace
cycles of Matthews can be c:amwmﬁowm m:s.@_% as a single -%Mﬂ
cycle of investment confidence and disappointment, together M:
the observation that investors are likely mo have a very sharp
memory of the immediately preceding panic, but a much vaguer
arlier panics. .
BQEMMW Mmﬁm:m m:bwo% that investors did Hmimavmu all mm:_mm wmsw
ics. How would this enable them to avoid being caught in the nex
one? A landed gentleman with money was under enormous E.Mm.-
sure to invest it somewhere. Starting with >.Qm5 m.B;_w,. all Un.v: w.
cal economists unanimously lauded the ,\.Hﬁcom. of 5<mm.S:mM
(placement) and deplored the unmitigated vice of x:.m rom«a_:m o
currency or gold. Nor did they scruple to invoke H.o:m_.o: int ﬂ:
cause. When Jesus pronounced the parable of the sz.va_m.m_ son, _A_
surely did not intend the use nineteenth-century capitalists woulc
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make of that story—but use it they did, with gusto, for their own
selfish ends. The hoarder of money was depicted as an evil sinner
who acts so as to decrease, rather than augment, the wealth of the
nation. It would have required an iron fortitude to withstand the
combination of high promised rates of interest together with the
ample threats and curses of political economy and religion in full
alliance—to withstand them all and hoard cash. In effect, then,
whenever a landed gentleman was afflicted with excess money,
this money was burning holes in his pocket. He needed to place it
somewhere, if only as a deposit with his local bank. But once he
did place it, not matter where or how, he was caught. He, and his
banker, were much too far from the nerve center of the commer-
cial world to know when to pull out; and the advice given to them
was often highly self-serving. In late September 1929, Bernard
Baruch was quoted in the press to the effect that the U.S. share
market was safe and sound. So it was—for him! He was busily lig-
uidating all his shares prior to the impending crash. Those who did
as he said, rather than as he did, lost all they had in the panic which
started a few weeks later. If such things happen in the twentieth
century, in the age of mass communications, what were the chances
of a landed gentleman in some sleepy hamlet of nineteenth-century
Britain?

3. The mechanism we have outlined here is in the nature of a
“class struggle”; i.e., one class benefits at the expense of another.
But the two classes in question are the capitalists and the landlords,
not the working class. A great London banker, Alexander Baring,
declared in Parliament (Heilbroner 1972, p. 79) “the labourer has
no interest in this question [the corn laws] ; whether the price be
84 shillings or 105 shillings a quarter, he will get dry bread in the
one case and dry bread in the other.” The working class was a
helpless, downtrodden bystander in this class struggle.

If we accept this view of the trade cycle, what then was Ricardo’s
mistake of reasoning? Ricardo was not guilty of overlooking such
glaringly obvious factors as technological improvement and the
opening of new lands. Under the conditions he postulated, of
steady trade at prices fluctuating about ““natural prices” (labor val-
ues), his logic was and is impeccable, and his predictions must fol-
low. The factor which he failed to allow for was much more subtle.
He may well be forgiven for his error, because this same factor is
still being overlooked and ignored today, more than one hundred
and fifty years later. The missing factor is the fundamental influ-
ence of economic dynamics, coupled with uncertainty of the fu-
ture, in falsifying predictions based on economic equilibrium.

Note that this means much more than the truism: “No actual
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economic system is ever in a state of precise equilibrium.” Rather,
the departures from economic equilibrium in nineteenth-century
Britain were systematic, were inherent in the working of the econ-
omy, and acted in such a way as to yield results directly contrary
to what was deduced from considerations of a hypothetical steady
state.

The transfer mechanism of this section depends completely
upon the absence of equilibrium. This mechanism could not ?:.o-
tion in the ideal world of the equilibrium theorists, a world in
which all prices are stable and all expectations are :Sﬁwsm_.: In
the actual world of Victorian Britain, the expectations of investors
turned out to be utterly mistaken except in the very shortest run.
In the long run, investors not only failed to get the interest they
expected—they lost their principal. The contrast between the pre-
dictions of Ricardo and the actual outcome is a most salutary re-
minder of how hopelessly wrong one can be when reasoning D..O.B
the assumption of a stable equilibrium in our actual, nonequilib-
rium world. o

In section 8B, we mentioned that a mechanical limit cycle re-
quires a “source of energy” to keep it going; otherwise, H.E.oﬁn.vsm_
effects lead to a dying down of the motion. The economic limit
cycle of nineteenth-century Britain also 3@&3.& a source of en-
ergy. In order to keep investing money, and losing it, nww _msam.g
proprietors must keep making money, somehow. In our view, this
is the point at which Ricardo’s mechanism enters the ?o.ﬁ:wm. va
unearned income of the landlords through Ricardo’s differential
rent mechanism is a part of the “energy’” which fuels the trade
cycle. (Technical progress is another.) -

But Ricardo, who explicitly denied the very possibility of a
“general glut,” was in no position to appreciate the ﬂmsmmmw.gwor-
anism pointed out in this section, and therefore his predictions
turned out to be very far from the truth. .

In closing this section, we repeat that this transfer mechanism
has the status of a hypothesis, not of a proven theory. Its proof, or
disproof, depends upon future work by economic historians.

D. Implications for trade cycle theory

The nineteenth-century trade cycle clearly had some features
which differ greatly from the trade cycle in the twentieth century.
Landed proprietors are of minor importance, at best, nowadays.
Nothing in this, or earlier, chapters is a theory of Eomms.vmm% trade
cycles, or pretends to be such a theory. But a few things can be
said, nonetheless.
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The essential point appears to be the existence of unrealized in-
vestment (or at least, placement) expectations. If this is still true,
then the gestation period of an investment project (i.e., the time
between commencement of the project and the first significant
cash flows from it) becomes of prime importance. If the gestation
period is short, there is little room for unrealized expectations—
it is then not too hard to form a fairly accurate estimate of even-
tual returns. To generate the amount of uncertainty which is
needed for an understanding of the trade cycle, the relevant projects
must be projects of long gestation time.

The actual areas of investment in the nineteenth century were
canals, railroads, and major building projects, commercial as well
as residential. For all these, gestation times were long, perhaps five
years at the least, rather more on the average.

Furthermore, speculative booms and crashes at much earlier
times were also associated with long gestation times. John Law’s
Mississippi Company, to dig gold out of the Mississippi delta, as
well as the British South Sea Company, to transport slaves from
Africa to the Spanish colonies in South America, both involved
long gestation times. Neither project involved significant amounts
of fixed capital (the supposed essential factor in some trade cycle
theories).

From this point of view, the acceleration principle (see section
9A) is only an incidental, not an essential, part of the mechanism
of the trade cycle. A relationship between changes in national in-
come and investment in fixed capital may be important in some
trade cycles. But it was clearly completely inoperative in the South
Sea bubble, and largely inoperative in the U.S. railroad bubbles of
the nineteenth century. The railroads were not, to a large extent,
the result of existing demand. Rather, railroads were laid down
across empty land, in the hope that towns and, with them, de-
mand for railway services, would spring up along the railway line.
The investment was done in anticipation of demand, not induced
by demand. Fixed capital and the accelerator appear to have a role
in some, but not in all, of the historic trade cycles. Long gestation
times and their consequences, speculation and unrealized expecta-
tions, seem to be present in all trade cycles.

On this view, any “purely real’ theory of the trade cycle fails to
come to grips with the essence of the phenomenon. This can be
seen most clearly when one considers the sheer sudden speed of
the crash. In late August 1929 the U.S. share market was in full
boom. Two months later, the panic was on, and by the end of
November 1929 the economy was well and truly embarked on ten
years of depression. No “‘real” factors change with such speed.
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Capital stock depreciates, of course, but not in two months! Yet,
in two months, the total valuation of the capital stock of the
United States had dropped to approximately two-thirds its initial
amount. No “real’” factor could possibly explain such a rapid drop.
But a psychological factor, of ‘‘business confidence,” is quite ca-
pable of changing at such a rate. To quote Keynes (1936, p. 315):
“It is of the nature of organised investment markets, under the in-
fluence of purchasers largely ignorant of what they are buying and
of speculators who are more concerned with forecasting the next
shift of market sentiment than with a reasonable estimate of the
future yield of capital-assets, that, when disillusion falls upon an
over-optimistic and over-bought market, it should fall with sudden
and even catastrophic force.”

In many ways, the speed of the crash is the acid test of any the-
ory of the trade cycle. Most of the currently prominent theories
fail that test. The much too slowly descending phase of the Hicks
model (Hicks 1950) has already been discussed, in section 10A. A
theory which has not been discussed earlier, that of Schumpeter
(1935, 1939), breaks down at just this point. The theory relies
upon “waves of innovation’ and suggests that the trade cycle is the
price we must pay, and must be prepared to pay, for continued prog-
ress. The voluminous evidence piled up by Professor Schumpeter is
indeed impressive; but it fails to convince, for two reasons:

1. The association between trade cycles and innovations is fre-
quent, but not at all universal. Canals and railroads may be innova-
tions, but what about residential and commercial building in the
nineteenth century? Those who have seen the results in Britain
wish fervently that the Victorian builders had been just a tiny bit
innovative. Their structures are much inferior to those of Roman
Britain; the ancient Romans, but not the Victorians, at least insisted
on central heating, baths, and toilets in their homes! And, to go
back to an earlier panic, what was innovative about the project of
the South Sea Company? The project was for one of the oldest
trades in the world, the slave trade.

2. A “real” cause, such as innovation, is quite incapable of ex-
plaining the crash. Of course, a wave of innovation peters out after
a while, when it has been adopted universally. After the railroad
network has been substantially completed, we must wait for auto-
mobiles, or airplanes, for the next big innovative push to the econ-
omy. But how does that effect produce the railroad panic of 18737

From our point of view, the conventional trade cycle theory
which comes closest to the essence of the phenomenon is the
much disparaged ‘“monetary’” theory of Hawtrey (1926, 1928)."

4For a modern, post-Keynesian view of monetary instability, see, for exam-
ple, Minsky (1977).

s
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He pays very much attention to the state of current expectations,
to the state of credit. But Hawtrey emphasizes, we believe mis-
takenly so, the causative role of trading banks in altering the cost
and availability of credit, thereby affecting the state of current ex-
pectations. In nineteenth-century Britain, bankers were largely
middlemen, just as stockbrokers are today. Stockbrokers and
bankers would be only too happy to control the state of business
confidence, and they often try to affect it by means of issuing
public or semipublic statements, optimistic circulars, and the like.
But it is highly doubtful whether such efforts amount to much;
they seem to be successful only when business confidence would
be high even without them. Of course, unlike stockbrokers, bank-
ers can do something more positive than merely issuing statements.
They can grant, or withhold, credit. But there is scant evidence, if
any, that the withholding of bank credit is the real cause of panics.
A famous contrary instance is the 1929 crash: It is likely that the
crash would have come much earlier than it actually did, namely,
in March 1929, had it not been for the action of the banks, with
the National City Bank as their leader, to extend credit at that
time, thereby positively encouraging, aiding, and abetting further
speculation (Galbraith 1955).

The eventual crash, in October and November, cannot be blamed
on the banks. It came from the much delayed realization by in-
vestors that shares had been bid up to levels which were completely
inconsistent with likely, or even conceivable, future profits of the
companies issuing those shares. The crash in share market confi-
dence came first; it was not itself caused by any action of the banks.
To the extent that the banks did anything, they delayed the crash;
they did not cause it.

Some of the very best work on trade cycles can be found in
books which aim to be descriptive and suggestive, rather than fully
theoretical. Besides the well-known early work of Mitchell (1913)
and the “Notes on the Trade Cycle” in Keynes (1936), there exists
a much less well-known, excellent little book by Lavington (1922);
all of these should be required reading for economists interested in
trade cycles. It is striking that the people who have studied the
phenomenon most closely all agree on emphasizing the psycholog-
ical factor of business confidence as being overridingly important.
Perhaps it is best to close this chapter by quoting an earlier but
equally astute observer, Walter Bagehot (1873, pp. 131, 138-139,
and 160):

Credit —the disposition of one man to trust another—is singularly
varying. In | I, after a great calamity, everybody is suspicious of
everybody; as soon as that calamity is forgotten, everybody again con-

fides in everybody.
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The fact is, that the owners of savings not finding, in adequate quanti-
ties, their usual kind of investments, rush into anything that promises
speciously, and when they find that these specious investments can be
disposed of at a high profit, they rush into them more and more. The
first taste is for high interest, but that taste soon becomes secondary.
There is a second appetite for large gains to be made by selling the princi-
pal which is to yield the interest. So long as such sales can be effected the
mania continues; when it ceases to be possible to effect them, ruin be-
gins.

When we understand that Lombard Street is subject to severe alterna-
tions of opposite causes, we should cease to be surprised at its seeming
cycles. We should cease too to be surprised at the sudden panics. During
the period of reaction and adversity, the whole structure is delicate. The
peculiar essence of our banking system is an unprecedented trust be-
tween man and man; and when that trust is much weakened by hidden
causes, a small accident may greatly hurt it, and a great accident for a
moment may almost destroy it.

CHAPTER 15

Notes on the Tableau Economique

A. Background and importance

In the year 1760, the king of France was Louis XV, great-grandson
of that Louis (XIV) who had said "’L’etat, c’est moi!”” Louis XV
was living happily with Madame Pompadour. Her household physi-
cian was Dr. Francois Quesnay.

By any reckoning, Quesnay was one of the greatest geniuses in
the entire history of economic thought. He was the founder and
inspiration of a school of economists called the ‘“physiocrats,”
who had a brief spell of notoriety in the France of the ancien
régime, roughly between 1760 and 1770. But his importance for
economics extends way beyond this rather limited success. In our
view, Quesnay initiated that way of looking at the economy of a
nation which is, to this day, the best and perhaps the only method
which can be used under truly dynamic conditions, where equilib-
rium concepts are not applicable.

As a physician, Dr. Quesnay was interested in the circulation of
blood in the human body. Whether this suggested his study of circ-
ulation in the body social, or whether it was merely used by him
as an illustration is not clear. But he certainly did consider the
circulation of commodities and money in the economic system
and developed his Tableau Economique to explain his ideas. The
Tableau Economique appeared in several editions in the years
1758 to 1760. The third edition is reprinted, with an English trans-
lation, in Kuczynski (1972). A number of the writings of Quesnay,
as well as of later physiocrats, are available in English in the delight-
ful book by the late Professor Ronald L. Meek, “The Economics
of Physiocracy’ (Meek 1963).

The contribution of Quesnay to economic science is overwhelm-

J1hH
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ingly important and is insufficiently appreciated by many econ-
omists today. One main purpose of these notes is to present the
basic ideas in a form, different from the tabular form used by
Quesnay himself, which may be of more appeal to modern econ-
omists, in the hope of aiding and advancing the appreciation of
Quesnay’s genius by the profession. From the point of view of dy-
namic economics, the Tableau Economique is infinitely more rele-
vant than the general equilibrium system of Walras. Unlike that
system, the Tableau Economique is capable of handling dynamic,
nonequilibrium situations on a macroeconomic scale. In these
notes we shall confine outselves to stationary situations, for the
sake of simplicity. But the dynamic theory of chapter 7 was based
directly on the ideas of Quesnay.

The economic system which we shall postulate below is an ex-
tremely rough simplification of the French economy under the
ancien régime, and our interpretation of the views of Quesnay dif-
fers from that of Professor Meek, particularly as regards the mean-
ing of the produit net (net surplus). We do not maintain that our
interpretation is better, in the sense of being closer to the histor-
ical truth; but it is a possible interpretation, which allows us to de-
velop the theory in a clearer fashion. The actual writings of
Quesnay are not always terribly clear; there is a strong suspicion
that this was to some extent deliberate. The ancien régime had
rather unpleasant ways of dealing with people who put unpopular
(with the king) views too plainly.

As soon as an economy is capable of producing a surplus, over
and above the inputs needed for next year’s production at the
same level, the usual three questions arise: (1) Who gets the sur-
plus? (2) How is the surplus used? (3) If (the usual case) there is
some choice about what is produced, and how, who makes these
choices, and on what basis?

In eighteenth-century France, ultimate power resided in the
aristocracy with the king as its absolute head. Whatever surplus the
French economy was capable of yielding, this class appropriated
to themselves. The most important method of appropriation was
the levying of rent for the use of land. The aristocrats themselves
were concentrated at Versailles, under the eye of the king; Louis
XIV had seen to that, and his great-grandson maintained that sys-
tem. Unlike the contemporary British aristocracy, the French
aristocracy had little direct interest in the land they owned. All
they cared for was the rent, which was collected for them by rent
collectors, from an ever more impoverished peasantry. This is the
answer to question one.

Nowadays, we tend to take it for granted that much of any sur-
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plus should be used as investment, so as to be able to produce a
larger output in the future. But back in eighteenth-century France,
investment was far from the minds of the ruling class. What mat-
tered to them was personal consumption, including much ostenta-
tion, and the glory of war. The entire surplus, and at times amounts
in excess of that, was spent that way. It is against this background
that one has to understand the nearly contemporary insistence of
Adam Smith on growth and development and investment.

Finally, whatever choices exist are decided by the aristocratic
class, to please themselves. No one else has a ‘‘vote’” in that
“election.”

For simplicity, we shall assume a steady state, with a constant
amount of land, L acres of it, used every year, and constant out-
puts of corn and iron. There seems to be some evidence that out-
put was actually decreasing slowly; i.e., the aristocrats took more
out of the system than the system was able to provide under
steady-state conditions. But the decrease, if real, was slow, and the
steady-state assumption makes the theory much simpler. Here we
shall work with just two commodities, corn and iron. But the gen-
eralization to N commodities is given in the mathematical appendix.

B. Quantities

As usual, and quite realistically for eighteenth-century conditions,
we assume a fixed coefficient Leontief technology. However, un-
like our use in chapter 3, we must now allow for a nonproduced
input, namely, land. The other difference from chapter 3 is that
there is neither investment nor growth. Our input-output scheme
is:

Land Corn Iron

(acres) (quarters) (tons) Output
1 7 0.90 + 0.05 ————» 1 quarter corn
0 + 0.60 + 0:20] =i | ton iron

Note that land is an input but not an output (or, alternatively, we
may think of the first process as joint production, the outputs be-
ing 1 quarter of corn and 1 acre of land; but this makes no real dif-
ference subsequently). The limited amount of land available, L
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acres by assumption, thus puts an upper limit on total production.

In order to produce y, quarters of corn, we need y, acres of
land, 0.9y, quarters of input corn, and 0.05y, tons of input iron.
In order to produce y, tons of iron, we need no land, 0.6y, quar-
ters of input corn (to feed the iron workers), and 0.2y, tons of in-
put iron.

What is the net amount of corn produced, i.e., the excess of
corn output over total corn input? We call this amount r, . It is
given by:

w.m = V- - Ao.wvxw + O.@Vxnv” O.HV\_ = O.QV\M

We call this the produit net of corn, r; quarters of it. The produit
net of iron is, by a similar argument:

r, =y, —(0.05y, + 0.2y,)= —0.05y, + 0.8y,

These are the net amounts available for consumption by the aristo-
crats.

In this section, we shall confine ourselves to two extreme cases
for the consumption preferences of aristocrats:

Case A: The aristocrats maintain menial servants (who eat bread
made from corn) but no fancy equipages (which require iron for
their construction).

Case B: The aristocrats take all their produit net in the form of
equipages (iron) and have no desire for a net product in the form
of corn (no servants).

Clearly, these extreme preferences are unrealistic, and we shall
allow for a wider range of choices in section E.

If case A holds, then the aristocrats want no net product of iron
at all; i.e., things must work out in such a way thatr, = 0. Using
our formula for r,, we see that this means 0.05y, = 0.8y,, or
y, = 16y, . Thus, to achieve zero net output of iron, the mxomm.ocﬁ-
puts must be in the ratio 16 quarters of corn for every ton of iron.
However, not only is this ratio known, but we also know the abso-
lute amount of (gross) output corn which can be produced by this
economy: It is simply y, = L, since by assumption it requires one
acre of land for every quarter of output corn, and there are L acres
of land altogether. Thus, our solution for case A is, using the
formula forr, :

Case A
Gross:y, = L, y, = L/16 Net:r, = y,/16=L/16, r, =0

In looking at this solution, we note that, of the entire gross out-
put of corn, 15/16 must be plowed back (as seed corn and food
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for the working population), and only the remaining sixteenth is
available as produit net to feed the menial servants of the aristo-
crats.

Take case B next. The aristocrats want no net product of corn
(no servants); hence we must have r; = 0. Our formula for r, then
leads to 0.1y, = 0.6y,, ory, = 6y,. The gross outputs y, and y,
are now in theratio 6:1, different from the 16:1 we got for case A.
The consumption preferences of the aristocrats have affected the
gross output of iron from the economy. With land limited as be-
fore, the total output of corn is still given by y, = L, and so (using
the formula for r, ) we have the results:

Case B
Gross:y, = L, y, = L/6 Net:r, =0, r, = 0.5y, = L/12

Now the entire output of corn is plowed back (net product of
corn = 0), and half the iron output is plowed back. The other half
is available to make equipages for aristocrats at Versailles.

From the point of view of the aristocrats, it is purely a matter
of taste whether they prefer their share of the surplus, i.e., all of
it, in the form of surplus corn or surplus iron. But these preferences
do have an effect on the behavior of the economy as a whole—in
our simplified example, an effect on the total output of iron. We
get more iron output in case B than in case A. The underlying rea-
son is that people who were unproductive menial servants in case
A have become productive workers in case B. But, while they are
“productive’ workers in the sense of generating a tangible product,
extra iron, this product does not serve to cause economic growth;
rather, it is wasted on showy equipages for aristocrats.

What we have now shown is that output quantities, both gross
and net, are determined in this system and are influenced by aris-
tocratic consumption.preferences.

C. Metayers and fermiers

Much more important than this small difference in total iron out-
put between our cases A and B is the underlying constancy, and
paucity, of agricultural output. No matter what the aristocrats pre-
fer, this economy produces the same small amount of ¢orn and
can support only the same small population. It would be most mis-
leading to discuss the Tableau Economique without mentioning
the major concern of the physiocratic school, namely, to make
French agriculture more capital intensive and hence more produc-
tive.
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In the France of the ancien régime, there were two main forms
of land cultivation: .

1. by metayer (share cropper), a primitive form of agriculture
using oxen rather than horses and very little capital m@c.EB.mEU of
any sort; the rent to the aristocratic landlord was levied in kind, as
a (large) fraction of the harvest, usually half or more; msa. N

2. by fermier (entrepreneur farmer), who employed significant
amounts of capital, rented larger parcels of land, and farmed them
by more modern, larger scale methods so as to o_oemm:.m Ecos bet-
ter yield per acre, both gross and net; the rent was paid in money,
not in kind.

The main thrust of the physiocratic argument was in favor of
fermiers against metayers. This argument was Q.ﬁ.moﬁma,. soﬁ.do
either fermiers or metayers, but rather to the mﬁmeoﬁ.m&o ruling
class, pointing out to them that it was in their direct interest #@
permit, even to encourage, more efficient methods of land culti-
vation.

We can reproduce the essence of this argument by means of our
super-simple model. Let us change the input-output table to en-
visage a more efficient form of agriculture, in which one quarter of
corn can be produced on half an acre, rather than a full acre, of
land, and with input of only 0.25 quarters (rather than 0.90 quar-
ters) of corn. The input of iron (machinery) must be larger, now,
however; let us say 0.15 tons of iron rather than 0.05 tons. Our
new input-output table reads:

Land Corn Iron

(acres) (quarters) (tons) Output

0.50 + 0.25 + 0.16 ——————— 1 quarter corn
0 F 0.60 + 0.20 - 1 toniron

Note that we have assumed no change in the technology of iron
manufacture; i.e., the second line of the table is unchanged.

We can now go through exactly the same calculation as _ommw:y
for the two separate cases A and B. We forego the details, and just

state the results:

Case A
Gross: vy, = 2L, y, = (6/16)L Net: r, = (b1/40)L, r, =0

NOTES ON THE TABLEAU ECONOMIQUE 321

Case B
Gross: y, = 2L, y, = (5/2)L Net:r, =0, r, = (17/10)L

The improvement is striking, particularly in the net outputs,
which are what the aristocrats collect. In case A, the produit net
of corn has jumped from L/16 to (51/40)L, a ratio of 816/40 =
20.4. This is a better than twentyfold rise in net product, from a
twofold rise in the amount of corn producible by one acre of land.
It is easily seen that, in case B, there is a similar rise in the produit
net of iron. An aristocrat might well be tempted by a twentyfold
(') increase in his consumption possibilities. We note, in passing,
that there is no benefit at all to the common people; all of them
are still at bare subsistence level. The economy can maintain more
of them (higher gross output of corn), but all that does is to pro-
duce more cannon fodder for the wars of the aristocrats.

Returning to these aristocrats, one would think that a promise
of such an enormous improvement in their consumption possibil-
ities would make an unbeatable case for the policy being advo-
cated. However, historically it failed to convince them, and the
physiocratic recommendations were tried only halfheartedly and
for a short while, then abandoned. What makes the case so imper-
fect? One can think of two reasons:

1. There is a hidden contradiction between the assumptions that
the entire produit net is collected by the aristocrats, but fermiers
(i.e., capitalist farmers) are used to generate that produit net. In
the absence of any net profit to them, the fermiers have no in-
centive to invest capital and lease land from the aristocrats. The
physiocrats did not admit the concept of profit, proportional to
invested capital, as a category of income (Adam Smith was the
first there); although some of the physiocrats did attempt to smug-
gle something akin to profit into their system, by various back-
door methods.

2. As is so usual with strictly economic arguments, this one pays
no attention to some very important likely social and political
consequences of the policy being advocated. A clever aristocrat,
or one with merely a gut feeling about popular response, might
well conclude that this whole line of argument is terribly subver-
sive of his interests. The more clearly and directly one argues this
case, the more obvious does it become that the aristocratic land-
lords (the “proprietor class” of Quesnay) have no productive func-
tion at all. They are merely unproductive consumers who do noth-
ing for the society on which they live as parasites. Objectively, this
is true no matter whether agricultural production is carried on by
metayers or fermiers. But, in the short run at least, the aristocrats
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are safer with poor wretched metayers who are too ignorant and
disorganized to do anything about their condition, than with
wealthy fermiers who could, and did before long, question the
fundamentals of the system.

Be it for either of these reasons, or merely because of the innate
conservatism of a powerful landed aristocracy, the physiocratic
policy recommendation was not implemented, and the country
continued wretchedly under the old system. Louis XV was a poor
king by any reasonable standard, but no one can fault his powers
as a prophet. He was the one who said: “Aprés moi, la déluge.”

It is interesting to observe that advice by economists is not al-
ways faulty. In this, one of the earliest cases of advice by a group
of economists to a government, the economists were entirely right.
The politicians must be blamed for the inaction which led to utter
catastrophe a mere thirty years later.

D. Prices

So far, we have determined all quantities produced, but we have
no prices.

We return to the first input-output table, in section B. Let p; be
the price of a quarter of corn; p, of a ton of iron. Now consider
the iron producers. For each ton of iron that he brings to market,
the producer gets p,. In order to maintain next year’s production
at the same level, he must purchase inputs to produce one ton of
iron, namely, 0.6 quarters of corn and 0.2 tons of iron, at a
total cost of 0.6p, + 0.2p, . His net gain per ton of iron is the dif-
ference between his incomings and his outgoings. But, in the physi-
ocratic system, this net gain must be zero! The iron producer is
not a member of the “proprietor class™ (the aristocrats), but rather
of the “sterile class” which consists of (to quote Quesnay) “man-
ufactured commodities, houseroom, clothing, interest on money,
servants, commercial costs, foreign produce, etc.”” In the physio-
cratic system, it is assumed that the entire produit net goes to the
“proprietor class”; none of it to either of the other two classes
(the “sterile class” and the “productive expenditure class,”” the lat-
ter working on the land). Since the net gain must be zero, we ob-
tain the equation:

Net gain of iron producers per ton= p; — (0.6p; + 0.2p,)=0

This is equivalent to 0.6p, = 0.8p,, or 3p, = 4p, . Prices must ad-
just themselves so that four tons of iron exchange for three quar-
ters of corn. At this ratio, and only at this ratio, is it true that the
iron producers break even, exactly, without net gain or loss.
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Note that this price ratio is completely independent of the pref-
erences of the aristocrats as between corn and iron for their produit
net. Whether they prefer servants to equipages, or vice versa, the
same price ratio between corn and iron prevails in the market.

There is a third price in this system, namely, the rental of an
acre of land, which we shall denote by R. To get this, consider the
situation of the corn producers (we ignore the fact that the
Emgv&% were actually share croppers who paid rent in kind, not
in money). For each acre of land rented, the producer must vw% R
in rent. He produces one quarter of corn from this acre, which he
sells at price p,. He must purchase productive inputs for the next
year, namely 0.9 quarters of corn and 0.05 tons of iron. His net
balance, which must be zero in the physiocratic system, is then:

—R + p, — (0.9p, + 0.05p,)=0
so that, using p, = 0.75p, , we find that
R = 0.1p, — 0.05p, = 0.1p, — (0.05 X 0.75)p, = (1/16)p,

Thus, we conclude that the rental of an acre of land is 1/16 of the
gross money yield from farming that land and, of course, equal to
the entire net money yield from that activity.

All prices are now determined, except for a common numeraire
and these prices have turned out to be independent of the oos”
sumption preferences of the aristocrats, under our assumptions (in
particular, constant coefficient technology).

We now proceed to show that another set of aristocratic prefer-
ences, namely, the method used to collect the value equivalent of
the produit net, does matter for the price system. So far, we have
assumed that collection of rent was the only method. Historically
there were at least two others of importance: (1) the corvee &”
rect labor service by the tenant on the lord’s land, and Amv,a:m
gabelle, a commodity tax on an essential consumption good (on
salt). To make our point, we now introduce a gabelle into our
.Bomm_. To keep to just two commodities (the general case is treated
in the appendix) we levy a tax, at rate T, on corn. That is, if p, is
the price of a quarter of corn prior to the tax, then the buyer has
ﬁo. pay a total of (1 + T)p, for this quarter, of which sum p, is re-
tained by the seller, and Tp, goes to the king at Versailles. .

How does this tax affect the price system? The money balance
equation for iron producers is now changed to:

Net gain of iron producers per ton =
p, — 10.6(1+ T)p, + 0.2p,} =0



324 DEFERRED TOPICS

Thus the price ratio p,/p, changes, from the earlier 3/4 to the
present (3/4)(1 + T).

In working out the value balance for the corn producers, we
find that a question arises concerning the taxation, if any, on the
amount of corn needed to start next year’s production of corn. If
the corn producers are foolish enough to bring that corn onto the
open market and then buy it back themselves, then of course @m%
must pay the tax on it. But we shall assume that they are sensible
enough to avoid doing that. Rather, they simply withhold that
amount of corn from the market, thereby cheating the tax col-
lector. (The actual gabelle was on salt, not on corn; since one needs
very little salt in order to operate a salt mine, this issue was never
of any importance in practice.)

Under these assumptions, the value balance for the corn pro-
ducers reads:

—R + p, — (0.9p, + 0.05p,)=0

This is the same equation as before (it is changed if a tax wm. levied
on iron as well). But since the ratio p,/p, has altered, the final re-
sult for the rent R is altered also, and turns out to be:

R = (1/16)(1 — 0.8T)p,

One effect of the commodity tax, therefore, has been to decrease,
by a fractional amount 0.87T, the rental of an acre of land expressed
in corn units.

However, this must not be confused with Ricardo’s much later
views on the desirability of taxing rents. The aristocratic class does
not suffer any diminution in its total disposable income. It still
collects the entire net product of the economy. All that has
changed is the method of collection, and the price system.

E. Marginal utility and welfare

In section B, we assumed that the aristocrats have such a decided
preference for one particular commodity that they want their en-
tire produit net in the form of that commodity (corn in case A,
iron in case B). We now wish to relax that extreme assumption, to
allow a preference for some mixture of these commodities.

In the usual neoclassical theory of consumer preferences, one
assumes that there is a utility function U = U(r,, r,) which gives
the utility, to consumers, of a quantity r; of corn and r, of WO.?
Net rather than gross quantities enter, since only the net quantities
are available for consumption. .

This utility function is taken to be a function of actual quanti-
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ties consumed, not of any prices. Thus this theory assumes that,
unlike real people either today or then, these French aristocrats of
economic fiction are never tempted to consume anything because
it is expensive and thereby shows off their wealth. On this assump-
tion, a gorgeous court robe was ordered solely because of the in-
trinsic aesthetic satisfaction the lady obtained from wearing it,
never, oh never, to bolster the social standing of her husband or
protector through indicating his wealth and power. For, if the cost
of the consumption good is of itself a part of its utility, then the
utility function has to be taken as a function of prices as well as
quantities; that is, U = U(r,, r,, p,, p, ) rather than U= U(r,, r,)
only, and the theory about to be developed is no longer valid.

On the reasonable assumption that “more is better,” U(r,, r,) is
an increasing function of r; (for constant r,) and of r, (for con-
stant r; ). But neither r; nor r, can be increased indefinitely. They
are restricted by the input-output table (we take the one at the
start of section B) and by the total quantity of land L. In section
B, we worked out relations for r; and r, in terms of gross prod-
ucts, and we repeat them here for convenience:

r, = 0.1y, — 0.6y, r, = —0.05y, + 0.8y,

For our present purpose, it is better to think of the net products
ry and r, astheindependent variables. Solving for y, and y, gives:

y; = 16r; + 12r, y, =r, + 2r,

The conditions which must be satisfied are then:

1. that r; and r, must be positive or zero; otherwise the econ-
omy cannot continue to yield the same outputs the year after,

2. that y, and y, must be positive, and

3. that the amount of land needed ( =y, in our case) must not
exceed L.

The problem of the aristocrats is to maximize their utility
U(r, ,ry) subject to these three restrictions.

We can assume from the start that r;, and r, are nonnegative.
The formulas for y, and y, then show that these will be nonnega-
tive also. Hence restrictions 1 and 2 cause no difficulty. The real
limitation is the third condition. We may assume right away that
all the available land is used, since there is no advantage to aristo-
crats in not doing so. Since y, = L for our input-output table, the
maximization problem takes the form:

Maximize U(r,,r,) subjectto 16r, + 12r, = L

This is a standard problem to which the answer is well known. One
draws “indifference curves” in the (r, ,r, ) plane, these being curves
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along which U(r,,r,) = constant. One also draws erm.m_ocw:m ::.m
16r, + 12r, = L (for the given value of L). H:m optimal point is
the one at which this line is tangent to an indifference curve; un-
der reasonable assumptions about the utility m::oﬁﬁ.vs U (see ap-
pendix), this optimal point is unique and Smr determined.

At this optimal point, the marginal utilities 3 U/dr, and 9 Q /or,
must be proportional to the coefficients, 16 m:ﬂ 12 respectively,
in the equation of the slanting straight line which represents the
production possibility constraint. Letting ¢ stand for the common
factor in this proportionality, we therefore get:

dUJor, = 16t  dUfor, = 12t

We are therefore looking for a (we hope, only os‘mv vo.:paw on z.a
line 16r, + 12r, = L for which both these wmwmﬁosmcﬁm mwm.mmfm-
fied, for some suitable value of t. This is then the o.:wms.mm point o.m
tangency, and thus the optimal point for the desires of the ulti-
mate consumers in this economic system. B

All this looks very similar to standard marginal E:;% theory.
However, the similarity is more formal, mathematical, than eco-
nomic. In the standard theory, the constraint is one of wealth and
therefore involves prices. If our consumer has an Edoca of
money M available for consumption spending, the constraint is:

rypy +rapy =M

Mathematically, this is of the same, linear mo.ﬂz as the oo:mﬁmw.:n
we imposed, 16r; + 12r, = L. But economically, g.m% are Q..Eg
different. The meaning of the coefficients 16 and 12 is :o_.U prices,
but rather marginal amounts of land needed to get a unit incre-
ment of extra net product: If we wish to produce one more quar-
ter of wheat, net, then the condition 16r, + 12r, = L _B@rmm that
we must bring into cultivation 16 extra acres of land (to increase
r, by 1 without change to r, ). Marginal amounts of land, not mar-
ket prices, come in here. .

But how is this possible? Why aren’t our .Eﬁ::mﬁm consumers
limited by money? The answer is simple: Political power! Omﬁ. ulti-
mate consumers are the aristocratic class, gm. rulers of this woo-
nomic system. Money is no limitation at all; it is not even a serious
consideration. Should the money raised from rents and taxes be
insufficient to purchase the entire produit net of the economy,
they simply decree increases in rents or taxes, or both, until the
money is enough. .

One should not be confused by the fact ﬂ:mﬁ._: er.m mcmm.Som of
commodity taxes, the price ratio p, /p, = 3/4 is _Qmsﬁow._ with the
ratio of marginal amounts of land, 12/16. By introducing a new
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factor of proportionality s, we can therefore also write our earlier
marginal utility equations in the form:

®Q\@~‘_ = 8P, WQ\QXN = 8p,

or in words: In the absence of ‘“distortion” of the price system by
commodity taxes, the equilibrium market prices p,, p, are direct-
ly proportional to the marginal utilities of the (net) quantitiesr,,
r, of the corresponding commodities to the ultimate consumers.

Stated in this way, the result is completely consistent with neo-
classical marginal utility theory. However, this statement is highly
misleading, for two reasons:

1. The appearance of prices is accidental, not essential; as soon
as there are commodity taxes, the price ratio p, /p; is no longer
equal to the ratio 12/16 of the marginal amounts of land, and it is
the latter, not the price ratio, which defines the ratio of marginal
utilities.

2. While marginal utility is important, particularly in determin-
ing quantities, there is no marginal utility theory of value here.
The values (prices) are determined independently of the consump-
tion preferences of the aristocrats. Given the input-output table
(p. 317) and the table of taxation rates, prices are determined.
Marginal utility is used, independently, to decide on quantities
(gross as well as net) of the various commodities to be produced so
as to maximize the satisfaction of the ultimate consumers. Price
ratios do not enter into this at all, since the aristocrats are not
limited by any money constraint as such.

In economics, there is a distinction between “positive econom-
ics,” which seeks to describe the economic system as it actually is,
and ‘“welfare economics,” which attempts to lay down ‘“opti-
mum’ conditions so as to maximize ‘‘welfare.”” It will be of some
interest to see what welfare economics might have to say about
our present system. The problem has been: Maximize the utility
of the ultimate consumers in this economy, subject to the unavoid-
able constraints imposed by the production technology and the
available resources (land, in particular). It was by following up this
maximization problem that we were led to introduce marginal
utility.

Having posed, and then solved, a maximization problem, we see
that the solution so found is clearly optimal. It has been con-
structed so as to maximize consumer utility. Obviously, then,
everything is for the best in this best of all possible worlds.

But wait a minute! This is the world which exploded into vio-
lent and bloody revolution within one generation of 1760. Clearly,
some people in this society must have been unconvinced that they
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were living under ideal conditions. Indeed, when revolution broke
out in 1789, these malcontents formed the overwhelming majority
of the population of France.

Is our simple model good enough to encompass this aspect of
historical truth? Yes, indeed; it is quite easy. One merely needs to
look at whose utility is being maximized. Our U = U(r,,r,) is
the utility function of the aristocrats. They collect the entire net
products, r, of corn and r, of iron. Their preferences, and their
preferences alone, decide what is being produced in this economy.
No one else has a single “vote” in this “election.” The only *‘sov-
ereign consumers”’ are consumers of the produit net, the very ones
who do nothing whatever to earn their keep in this society. No
wonder everyone else is just waiting to revolt.

We conclude that maximization of the utility of the ultimate
consumers is no guarantee of true social welfare. On the contrary,
it is entirely consistent with the possibility of long-continued ex-
treme social misery.

Welfare economists might reply that they are aware that income
distribution issues are an important factor which should not be
ignored. But all too often, having made that statement, they then
proceed to ignore “distributional questions.” This is an entirely
illegitimate and misleading procedure. The formal questions of
maximization of utility functions pale into insignificance com-
pared to questions of distribution, when we wish to say something
normative about true social welfare. If anyone thinks that ‘“‘dis-
tributional questions” are of minor importance, then our example
from 1760 is as strong a reductio ad absurdum as a man could re-
quire.’

We conclude this chapter with some brief comments on the
interpretation of the Tableau Economique and the produit net.
Professor Meek (1963) accepts the Marxist interpretation of the
physiocrats as forerunners and promoters of capitalism and con-
sequently of the produit net as a forerunner of Marx’s surplus val-
ue. The problem with this is the poor position of the capitalist far-
mers (fermiers) in the tableau. The entire produit net goes to the
proprietor class (the aristocracy); the physiocrats allow none of it

1 We mention, in passing, an equally important point: ‘‘Utility’’ is by no
means just a function of quantities of consumption goods, certainly not to
captains of industry. John D. Rockefeller was noted for his abstemious living.
If all he had desired was an adequate, for him, level of consumption goods, he
should have stopped work many, many years before his actual retirement.
This was not his motivation at all, or at most to a very minor extent. His real
motivation was obviously elsewhere, in such areas as power, influence, the
sheer love of winning a fight, etc. We have never seen these factors in any
utility function. But if utility is to be taken seriously, just these factors most
certainly have to be included. As it is, utility theory cannot be taken seriously
at all.
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to go to either the “productive expenditure class” (farmers who
pay rent for land) or the “sterile class’ (everyone else). The Marx-
ist explanation is that the physiocrats perceived the produit net
purely in terms of a physical surplus of output over input. Such a
surplus is directly visible in agriculture but tends to be concealed
in the “sterile” trades. But this argument fails to explain why the
“productive expenditure class,” which does work on the land,
does so poorly for itself in the physiocratic scheme of things.

Our interpretation is different. It makes the physiocrats appear
more as “reactionary” defenders of the status quo than as ‘“‘pro-
gressive” precursors of capitalism. In our view, the produit net is
simply the entire net physical product of the economy, in what-
ever form it may arise (the actual form, corn or iron or both in
some proportion, being decided by the consumption preferences
of the aristocrats). This interpretation is not at all obvious by
looking at the Tableau Economique, because the Tableau is ex-
pressed in terms of values rather than quantities. If the aristocrats
collect the value equivalent of the produit net entirely through im-
position of rent payments, and if rent is paid by farmers for the
use of productive land, then it follows that the value of the pro-
duit net is paid to the aristocrats purely by that class which pays
rent: the “productive expenditure class” of the physiocrats.

In our view, this provides a natural explanation of the physio-
cratic distinction between “sterile”” and ‘‘productive’’ expenditure.
“Sterile” expenditure produces no rent payments; this is what
makes it sterile from the point of view of the aristocrats. “Produc-
tive” expenditure produces rent. This is the goose that lays the
golden eggs.

We do not insist on this interpretation, in the sense of asserting
that it is a historically accurate view of the physiocratic system.
Indeed, since the physiocrats did not have an explicit theory of
wm_:m (such as, say, our theory of section D) it is hard to decide
Just what their imém were. All we wish to maintain is that ours is a
possible view of their system, a view which suits our purposes bet-
ter than the conventional Marxist interpretation.

F. Mathematical appendix

Assume that there are n commodities labeled i = 1,2, ... ,n. The
output of commodity i is Y; taken gross, and r. taken net. We as-
sume Leontief technology, which requires an :N:Ea of a.. units of
commodity j in order to produce unit output of ﬁc::s%;:% i. In
addition to ordinary commodity inputs, we may also need an in-

put of land, which is not i " a produced commodity, nor is it




330 DEFERRED TOPICS

used up during the production process. We shall use the symbol b,
to denote the amount of land (in acres) needed to produce one
unit of commodity i.

The relation between the net products f and the gross products
¥ is:

n

=y, — a.. 15.1

J. v\\. MH VJQQ ( )
i=

It turns out to be convenient to introduce the matrix (n-by-n) V
through:

V= b;— a (15.2)

where m:. =1ifi=7J; mm = 0if i # j. With this notation, (15.1) be-
comes:

n

r. = M AL (15.3)
1=

It will be convenient to start with the extreme case in which the
aristocrats want the entire produit net in the form of just one
commodity, say commodity number k. In that case, the equations
which determine the outputs of all commodities, gross, are:

n
> yibi=L (Total land use = L) (15.4)
i=1

M y;V,;=0 for allj# k  (Zero produit net forj+ k) (15.5)

These equations are 1 + (n—1)=n equations in the n unknowns
Y; and can therefore be solved under reasonable assumptions mcoﬂ.:
the matrices involved. In particular, let us assume that the matrix
V has an inverse, which we shall call W. (Such an inverse must
exist if the economy is “productive” in the sense used in, and de-
fined just prior to, theorem 3.10.)

Let t be an arbitrary scale factor, to be determined later. The

n — 1 equations (15.5) then have the general solution:
¥ = tW,, ; (= 1,2, o 50 50) (15.6)

This can be verified directly by substituting (15.6) into (15.5) and
using the fact that the matrices V and W are inverses of each other;
1.8
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B :

Mf.ﬁ.suﬁ.sm:QMsfa\mu@S Gm.d
j=1 i=1

We now determine the scale factor ¢ in (15.6) by substituting this

into (15.4) and solving for t. This procedure yields:

-1

n
t=L| D, Wyb; (15.8)
i=1

The combination of (15.6) and (15.8) provides the desired solu-
tion for all quantities p,, if the aristocratic consumption prefer-
ences run entirely to one particular commodity k. We shall con-
sider more general consumption preferences later.

To obtain prices, we assume that land rent is R per acre and
that commodity i sells for unit price p;, on which a tax at rate T} is
levied. The producers of commodity i can avoid the tax on their
own use of i for input, but they must pay the tax on all their other
input needs. To produce one unit of commodity i, they must pay
rent for b. acres of land and purchase a;; units of commodity j at a

]

unit price of 53 + ﬁ.v. When they mmz this one unit of i, they re-

ceive p; for it. And (since they are not mimﬁoﬁmamvermw:mﬂmmw:

must be exactly zero. This gives the balance equation:

—Rb, + (1 —a;)p;— Y1+ Tp;=0 (=12 ., n)
jFi (15.9)
We introduce the matrix V' by the following definitions:
Vi =1—a; and,forall j#i, Vi=—q;(1+T) (15.10

We note that, in the absence of taxation (T. = 0, all j), V' isjust
the same as our previous V, equation Cm.&v. With this notation,
(15.9) can be rewritten as:

n
.MH Vip,=Rb,  (i=1,2..., n) (15.11)
i

If we denote the inverse matrix to V' by W', the solution of (15.11)
is immediate:

p;=R D, Wb (16.12)

This shows how the unit price p; of every commodity is related to
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the rent of one acre of land R and to coefficients which are partly
technical @L and partly a combination of technical and taxation
policy Aécv We note that this entire price system is independent
of the consumption preferences of the aristocrats (of the particu-
lar commodity % in which they desire to receive their produit net).

The effect of commodity taxation on prices is rather intricate.
The taxation rates ﬁ, enter linearly into the definition of the matrix
V', (15.10), but therefore enter in a highly complicated, nonlinear

way into its inverse W', which is needed for (15.12).

Let us now turn to utilities, section E. First, letr= (r,, Iy, .- Ty )
be a <mo~0~. (a set) of attainable net products, and let r' C.T
P ) be another attainable set; and let s be any 5:3@9. in

the nm:mm o < s < 1. Because of the linear nature of the assumed
Leontief technology, it then follows that the vector

=sr+ (1—s)' (15.13)

is also attainable, without exceeding available resources (of land).
The set of attainable net products is therefore a “convex set” in
mathematical terms.

We wish to impose a condition on our utility functions to the
effect that the utility of a mixture of commodities is no less than
the weighted average utility obtained by taking the utilities of the
separate commodities. Zmawmaw_uom:%, this means that we want
the utility function U(r) = U(ry, 15, ..., T,) to be a concave func-
tion defined as follows:

Ifr,r', r" satisfy (15.13), then U(x") > sU(r) + (1 —s)U(x') (15.14)

For example, _mﬁ r= (ry, r,) = (30,0) be 30 quarters of corn and
no iron. Let r' = (0,40) be 40 tons Om iron and no corn. Take s =
1/5, which is Umeémms 0 and 1. Thenr” = (1/5)r + (4/5)r' = (6,32),
i.e., 6 quarters of corn and 32 tons of iron. Then (15.14) asserts
armﬁ this combination is at least as ‘“‘utile” to an aristocrat as the
weighted average (1/5)U(r) + (4/5)U(r") of the separate utilities of
30 quarters of corn, no iron, and of 40 tons of iron, no corn. The
“mixture’ is preferable, or at least no worse, than the two ex-
tremes, in this precise sense. (The effect of this restriction is that
the solution of the marginal utility condition turns out to be
unique.)

The relationship between net products and gross products is
(15.8). We use the matrix W, inverse to V, to express gross prod-
ucts in terms of net products:

n
- M Jéc. (15.15)
i=1
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If the economy is productive, theorem 3.10 asserts that the coeffi-
cients <<¢. are nonnegative. Hence, if all the net products are non-
negative, so are all the gross products. The limitation imposed by
the finite amount of available land L then becomes, combining

(15.4) and (15.15):

B
M mznhs:maf.nMsas :m.:.;
= j =

The coefficients f. are the marginal amounts of land; we see this

by differentiating the first equation (15.16):
oLfor; = X, (15.17)

Our maximization problem is then: Maximize the function
U= U(ry, ry,...,r,) subject to condition (15.16). This is solved
in a standard way by introducing a Lagrange multiplier ¢ to take
care of the side condition. The result is:

aU/or; = t\; (i=1,2,...,n) (15.18)

which is the desired marginal utility theorem, relating marginal
utility to marginal quantities of land.

In the absence of commodity taxation, the matrices W in (15.16)
and W' in (15.12) are simply equal to each other; then direct com-
parison yields the relationship \; = p;/R and hence:

aU/or; = (t/R)p; = sp; (i=12,...,n) (15.19)

This is the relationship between marginal utility and prices which
are undistorted by commodity taxation. We call attention to the
discussion in section E which contains objections to this interpre-
tation of (15.19).

Next, let us say a few words about “cardinal utility’’ and ‘““or-
dinal utility.” A utility function U= U(r,, r,, ..., r. ) assigns a
numerical value of cﬁ:@ to every bundle of oosmcav?o: goods;
in particular, the consumer is supposed to be able to assert that a
certain bundle is, say, three times as ‘“utile’’ to him as some other
bundle. This rather implausible concept is called ‘““cardinal utility.”
On the other hand, suppose the consumer, faced with two bundles
c_. goods, r and r', can decide only between three alternatives: (i) r
is less “utile” than r', (ii) r and r’ are equally ‘‘utile,” (iii) r is more
“utile” than r’. This concept is called “ordinal utility’’ since it en-
ables us to establish a rank ordering for all bundles of consump-
tion goods, but not a numerical utility.

Mathematically, the matter is quite trivial. Let F(U) be an arbi-
Lrary monotonically increasing function of U. Given any utility
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function U(r), we can define a new, rescaled utility function U*,
say, by:
U(r) = F{U(r)} (15.20)

The theory based upon cardinal utility is equivalent to the theory
based on ordinal utility if and only if every significant conclusion
derived from the utility function U can also be derived equally
well from the utility function U*.

We now show that this is actually the case for the conclusions
of interest to us. Our essential conclusion was equation (15.18).
Had we started from U*, we should have obtained, instead:

oU*[or; = t¥N; (i=1,2,...,n) (15.21)

where t* is a new Lagrange multiplier. We now use ﬁm.ms.ﬂo de-
rive (15.18), thereby proving the equivalence. Apply the chain rule
of differentiation to (15.20):

oU*[or; = (dF(dU)(@UJar;)

and substitute this into (15.21). Since F is a monotonic function,
dF/dU is positive and hence we can divide by it. This yields, from
(15.21)

dUor, = t*(dF/dU)'\;= t\; where t=t¥/(dF/dU) (15.22)

Comparison of (15.22) with (15.18) establishes the theorem. As
can be seen, we feel that Professor Hicks has made rather heavy
weather of a simple thing in his Value and Capital (Hicks 1939).
However, we are highly sympathetic to the assertion that consu-
mers should not be expected to decide on cardinal utility, and
thus conclusions which depend strictly on cardinal utility [and are
therefore not invariant under the transformation (15.20)] should

be avoided.

CHAPTER 16

The quicksand foundations
of econometrics

A. Introduction

Chapter 11 made use of results from econometric models, and
there we gave a very brief account of such models (section 11B).
That account was descriptive, not critical. The purpose of the pres-
ent chapter is to take a critical look at the econometric theory on
which the analysis of such models is conducted.

Since our conclusions will be largely negative, it is important to
state, right at the outset, some things which we do not claim, or
believe.

1. We have nothing against the construction and testing of eco-
nomic models. On the contrary, we believe this to be a highly
worthwhile activity in applied economics.

2. We have no quarrel with mathematical statistics where this
mathematical theory is applicable. The issue here is whether it is
applicable to economic models, or more precisely, to what extent
it is applicable.

3. We are aware that many econometricians consider that their
theory needs to be improved, and they use, in practical work,
methods and concepts which are either outside their formal the-
oretical framework, or even contrary to that framework. We ap-
plaud this tendency; but in this chapter, we are concerned with
econometric theory as such, not with practical work by econo-
metricians.

4. We are also aware that many econometric theorists would not
touch most published econometric studies with a ten-foot pole.
However, we would argue that this sharp cleavage between theory
and practical application is itself an indication that something is
fundamentally wrong with the theory; and we propose to show

335
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what it is. Econometric theorists tend to believe that practical
econometric studies are faulty because they fail to apply econo-
metric theory properly. We assert that the opposite is true: The
theory is faulty and therefore is not applied “properly” in practice;
nor should it be.

Econometric theory has achieved a dominant position in the
construction and evaluation of economic models. This theory
makes heavy use of both the techniques and the language of math-
ematical statistics. With a literature of such mathematical sophis-
tication, it is not surprising that laymen, including nonmathe-
matical economists, accept without question the contention that
econometric theory is the best, indeed the only proper, theory
available. Econometricians are happy to agree.

However, this glib conclusion is by no means obvious. Mathe-
matics, including mathematical statistics, is after all a strictly
logical structure. Equation 1 is used to deduce equation 2; equa-
tion 2 is used to deduce equation 3; and so on, and on, and on.
But what if equation 1 is wrong in fact, i.e., is in disagreement
with the actual situation in the world in which we live?

In that case, we have an enormous, elaborate, logical structure
built on a foundation of quicksand. In our view, and this is what
we propose to argue in this chapter, this is true of econometric
theory, though not necessarily of practical econometric methods.
Far from blaming economic model builders for not using their
econometric theory properly, we should argue that these model
builders are doing exactly the right thing by largely ignoring econ-
ometric theory in much of their practical work of model specifica-
tion and evaluation, only paying lip service to this theory now and
then. We blame them only for paying lip service.

The crucial initial assumption of econometric theory, the “equa-
tion 17 of this elaborate mathematical structure, is the assumption
that the ‘“‘disturbance terms” in structural equations are random
variables suitable for classical mathematical statistics to be applied.
(A subsidiary assumption, of less concern to us here, is the as-
sumption that these random variables follow some very simple dis-
tribution law, for example, Gaussian multivariate normal distribu-
tion.)

If one accepts this basic assumption, then the rest is clear sailing
in principle, even though the mathematics may get quite complex
for nonmathematicians. Standard statistical theory is then avail-
able to decide what is meant by a ‘“good fit,”” parameters of the
model can be “estimated” by standard statistical methods, the
range of permissible values of these parameters can also be esti-
mated, and so on.
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:x this stage, we have reached chapter 2 of books on econo-
metric methods. We are not concerned with this mathematical de-
<::~c.30:ﬁ rather, we wish to return to chapter 1, to the supposed
Justification for the basic assumption, for equation 1. We ask the
following questions:

. 1. Is the basic assumption concerning the disturbance terms
likely to be satisfied in practice, in the context of actual econo-
metric models?

2. Is there any evidence that the basic assumption is in fact sat-
isfied?

3. If not, should one use the theory of mathematical statistics
for such models?

B. A textbook example

Johnston (1972) is a very widely used text on econometrics. Very
early on, on page 17, Johnston presents a table of figures on road
casualties and numbers of licensed motor vehicles. These figures
are intended to illustrate a simple linear regression, and they are
analyzed in that fashion. The parameters of the straight line fit to
the data are determined by minimizing a sum of squares of the de-
viations (“residuals”) of the data from the straight line. After this,
the properties of the estimators are elucidated. These statistical es-
timators are shown to be “best linear unbiased.” The ¢-distribution
and the F-distribution of mathematical statistics make their ap-
pearance. We even get a lemma and its proof. By now, the student
is suitably impressed with the rigor and mathematical standard of
this whole approach.

Such a student is unlikely to ask searching questions about the
very basis for the analysis. Yet, what is not said in all this, but
what most certainly should have been said, is that the figures are
clearly inconsistent with the analysis!

In Table 16.1, we reproduce the original figures and, along with
them, the residuals_from the ‘“‘best fit.”” These residuals are then
plotted against the independent variable X (the number of registered
motor vehicles) in Figure 16.1.

. It is apparent from Table 16.1 that the negative residuals of any
size are concentrated at the two ends of the range (X below 430
and X above 650), whereas positive residuals are concentrated in
the middle of the range (X between 430 and 650). This is clear evi-
dence that the underlying relationship has an inherent o.:?mﬁﬁ.m.
and should not be approximated by a straight line.

The same appears, much more clearly, from inspection of Figure
16.1. The curved line drawn on that figure is obtained from fitting
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Table 16.1
A Textbook Example of an Econometric Fit

X Y Best fit'®) Residual
352 166 165.7 0.3
373 153 172.2 =382
411 177 184.1 -7
441 201 193.4 7.6
462 216 200.0 16.0
490 208 208.7 ~0.7
529 227 220.9 6.1
577 238 235.9 2.1
641 268 255.8 12.2
692 268 271.7 —3.7
743 274 287.6 —~13.6

(2) The “best fit” is Y* = 55.85 + 0.312X; the “residual” is Y — Y*.

a quadratic formula Y = a + bX + ¢X? to the original points and
subtracting from this the straight line fit of Johnston (1972). The
difference represents the part of the residuals which can be ac-
counted for on nonrandom grounds. It is apparent that the points
are, on the average, much closer to the curve than to the X-axis.
This can also be confirmed by working out the sum of the squares
of the residuals from the straight line fit (1123) and from the
quadratic fit (634). The step from a straight line to a quadratic fit
has just about halved the sum of squares, a very significant im-
provement.

It follows that the “model” used for the straight line fitting
(i.e., the assumed relationship Y = A + BX) contains serious ‘‘spe-
cification errors.” The residuals from the mis-specified relationship
are not due entirely, or even largely, to purely random influences.
On the contrary, these residuals contain a highly significant syste-
matic, nonrandom component. Any analysis which starts from the
assumption that no such nonrandom component exists is an invalid
analysis. Conclusions drawn from such an analysis are without log-
ical foundation. Equation 1 is wrong.

One reply is to say that, though it may be unfortunate that such
an error has crept into a widely used text, this whole thing is mak-
ing a mountain out of a molehill. Johnston could have, and should
have, picked a better example for his chapter, one where linear re-
gression is not so obviously invalid. This, the argument runs, Is
hardly a case against econometric theory as such.
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Figure 16.1

Residuals from Table 16.1 are plotted against the independent vari-
able X. There is an evident curvature. The plotted curve represents
the predicted residuals, from a quadratic fit to the same points.

Taken by itself, this rejoinder may appear to have some force.
But there are two important points on the other side of that argu-
ment:

1. This disregard of the most elementary principles of applied
data analysis, the failure to list or plot the residuals, or even to
look at them, is unfortunately only too typical of what happens
all too often in actual econometric work. Students should be
&EE@Q against this'sort of thing, in the strongest possible terms. It
is not a light matter, of no importance, that the leading textbook
in the field, far from warning students against this error, is actually
itself guilty of the same error, in the very first example taken from
“real life’” data.

2. While it is entirely possible to find a better illustrative exam-
ple for linear regression, it does not follow that all specifieation er-
rors in practical econometric model building can be eliminated by
respecification of the model. On the contrary, we intend to show
that, in all actual models, specification errors are the price one
must pay for having any sort of workable model at all. To this ar-
gument, we now turn.
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C. Specification errors

We need a specific equation to refer to, and for this purpose we
now write down a typical econometric structural equation, namely,
a consumption equation:

()= €, + mY({t— 1)+ u(r)

Here C, and m are parameters of the equation, m being the mar-
ginal propensity to consume. The final term u(t) is a ‘“‘disturbance
term.” This term was omitted in section 10B because, there, we
wanted to avoid unnecessary complications; the disturbance term
in the investment equation (which was retained there) is much
more important for the Frisch model than the disturbance term in
the consumption equation. But an econometric model usually has
disturbance terms specified for all its structural equations, except
those equations which represent accounting identities.

In econometric theory, it is assumed that u(t) is a random vari-
able with mean value equal to zero. (Usually, much more specific
assumptions are made, in addition, about the detailed statistical
distribution of all the u(t) in the model; but these do not con-
cern us here.) We wish to discuss this basic assumption, that u(f) 1s
a random variable.

First of all, the quantity u(t) is by no means confined to econ-
ometrics. It has an ancient and honorable history in the engineer-
ing profession. If we think of the quantity C, + mY(t — 1) as the
“result computed from the formula” and of C(¢) as the true result,
then u(t) is simply the difference between them. This is well known
in engineering as the finagle factor, which is the quantity which
must be added to the result obtained by the engineer from his
formula, in order to get the right answer. Generations of engineers
are prepared to swear to the importance, indeed to the essential
necessity, of this factor. But mighty few of them, if any, think of
it as a random factor.

In our opinion, the words used most commonly in econometrics
to denote u(t) carry unwanted connotations: “Disturbance term”’
or “shock term” suggests that any departure from the formula is
an unwelcome disturbing influence, or even a nasty shock, to our
perfect equations; and ‘“‘noise term” implies, outright, that u(t)
has its origin in a random noise effect; i.e., it (implicitly) assumes
what needs to be proved. We shall use ‘“discrepancy term”’ for u(t).
This is a neutral word; a ‘“discrepancy’” may be due to random
noise, or to some other source, or to a combination of the two.

It would be idle to deny, and we do not deny, that random noise

e i T
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effects do exist in consumption and do contribute to the discrep-
ancy term. Consumer behavior is hard to predict, and not merely
in the area of fashion. No simple equation and, probably, not even
a complicated equation, is likely to fit actual data precisely. (It
would be a brave man indeed who tried to fit, in detail, the points
of Figure 16.1 for motor accidents; there is clearly some pretty
wild “‘jumping about” of these points.)

But, and this is the main point, is this random noise component
the only contribution to u(t), or even the contribution of biggest
size and most importance? To see that this hypothesis cannot be
expected to hold, let us now list several separate nonrandom
sources of discrepancies, each of them likely to be of very consid-
erable practical importance.

1. Truncation error: Even if consumption depends only on in-
come, why should it be a linear function of income? There is no
more reason to believe this for consumption than for motor acci-
dents. To allow for this, we should replace the linear form C, + mY
by some curved relationship; for example:

QO+SHM\+SNM\A+:§M\M+...+SZM\Z

We can certainly get better fits this way; indeed, for any finite
number of data points, we can obtain a perfect fit, zero residuals,
merely by choosing a large enough value of N. But such a pro-
cedure is senseless: any new data point is likely to fall far away
from that sort of prediction. The data do not warrant high values
of N. We are thus forced to use some simple relationship (for ex-
ample, a low value of N), containing but a few parameters. But
while our assumed relationship is simple, and must be simple, the
real world is not simple. There is therefore bound to be nonran-
dom discrepancy between our equation and the real world result.

2. Lag structure error: Our consumption equation makes C(t)
depend on income in the preceding period, Y(¢ — 1), only. Con-
sumers, however, do not have such very short memories of past in-
come levels. We should therefore include terms involving Y (¢ — 2),
Y(t — 3), etc., probably to quite some depth (particularly for a
quarterly model). Yet, the data do not warrant this. By introduc-
ing such a complex lag structure, we necessarily introduce many
more parameters than the data warrant. Conversely, when we re-
tain a very simple lag structure, we must anticipate another non-
random discrepancy between our equation and the truth.

3. Aggregation error: The national income Y and natidonal con-
sumption C are highly aggregated quantities. Consumption of, say,
motor cars might well show a strong functional relationship with
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the income of those consumer groups that are in the habit of buy-
ing motor cars. But it does not follow automatically that a true
functional relationship exists between the aggregates Y and C. In-
come distribution, different propensities to consume of different
income groups, etc., all need to be allowed for. If we want precise,
accurate relationships, we must be prepared to disaggregate our
model heroically. Yet, this process of disaggregation produces
models which are enormous, unwieldy, and so complicated that no
one except the model builder himself knows what is inside the
monster—and probably he does not know either, because he has
forgotten half the equations and three quarters of the reasoning
that went into them. Any practically useful model must be strongly
aggregated, giving rise to a third source of nonrandom discrepancy.

4. Omitted variable error: The propensity to save is commonly
believed to be influenced by the interest rate r(t) on money invest-
ments. Thus r(t) should appear in our consumption equation. Since
it doesn’t, it is an “omitted variable.” Again, if consumers are con-
cerned about losing their jobs, they may save more in anticipation
of a rainy day. Thus, the current rate of unemployment, and trends
in that rate, are strong candidates for inclusion in a consumption
equation. Some economists would like to include the current rate
of money inflation, and trends in that rate. For each structural
equation of a model, it is only too easy to give excellent economic
reasons for including scores of additional explanatory variables.
But it is impossible to let everything depend on everything else by
direct causal links; otherwise we again have entirely too many pa-
rameters for our limited and inaccurate data to support.

5. Unknown variable error: Consumption expenditure contains
an element of anticipation of the future, of confidence (or lack of
confidence) in continuance of the consumer’s income, his job, his
location, etc. A man expecting to be forced to move to a differ-
ent city will spend less on his house and garden than one who
thinks he will be able to stay. But expectations, anticipations, and
confidence are awkward material with which to construct an econ-
ometric model. Econometricians have an almost religious horror of
including variables for which firm data are missing, no matter how
much economists might insist that just these variables are of major
importance. This trouble is by no means confined to variables
which are hard to measure in principle. There are other variables,
for example, the pay-back time in the theory of investment evalu-
ation, chapter 13, which are measurable by standard survey meth-
ods, but for which neither current data nor past data have in fact
been obtained. By omitting such variables, the econometricians are
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bound to introduce severe nonrandom errors into their structural
equations.’

These five types of nonrandom errors are not the only ones, but
they suffice for our purpose: We have excellent reason to aaucmmm
:.05.5.:&03 sources of discrepancies, i.e., specification errors, of
mmmz.ﬁgi size, in all practical econometric models; obvious mng
:S:Q:O.:m make it impossible to eliminate these errors.

H:. wﬁ:.&ﬁﬁm, econometric theorists recognize the possibility of
m@memmmﬁHo: errors. But the amount of attention devoted to such
errors is completely out of proportion to their true importance. In
uovsme.o: (1972) the index entry “‘specification error’’ directs us
to a discussion of less than two pages, in a book of four hundred
(!) pages. The only specification error discussed there is our type
four, the omitted variable error. This distribution of emphasis be-
?«mm: random noise errors and nonrandom specification errors is
wildly misleading. Unfortunately, it is also entirely typical.

. One might hope to find a more adequate treatment of specifica-
ﬁns errors in the periodical literature of econometrics. Hope one
n:.mg, but largely in vain. The distribution of emphasis is, if any-
thing, even more lopsided than in the textbooks. Until fairly re-
o.mBS%, there was just one major econometric paper on specifica-
ﬂo: errors, by Ramsey (1969).? This paper presents four tests de-
signed to detect the presence of certain types of specification er-
rors. This is certainly a step in the right direction. Ramsey’s paper
also shows that the Durbin-Watson (Durbin 1950, 1970) test, the
one Cmm.a most widely in practice, is insensitive to important ewﬁmm
of specification errors. Still, 1969 is thirty years (!) after Keynes’
(1939) devastating critique of the foundations of econometrics;?
worse yet, the Ramsey tests were ignored altogether for a s:EUmu.
of years and have been employed very sparingly indeed more re-
cently (Harper 1977, Loeb 1976, Harvey 1977); when they were
used, the tests showed that all models under consideration failed
w:m or more tests. The gravity of the situation has been empha-

Formally, err i issi i
eblen, Tiih byt e e Bl B i s pale res
€rm~.wmm one requires new data gathering in order to correct a type 5 md.on. In
our view, type 5 errors are probably the ones of most importance in practice.

For example, no investment e i ich i i i
ex e, quation which ignores pay-back time is at al
realistic or likely to provide an adequate (to say nothing of a good) mnm. =

2 Mathematical statisticians produced such papers much earlier, e.g., ‘Cox
:w.m:. The early econometric papers were devoted mainly to wr.m mamgam
variable error (Cragg 1968, Praetz 1977); subsequently, interest has widened
e.g., Breusch (1980), Hendry (1978, 1979), Leamer (1978), Mizon (1977) '
Ramsey (1972), Sims (1977), White (1980). ' '

3 ;
For a complete historical account with full references, see Patinkin (1976)
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sized by Granger (1974), and even more acidly by Leontief ﬁwqo.v“
“In no other field of empirical enquiry has so massive and sophis-
ticated a statistical machinery been used with such indifferent re-
sults.” .

It is sad that econometric theory places so little emphasis on
specification errors. Sad, yes; but surprising, no. m,ON. econometric
theory, the consequences of admitting that specification errors are
present, of necessity, in all practical models are too awful to U.mm;
thinking about. The entire theory is founded on the assumption
that the model is either free of specification errors altogether, or
else that these errors combine with each other and cancel each
other in just such a way that the overall net discrepancy terms u(t)
can be represented, to an entirely adequate approximation, g\ a
purely random variable with some simple (usually normal) distri-
bution. The entire technical mathematical apparatus of econo-
metrics is predicated on this basic assumption and loses its ration-
ale if this assumption is not valid.

At this point, let us quote Bertrand Russell (1936):

I wish to propose for the reader’s favourable consideration a doctrine
which may, I fear, appear wildly paradoxical and subversive. The Q.Oo.
trine in question is this: that it is undesirable to believe a proposition
when there are no grounds whatever for supposing it true.

The essay from which this quotation is taken is concerned with
religious, not econometric, dogma. But the doctrine espoused ap-
plies to both. Nothing short of a miracle could make all the types
of specification errors cancel each other in precisely that way
needed to give a net result equivalent to a normally distributed
random variable. The miracle required is of the same order as the
most spectacular religious miracles. Yet, we have much less incen-
tive to accept the econometric miracles: Unlike the bishops, the
econometricians do not even promise us sure entry to paradise as
the reward for believing in their miracles.

D. Discussion

We have now demonstrated that it is inevitable that the discrep-
ancy terms contain significant nonrandom contributions; and
there is no reason to suppose that these discrepancy terms can be
represented correctly by Gaussian random variables. What fol-
lows from this?

First, and most important, standard statistical methods of anal-
ysis are out of place in this area of research. The statistical ::,,e:-
ods are “unbiased,” “efficient,” etc., if the underlying statistical
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assumption is valid, i.e., if the discrepancy terms are correctly rep-
resented by random variables with the postulated distributions.
Since this is false, there is no secure logical basis for the applica-
tion of mathematical statistical theory. On the contrary, the tech-
nical statistical apparatus of econometric theory is a misapplica-
tion of mathematical statistics.

There is clearly no warrant for insisting on statistical methods in
the area of economic model building. One cannot and should not
insist on the use of an apparatus when the logical foundations for
its use are absent. Some people may feel, though, that this statis-
tical apparatus exists, at least, and, in the absence of anything bet-
ter, one might as well use it even if the logical foundations are ra-
ther shaky. What harm can it do?

The answer is: Plenty of harm!

First, the statistical apparatus is hard to apply unless the model
equations are kept very simple, either completely linear or nearly
so. For example, equations might be linear in logarithms of vari-
ables rather than in the variables themselves; or there might be
ratios of current values to price indices, which is of course a non-
linear type of term. But such nonlinearities are “mild”” compared
to the sort of thing that economic theory might suggest, such as
“floors” or ““ceilings,” or both, to all sorts of quantitative relation-
ships. The Phillips curve must become highly nonlinear in the close
neighborhood of full employment. An accelerator equation for
investment must be subject to a floor (hence highly nonlinear)
arising from the limited, and slow, rate of physical depreciation of
existing capital stock. Such examples can be multiplied ad infi-
nitum.*

But, whenever such things are suggested to econometric model
builders, their reply is only too predictable: “Sure, we know about
such effects. But we cannot incorporate them into our model, be-
cause then we could'no longer apply standard econometric theory.
Therefore, our only choice is to approximate these effects very
crudely, or omit them altogether.”

This is the first, extremely severe, harm done by the insistence
on formal statistical theory in this area: Practical models® are mu-
tilated to fit into a narrow theoretical statistical mold, at the ex-
pense of economic realism. Yet there exists no valid logical reason
for insisting on this mold. ’

A second, very bad, effect is the substitution of an inapplicable

*Econometric techniques for handling such things are now being developed
(e.g 1dt 1974, Ric » terribly complex; to the point of
1 imprac

*See, .., Challen (1979).
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formal statistical theory for common sense in data analysis. How
often, in the literature of econometric models, have you seen ac-
tual plots of residuals? Or even a discussion of what the residuals
look like? Much more rarely, we should say, than is obviously de-
sirable. Formal statistical criteria such as DW and R? are calcu-
lated and quoted, but the residuals are ignored. Statistical theory
induces an entirely unwarranted sense of complacency. Our text-
book example of section B is, unfortunately, only too relevant to
common practice. For this example, the Durbin-Watson coeffi-
cient DW turns out to be in the “twilight region,”” where the prop-
erty tested for (auto-correlation of the residuals) is neither con-
firmed nor denied. Nor is auto-correlation the real fault!

One particularly bad area of complacency is in error estimates
for parameter values and for predictions of the future. A theory
based on the assumption that the discrepancy terms are purely
random variables is bound to lead to the conclusion that these dis-
crepancy terms, in the same structural equation at different time
periods and/or in different structural equations, have a strong ten-
dency to cancel each other in their ultimate effects. The ‘‘law of
large numbers” is expected to hold. But this law does not hold
when the errors have strong nonrandom components. Such com-
ponents have no tendency to cancel, but rather tend to reinforce
each other. For this reason, the standard ‘‘confidence intervals’ of
econometric theory are highly likely to be underestimates, often
very bad underestimates, of the true errors.

It is therefore not an accident, or simple bad luck, that econo-
metric models have such a very indifferent track record in fore-
casting. The forecast errors are estimated from statistical theory
and are therefore highly likely to be strongly underestimated. Far
from helping, this misapplication of statistical theory has brought
the whole field of model building into quite unnecessary bad re-
pute. Without this statistical theory, model builders would not be
misled into making exaggerated claims of precision for their fore-
casts, or for their parameter values.

Still another problem arises in models specified in continuous
time, i.e., where t is taken to be a real variable, not jumping by
finite jumps. In this case, the structural equations become differ-
ential equations, rather than the more familiar difference equa-
tions of “period models”; see, for example, sections 10B and 10C.
Numerical analysts have developed extremely efficient methods
for solving coupled systems of ordinary differential equations,
notably the fourth-order Runge-Kutta method (see Conte 1965,
p. 220). Yet, this method is not used in the standard work on
models specified in continuous time (Bergstrom 1976; Wagner
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1978). Rather, they use a second-order technique of very much
poorer accuracy. The reason is that the second-order technique
(but not the fourth-order technique) allows one to employ stan-
dard statistical methods of estimation.

But the statistical estimation procedure in question is predi-
cated upon the assumption that the discrepancy terms are not
only random variables, but even random variables of the special
kind called “white noise.”® There does not seem to be a single
argument in favor of (or, for that matter, against) this white noise
assumption in the literature. This most fundamental matter of all
is simply taken for granted, as if it were a self-evident truth!

Yet, as soon as we start to think seriously about this assump-
tion, it looks peculiar indeed. Consider a structural equation for
the rate of change dI/dt of net investment. Suppose the discrepan-
cy term u(t) happens to be positive at some time ¢. This indicates
that, at this time, investment outlays are rising faster than ex-
pected from the formula. Given the crude nature of most invest-
ment equations, such a discrepancy is hardly surprising. However,
it would be not only surprising, but positively astounding, should
there be a sudden reversal of the sign of u(t) the week after. In-
vestment confidence is known to be volatile, but it is hardly likely
to veer about suddenly every single week. Yet the white noise as-
sumption implies that there is no correlation whatever between u(t)
and u(t') at two different times ¢ # ¢, no matter how close to-
gether these two times are. The sudden reversal of sign of u(t),
which is so unlikely on commonsense economic grounds, should
have a 50-50 chance of happening on the white noise assumption!

Thus, one need merely state the meaning of the white noise as-
sumption to conclude that this assumption is highly unreasonable
in the context of an economic model. (In its proper sphere,
communications engineering, the white noise assumption is per-
fectly sensible.) Nonetheless, just for the sake of a spurious statis-
tical orthodoxy on the basis of that assumption, clearly superior
methods of numerical analysis are discarded in favor of vastly in-
ferior techniques.

But, some may object, if we are not to use standard statistical
methods in economic model building and analysis, what are we to
use? What other methods are there?

If by a “method’ one means a cut-and-dried prescription which
S Crudely speaking, “white noise’’ means a disturbance which is entirely un-
correlated in time;i.e., the noise term u(t) at time ¢ has no statistical relation-
ship at all to the noise nm:s :Q ) at some other time w no matter how close
these two times are to each other. A full Bmﬁrmgmrcm_ definition of white

:o_ﬁo would carry us too far, particularly since we strongly disapprove of
using the white noise assumption in an economic context.
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can be taught to any fool, or even a computer, then indeed one
is in trouble. But model building is not, and never has been, a task
for fools or computers. It is one of the most difficult, challenging,
and intricate fields of applied economic research. Fools should
stay out of it.

Specification errors, not purely random errors, are the main en-
emy of the economic model builder. His first and overriding con-
cern must be with lessening (not eliminating—that is impossible)
specification errors. The elaborate statistical methodology which is
designed to decrease the effects of purely random errors is largely
irrelevant to the real problem faced by the model builder, and,
being irrelevant, tends to be misleading. The model builder needs
more robust, commonsense methods of data analysis.

Equations should be tested one at a time, not by “‘full informa-
tion” techniques which try to look at the whole set of equations
at once. The effect of the latter is to modify parameters in one
equation, so as to lessen the results of the error introduced by an-
other equation. In consequence, it is impossible to tell which equa-
tion (or equations) is mainly responsible for the errors. By con-
trast, testing one equation at a time has a good chance of showing
up the particularly faulty equations in the model. For each equa-
tion, the residuals should be evaluated and listed and plotted. It is
not at all sufficient to correlate the residuals with each other, to
test for auto-correlations. Rather, the residuals should be plotted,
in turn, against each of the explanatory variables of the model, as
well as against some of the omitted variables. Any strong apparent
dependence in such a plot is grounds for suspicion. It is important
to plot residuals, graphically, not merely list them numerically.
The human eye, inspecting a graph, is much better at pattern de-
tection than any mechanical rule. The computer can calculate the
residuals and prepare the graph, but the computer is no substitute
for human intelligence in actually looking at the graph.

After each equation of the proposed model has been tested indi-
vidually and the most glaring specification errors have been im-
proved, only then should one start to look at the model as a
whole. For this purpose, an obvious device is simulation, prefer-
ably for a number of time periods ahead, not just for one period.
We may start from a time such as three years ago and run the mod-
el forward to the latest time for which we have data, e.g., a year
ago. This provides a sensitive test of the specification of the model
as a whole. The simulation should be deterministic, not stochastic.
The underlying assumption for stochastic simulation is just the
one we have argued against throughout this chapter, namely, the
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assumption that the discrepancy terms are purely random vari
ables. There is no basis in logic for this assumption and, hence,
also not for stochastic simulation. (This is one more point where
m.oo:m.vEm_io theory is misleading; it asserts that stochastic simula-
tion is inherently superior; it is not.) If the simulation shows that
one particular endogenous variable is out by a mile, then the
structural equation for that variable, and for variables closely
related to it, should be looked at again.

What about error estimates? What are the likely errors in our
estimates of the parameters of the model and in our predictions of
the future behavior of the economy? The statistical method used
w:.moosogmﬂio theory has the virtue that it provides clear and def-
inite answers to such questions. Unfortunately, these answers are
clearly and definitely wrong. The true errors are underestimated
often disastrously so. ,

From one point of view, providing no answers at all is still bet-
ter than providing answers which are badly wrong. If one does not
know, it is safer as well as more honest to admit so, openly.

However, there is no need to be so completely ignorant of likely
errors. There is of course no cut-and-dried prescription for estimat-
ing errors when the most important source of error is mis-specifi-
cation. But several things can be done:

1. The model builder may start from a point in the past and let
the model simulate forward in time to a point in the more recent
past. He can then compare his ‘“pseudoforecast” with the (already
known) true outcome.

2. An extremely valuable procedure is to build a ““trivial model,”

for example, one which says that the future can be predicted by
simple mechanical extrapolation of past trends. The trivial model
can then be used for a similar “pseudoforecast.” If the trivial
model predicts as well as, or better than, the econometric model
(this is by no means an uncommon occurrence), then one’s confi-
dence in the econometric model is decreased substantially (Smyth
1975, Blatt 1979a).
. These suggestions are by no means original or novel. They are
just common sense and are in fact used quite frequently by prac-
tical model builders. Such men are much more sensible than the
statistical theory on which, ostensibly though not in reality, they
base their work. We have no wish to attack practical model builders.
On the contrary, we wish to free them from needing to pretend to
adhere to econometric theory. Far from being any help in model-
ing or understanding the economy, this theory is an outright hin-
drance to progress.
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We close this chapter with a quote from an extensive discussion
on a survey paper by Zellner (1979). The quote is from Rothen-
berg (1979): “Indeed, one is sometimes led in despair to give up
all hope of using formal statistical methods to describe our data-
mining practices.”

And high time, too!
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Monetarism, 217, 303
Money market, 6
Monopoly, 7, 45, 158, 303
and uncertainty, 277

Multiplier, 170

National City Bank, 3
Natural price, 163-
Neoclassical theory :
290
continuity of, 56
depends on market, 26
inconsistent, 246
information needs, 18, 25
Nuclear power, economics of, 247

Oligopoly, 8, 277, 303
Omitted variable error, 342
Open Leontief model, 9, 73, 84-87
Owﬁam_ control theory, 218-219
Obn_%_wmm:% in capital accumulation,
m.: growth theory, 65, 103
:anom for auctioneer, 124
fgmnm& for small firm, 120
in welfare economics, 327-329
Output equation, 170, 179
Overend and Gurney, 159, 308

Panic, 158-160, 304
of 1929, 311, 313
Parameter estimation, 221, 336
Pay-back time, 279, 285, 288, 342
Peculiar solutions, 79-80 '
T.mloa analysis, 167, 346
importance of period, 174
Per-month amplitude, 239
Personal probability, 266
Phillips curve, 207, 345
Physiocrats, 315, 321
Post-Keynesian theory, 7, 137, 204
Potato famine, 158 '
Prediction, econometric, 222, 266
Present value, discounted, 277
expected, 280
Ew%.quameg system, 215
Price in balanced growth, 39-42
natural, 4,11, 40, 163-166, 309, 327
of production, 40 ,
ratio, 20
in Tableau Economique, 322-324
w:mm.onwmm by consumption, 74
in unbalanced growth, 117 ,
Prodigal son, 308
Production function, 18, 119
C.E.S., 145 ,
neoclassical, 13, 126
Production planning period, 177
Productivity of labor, 205 '
Produit net, 318

Railway promotions, 268, 308
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Robertson lag, 178
Roman Britain, 312
Runge-Kutta, 346

Safety first, 267, 283
“Saint Petersburg paradox,” 248
269 , .
Shock, 199
short and sharp, 218
terms, 220, 336
Simulation, 223, 348
South Sea bubble, 311-312
Specification error, 338, 340-344
in econometrics, 222
in growth theory, 96-99
Stability, 111
and boundedness, 152
conditions for, 125, 133, 172
and decline, 165
disproved, 111-130
.m:m_ instability theorem, 131
impediments to, 113
in Leontief theory, 131
and linearity, 152
long-run and short-run, 132
and trade cycle, 161
Statistical significance, 241
Steady state, 24, 70-87
Stochastic models, 198, 203
Stochastic simulation, 223, 348
Stock balance, 179 '
Strange attractor, 156, 176
Subsistence economy, 26
Substitution of inputs. See Input
SU 1
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Sunspots, 228
Supply and demand, 16, 18, 21-22
Surplus, 22, 316
Survival probability, 282, 287
Symmetry of limit cycles, 228

of shock terms, 230

Tableau Economique, 12, 130, 165,
315-334
Taxation, 302, 323
Technological progress, 44, 58, 104,
305
in Goodwin model, 205
Thrift and growth, 104-105
perfect, 36, 60, 157
and stability, 112
Trade cycle. See Cycle
Trend adjustment, 231
Trivial model, 349
Truncation error, 341
Turning point rules, 230
Turnpike theory, 67, 136
Two-sector models, 133

Uncertainty and entrepreneur, 248,
268

horizon of, 286-291

ignored, 113, 275

and investment valuation, 275-291

and risk, 245-248, 264

Utility, of being hanged, 253-257

cardinal and ordinal, 249, 333

expected . . . theory, 248-253
axioms of, 271
critique of, 251 ff

and growth theory, 71, 103

marginal, 324-329, 333

@

Value. See Exchange value
Variance of returns, 281
von Neumann condition, 61
expected utility theory, 249-250
growth theory, 53-69
and consumption, 96
technology, 9, 53-55

Wages, iron law of, 34, 37, 305
rise of, 43

Welfare economics, 135, 327-329

White elephant, 81

White noise, 347
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